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Preface

During the last two or three centuries, most of the developments in science (in par-
ticular in Physics and Applied Mathematics) have been founded on the use of classical
algebraic structures, namely groups, rings and fields. However many situations can
be found for which those usual algebraic structures do not necessarily provide the
most appropriate tools for modeling and problem solving. The case of arithmetic
provides a typical example: the set of nonnegative integers endowed with ordinary
addition and multiplication does not enjoy the properties of a field, nor even those
of aring.

A more involved example concerns Hamilton—Jacobi equations in Physics, which
may be interpreted as optimality conditions associated with a variational principle
(for instance, the Fermat principle in Optics, the ‘Minimum Action’ principle of Mau-
pertuis, etc.). The discretized version of this type of variational problems corresponds
to the well-known shortest path problem in a graph. By using Bellmann’s optimality
principle, the equations which define a solution to the shortest path problem, which
are nonlinear in usual algebra, may be written as a linear system in the algebraic
structure (R U {400}, Min, +), i.e. the set of reals endowed with the operation Min
(minimum of two numbers) in place of addition, and the operation + (sum of two
numbers) in place of multiplication.

Such an algebraic structure has properties quite different from those of the field
of real numbers. Indeed, since the elements of E = R U { 4+ 0o} do not have inverses
for @ = Min, this internal operation does not induce the structure of a group on E. In
that respect (E, @, ®) will have to be considered as an example of a more primitive
algebraic structure as compared with fields, or even rings, and will be referred to as
a semiring.

But this example is also representative of a particular class of semirings, for which
the monoid (E, @) is ordered by the order relation o (referred to as ‘canonical’)
defined as:

axb& dceE suchthat b=aédc.

In view of this, (E, &, ®) has the structure of a canonically ordered semiring
which will be called, throughout this book, a dioid.
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More generally, it is to be observed here that the operations Max and Min, which
give the set of the reals a structure of canonically ordered monoid, come rather natu-
rally into play in connection with algebraic models for many problems, thus leading
to as many applications of dioid structures. Among some of the most characteristic
examples, we mention:

— The dioids (R, Min, +) and (R, Max, Min) which provide natural models for the
shortest path problem and for the maximum capacity path problem respectively
(the latter being closely related to the maximum weight spanning tree problem).
Many other path-finding problems in graphs, corresponding to other types of
dioids, will be studied throughout the book;

— The dioid ({0,1}, Max, Min) or Boolean Algebra, which is the algebraic structure
underlying logic, and which, among other things, is the basis for modeling and
solving connectivity problems in graphs;

— The dioid (P(A*), U, 0), where P(A*) is the set of all languages on the alphabet
A, endowed with the operations of union U and concatenation o, which is at the
basis of the theory of languages and automata.

One of the primary objectives of this volume is precisely, on the one hand, to
emphasize the deep relations existing between the semiring and dioid structures
with graphs and their combinatorial properties; and, on the other hand, to show
the capability and flexibility of these structures from the point of view of modeling
and solving problems in extremely diverse situations. If one considers the many
possibilities of constructing new dioids starting from a few reference dioids (vectors,
matrices, polynomials, formal series, etc.), itis true to say that the reader will find here
an almost unlimited source of examples, many of which being related to applications
of major importance:

— Solution of a wide variety of optimal path problems in graphs (Chap. 4, Sect. 6);

— Extensions of classical algorithms for shortest path problems to a whole class of
nonclassical path-finding problems (such as: shortest paths with time constraints,
shortest paths with time-dependent lengths on the arcs, etc.), cf. Chap. 4, Sect. 4.4;

— Data Analysis techniques, hierarchical clustering and preference analysis (cf.
Chap. 6, Sect. 6);

— Algebraic modeling of fuzziness and uncertainty (Chap. 1, Sect. 3.2 and
Exercise 2);

— Discrete event systems in automation (Chap. 6, Sect. 7);

— Solution of various nonlinear partial differential equations, such as: Hamilton—
Jacobi, and Biirgers equations, the importance of which is well-known in Physics
(Chap. 7).

And, among all these examples, the alert reader will recognize the most widely
known, and the most elementary mathematical object, the dioid of natural numbers:
At the start, was the dioid N!

Besides its emphasis on models and illustration by examples, the present book is
also intended as an extensive overview of the mathematical properties enjoyed by
these “nonclassical” algebraic structures, which either extend usual algebra (as for
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the case of pre-semirings or semirings), or (as for the case of dioids) correspond to
a new branch of algebra, clearly distinct from the one concerned with the classical
structures of groups, rings and fields.

Indeed, a simple, though essential, result (which will be discussed in the first
chapter) states that a monoid cannot simultaneously enjoy the properties of being a
group and of being canonically ordered. Hence the algebra for sets endowed with
two internal operations turns out to split into two disjoint branches, according to
which of the following two (incompatible) assumptions holds:

— The “additive group” property, which leads to the structures of ring and of field;
— The “canonical order” property, which leads to the structures of dioid and of
lattice.

For dioids, one of the immediate consequences of dropping the property of
invertibility of addition to replace it by the canonical order property, is the need
of considering pairs of elements instead of individual elements, to avoid the use of
“negative” elements. Modulo this change in perspective, it will be seen how many
basic results of usual algebra can be transposed. Consider, for instance, the properties
involving the determinant of a square n x n matrix. In dioids (as well as in general
semirings), the standard definition of the determinant cannot be used anymore, but
we can define the bideterminant of A = (a; ;) as the pair (det™(A), det™ (A)), where
det™ (A) denotes the sum of the weights of even permutations, and det™ (A) the sum
of the weights of odd permutations of the elements of the matrix. For a matrix with a
set of linearly dependent columns, the condition of zero determinant is then replaced
by equality of the two terms of the bideterminant:

det™(A) = det™ (A).

In a similar way, the concept of characteristic polynomial P4 () of a given matrix
A, has to be replaced by the characteristic bipolynomial, in other words, by a pair
of polynomials (PAo*()), Po~())). Among other remarkable properties, it is then
possible to transpose and generalize in dioids and in semirings, the famous Cayley—
Hamilton theorem, P4 (A) = 0, by the matrix identity:

PAT(A) =PA™(A).

Another interesting example concerns the classical Perron—Frobenius theorem.
This result, which states the existence on R of an eigenvalue and an eigenvector for
a nonnegative square matrix, may be viewed as a property of the dioid (R4, +, x),
thus opening the way to extensions to many other dioids. Incidentally we observe that
it is precisely this dioid (R4, 4, x) which forms the truly appropriate underlying
structure for measure theory and probability theory, rather than the field of real
numbers (R, +, x).

One of the ambitions of this book is thus to show that, as complements to usual
algebra, based on the construct “Group-Ring-Field”, other algebraic structures based
on alternative constructs, such as “Canonically ordered monoid- dioid- distributive
lattice” are equally interesting and rich, both in terms of mathematical properties and
of applications.
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Sets

RE<POBNZR

Ry

(E, ®)
(E, 0, ®)
o

{a, b, c}
x € X
x ¢ X
AcCcX
ACX
AgX
[A]

X\A

Al UAp
A U {e}

Set of reals.

Set of natural numbers.
Set of integers.

Set of nonnegative reals.
Set of complex numbers.

The set R U {+o00}.

The set R U {—o00}.

The set R U {400} U {—o0}.

The set of nonzero real numbers: R\{0}.

Set E endowed with the internal operation .

Set E endowed with two internal operations ¢ and Q.

The canonical order relation of a canonically ordered monoid
(E, @) (often simply denoted < when there is no ambiguity).
ForkeNaec (E, @ ®),a"=a®a®- - ®a (k times).
a® —e@a@a’ld .. @ ak, where e is the neutral element
for ®.

Quasi-inverse of a € (E, @, ®) (when it exists): limit of a*)
fork — +o0.

The empty set.

The set formed by the three elements, a, b, c.

x belongs to the set X.

x does not belong to the set X.

A is strictly included in X.

A is included in X, and possibly A = X.

A is not included in X.

Cardinal of A, number of elements of A.

The set of elements in X which do not belong to A.

Union of the two subsets A and A».

The set obtained by adding element e to A.
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XVi

U A
i€l

Al NA
N A;
i€l

Al AA

{x : x such that.. .}

Ix:
Vx € X
A xB

P(A)

(@) = o=
1x)

Ix]

P) = (Q

X

P

X
1P

XVy

XAy

Per(n)

Per*n, Per™ (n)
sign(o)

char(o)

Part(n)
Dom(o)

Part™ (n), Part~(n)

Matrices and vectors

EH
X1
X2
x=1 .
Xn
XT
X<y
A = (a;)
Ak

List of Notation

Union of the family of subsets A; for all i in the subset of
indices 1.

Intersection of the two subsets A; and A,.

Intersection of the family of subsets A;, for all i in L.

Symmetric difference of Aj and Ay (= (A1UA2)\(A1NAR)).
The set of elements X such that . ..

There exists x such that . . .

For all x in X.

The Cartesian product of A and B (i.e. the set of pairs (a, b)
witha € A and b € B).

The power set of A (the set of all subsets of A).

The binomial coefficient p choose q.

The greatest integer less than or equal to x € R.

The smallest integer greater than or equal to x € R.
Property (P) implies property (Q).

In an ordered set E: the set of y € E such that y < x (ideal).

In an ordered set E, and for P C E: | (| x).
xeP
In an ordered set E, the set of y € E such that x <y (filter).

In an ordered set E, and for P C E: | (1 x).
xeP
In an ordered set E, least upper bound of x and y.

In an ordered set E, greatest lower bound of x and y.

The set of permutations of the set {1,2,...,n},n € N.

The set of even, the set of odd permutations of {1, 2, ..., n}.
Signature of the permutation o € Per(n).

Characteristic of the permutation ¢ € Per(n) (see definition
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The k-th power of matrix A.



List of Notation

[AY],
1j
Al

A®B
AT

M (E)
det(A)

(det™(A), det™(A))

Perm(A)
AK

dgt (), dg~ ()
w(A)

T (A), ™ (A)

Ua
Ga = [A, Ual

G/Y

k
P; i

(k)
Pij

k
Pij (p)

XVvii

The entry of matrix AX corresponding to row i and column j.

The submatrix of A, the rows (resp. columns) of which
correspond to the subset of rows (resp. columns) I (resp. J).
Product of matrices A and B.

Transpose of matrix A.

Set of square n x n matrices with entries in E.

Determinant of a real matrix A € My(R).

Bideterminant of a matrix A € M, (E).

Permanent of A € My(E).

Fork e N,A € My(E), A¥ =10 A A% @ --- @ AK,
where I denotes the identity matrix of My (E).

Quasi-inverse of matrix A € M, (E) (when it exists): limit of
A® fork — +oo.

Fork e NJA e My(E): ANl =A@ A2 ... @ AKX

Limit (when it exists) of A when k — +o00.

Spectral radius of a matrix A.

For a given matrix, the set of eigenvectors associated with
the eigenvalue .

Subspace or semi-module generated by the family of vectors
X ={x1,X2,...,Xp}.

Graph with vertex set X and arc (or edge) set U.

Set of immediate successors of vertex i in a given graph.
Set of immediate predecessors of vertex i in a given graph.
Graph represented by its associated point-to-set map I.
Transitive closure of the mapping I'.

Set of successors of vertex i: the set of vertices j such that
there is at least one path from i to j.

Degree of vertex i in graph G

Out-degree, in-degree of vertex i in graph G

The set of arcs or edges having one endpoint in A and the
other in X\A.

The set of arcs in w(A) having initial endpoint, terminal
endpoint in A.

The set of arcs or edges having both endpoints in A.
Subgraph of G = [X, U] induced by the subset of vertices
A CX.

Shrunken graph deduced from G = [X, U] by shrinking the
subset of vertices Y.

In a directed graph, the set of paths from i to j composed of
exactly k arcs.

The set of i—j paths composed of at most k arcs.
The subset of paths in P}} taking no more than p times each
elementary circuit in the graph.



XViii
k
P(0)
(k)
Pij (p)

(k)
P (0)

Functions

il x)
—X
8xi

fe
LSC(6)
USC(9)
LSD!(6)
USD! (6)
SD!(#)
LSD?(6)
USD?(6)
SD?(6)

List of Notation

The subset of elementary paths in PE

The subset of paths in Pi(jk) taking no more than p times each
elementary circuit.
The subset of elementary paths in Pi(jk).

Function which, to each x € E, lets correspond y = f(x) € F.

Partial derivative of f in X with respect to variable x; (assuming
f differentiable).

Second partial derivative of f in X w.r.t. X; and x; (assuming f
twice differentiable).
Gradient of f in X, i.e. the vector in R" with components

of _ 1
B_Xi(x)(l_ s .., D).

Subdifferential of f in X, for f: R"™ — R not everywhere
differentiable.

Super-differential of f in X, for f: R" — R not everywhere
differentiable.

L.s.c. closure of f: R" — R.

u.s.c. closure of f: R" — R.

Legendre—Fenchel transform of f: X — R (often denoted f ).
Order-1 subdifferential of f: & — R in X € 6. Denoted 9~ f (X)
when 6 is an open set.

Order-1 super-differential of f: 6 — RinX € 6.Denoted 9t (X)
when 6 is an open set.

Order-2 subdifferential of f: 6 — R in X € 6.

Order-2 super-differential of f: 6 — Rin X € 6.

MINPLUS (or MINMAX) scalar product of two functions f
and g.

Inf-Moreau—Yosida transform of f with parameter \.
Sup-Moreau—Yosida transform of f with parameter .

Convex l.s.c. closure of a function f.

Quasi-convex l.s.c. closure of a function f.

The set of lower semi-continuous functions: 6 — R.

The set of upper semi-continuous functions: 6 — R.

The set of order-1 lower semi-differentiable functions: 6 — R.
The set of order-1 upper semi-differentiable functions: 6 — R.
The set of order-1 semi-differentiable functions: 6 — R.

The set of order-2 lower semi-differentiable functions: 6 — R.
The set of order-2 upper semi-differentiable functions: 6 — R.
The set of order-2 semi-differentiable functions: 6 — R.



List of Notation

Algorithms and pseudocode

Conditional instructions:

If (logical condition) then
{block of instructions B}

Endif

If (logical condition) then
{block of instructions B }

else
{block of instructions B>}
Endif
loops:
index i = val 1,
For valZ,...valk) d
{block of instruction B}
Endfor
Repeat

{block of instructions B}
Until (logical condition)

While (logical condition) do
{block of instructions B}
Endwhile
f(n)
f(n) € o(g(n)) : —— — O whenn — oo.
g(n)

f(n) € O(g(n)) : 3k > 0 and ng > 0 such that: Vn > ng, f(n) < k g(n).

Xix



Chapter 1
Pre-Semirings, Semirings and Dioids

As an introduction to this first chapter, we show, by discussing four characteristic
examples, that even with internal operations with limited properties — in particular
those are not invertible — there exist nonetheless algebraic structures in which it is
possible to solve fixed-point type equations and obtain eigenvalues and eigenvectors
of matrices. It will be seen throughout this book that it is possible to reconstruct, in
such structures, a major part of classical algebra.

This first chapter is composed of two parts. The first is devoted to some basic
properties and to a typology of algebraic structures formed by a set endowed with
a single internal operation: semigroups and monoids in Sect. 2, ordered monoids in
Sect. 3.

The second part is devoted to the basic properties and typology of algebraic
structures formed by a set endowed with two internal operations: pre-semirings in
Sect. 4, semirings in Sect. 5 and dioids in Sect. 6.

For each of these structures, the most important subclasses are pointed out and
the basic terminology to be used in the following chapters is introduced.

1. Founding Examples

Example 1.1. Let us denote by R the set of reals to which we have added the elements
—oo and +oo. In the algebraic structure (R, Max, Min), composed of the set R
endowed with operations Max (denoted @) and Min (denoted ®), the equations:

adx=D>b
a®x=>b

do not have solutions if a > b (resp. b > a).
On the other hand, the equation:

x=@®x)®b
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has solutions for all the values of a and b: infinitely many solutions, including a
minimal solution b (minimality being understood in the sense of the usual order
relation on K) if b < a. A unique solution x = b if a < b. Thus, even if the operations
@ and ® are not invertible (nor symmetrizable), it is possible to solve equations of
the fixed-point type as above.

The algebraic structure (R, Max, Min) is a distributive lattice which appears as
a special case of the more general dioid structure studied in the present work. ||

Example 1.2. In the algebraic structure (R.h Min, +), that is to say in the set
of positive real numbers to which we have added +o0, endowed with operations
Min (denoted @) and + (denoted ®), the equations:

adx=D>b
a®x=>b

do not have solutions if a < b (resp. a > b).
On the other hand, the equation

x=@®x)®b

has, here again, solutions for any a and b: infinitely many solutions (the whole
segment [0, b]), including a m_aximum solution x = b if a = 0; a unique solution
x = bifa > 0. The structure (R, Min, +) is a dioid. ||

Example 1.3. In the algebraic structure (R, 4+, X), that is to say the set of posi-
tive real numbers endowed with ordinary addition and multiplication, the equation
a+x = b only has a solution in Ry ifa <b.

On the other hand, for any value of b, the equation x = ax + b, has a solution in

1
R+,x=1—b=(1+a~|—a2+~-~)bassoonasa< 1.
—a

The Perron—Frobenius theorem (see Chap. 6, Sect. 4 and Exercise 1) also ensures
that a square matrix A with elements in R4 has an eigenvalue in R4 \{0} and an
eigenvector with coordinates in R4 \{0}.

We will see in Chap. 6 that this theorem extends to a great number of dioids, and
in particular to the above two dioids (K, Max, Min) and (EJr, Min, +).

The algebraic structure (R, 4+, x) also appears fundamental, because it is subja-
cent to measure theory and probability theory. On the one hand, measures, or densities
of probability, are functions (or distributions) with values in R . On the other hand,
to define the measurability of a function f with values in R, one must decompose
in the form f = ft — f~, where f* and f~ are positive and measurable functions.
The basic mathematical object corresponding to the concept of measurable function
is therefore the pair (f7,f™), made up of two functions with values in the dioid
(R+ , +, X ) .

The integral of a function (of a distribution) may be viewed as a linear form on the
dioid (R4, +, x). We will see in Chap. 7 that by substituting the dioid (R4, +, x)
with other dioids (such as (EJ” Max, Min) or (@Jr, Min, +) we can define new linear
forms on these dioids. These forms are nonlinear with respect to ordinary addition
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and multiplication and thus lead to nonlinear analyses which therefore can be studied
with tools of “linear analysis”. ||

Example 1.4. Let A be a finite set, referred to as an alphabet, whose elements are
referred to as letters. Any finite sequence of letters is called a word. The set of words,
denoted A*, is called the free monoid (see Sect. 2, Example 2.1.13). We call language
on A any subset of A*. We can endow the set E = P(A*) of languages on A with
two operations: union, denoted by the sign +, and the Cauchy product, denoted -:

Li Ly ={m; my/m; € Lj, my € Ly}
In this algebraic structure (P(A*), +, +), the equations

Li+X=1,
L -X=1L,

generally do not have a solution.
On the other hand the system of equations:

X=Li-X+1Ly

has, for any L and L, an infinity of solutions including a minimal solution:
X=Lj-L, =L+L; L —i—L% «Ly+- - . The algebraic structure (P(A*), +, )
is the basis of Kleene’s theory of regular languages. (see e.g. Eilenberg, 1974) ||

2. Semigroups and Monoids

After having presented semigroups and monoids through a number of examples, we
recall some combinatorial properties of finite semigroups before introducing regular
monoids and groups.

2.1. Definitions and Examples

Definition 2.1.1. We call semigroup a set E endowed with an internal associative
(binary) law denoted &:

adbeE Va,beE
(apb)dpc=ad(bédc) Va,b,ceE.

Example 2.1.2. (R, Min), the set of reals endowed with the operation Min is a
semigroup. The same applies to (Z, Min), (N, Min), (R, Max), (Z, Max), (N, Max). ||

Example 2.1.3. R \{0} the set of strictly positive reals, endowed with addition or
multiplication is a semigroup. The same applies to N,., the set of strictly positive
integers. ||
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Example 2.1.4. R \{0} endowed with the law @ defined as:

&b a+b
a =
1 +ab

a+b+c+ abc

is a semigroup (for the associativity, note thea@@bPc = ———).
group ( Y ®be 1+ab+ac+bc)

The same applies to R} endowed with the law
a®b=a(l+b)"?+b(1+a>)"2

(for the associativity, note that (a @ b) G c = a(l +bH)172(1 412 £ b(1 +a2)1/2
(14 cH2 +c(1 +a®)V2(1 + b*)1/2 4 abe). (see Exercise 1 at the end of the
chapter.) ||

Example 2.1.5. C, the set of complex numbers z with strictly positive real compo-
nent {z € C, Re(z) > 0}, endowed with addition is a semigroup. ||

Example 2.1.6. C_., endowed with the law & defined as

a+b
1+ ab

adb=

is a semigroup. ||

Example 2.1.7. The complex numbers of the form x + iy withx > |y|?, 0 < p < 1,
endowed with addition, form a semigroup (indeed a sub-semigroup of (C4, +)). ||

Example 2.1.8. If we consider for a set E, the set of mappings F of E onto itself, the
set F endowed with the law of composition of mappings is a semigroup. ||

Example 2.1.9. Let E = CJ[0, oo], the Banach space of continuous functions defined
on the closed interval [0, +o0] with the norm ||f|| = sup [f(t)|. We define for
every a > 0: t

T([f] =f(t+ a)

The family T(a) is a semigroup with one parameter of linear transformations in
C[0, oo] with ||T(w)|| = 1.

It is the prototype of semigroups with one parameter upon which a great part
of functional analysis is based, see, e.g. Hille and Phillips (1957). For examples,
see Exercise 1. ||

The neutral element of a semigroup (E, @), denoted ¢, is defined by the property:
e@dx=xPe=x VxekE.

If a semigroup has a neutral element ¢, then this neutral element is unique. Indeed,
if ¢ was another neutral element, we would have ¢ @ ¢/ = ¢ = ¢. As a result, if
the neutral element does not exist, we can add one to the set E. Thus, in the case
of the semigroup (R, Min) (Example 2.1.2), a neutral element in R does not exist.
However, we can add one, denoted +o00, which augments R to R = R U {+o0}.



2 Semigroups and Monoids 5

Definition 2.1.10. We call monoid a set E endowed with an associative internal law
and a neutral element.

Examples 2.1.3, 2.1.4, 2.1.5 and 2.1.6 become monoids by adding the neutral
element 0.

Remark 2.1.11. The terms semigroup and monoid seem more or less stabilized today.
Bourbaki applied the term magma to what we have referred to as a semigroup and
restricted the term semigroup (which suggest that the set is “almost a group”), to
a monoid for which @ is simplifiable and which, consequently, is extendable to a
group via symmetrization. This is what we will refer to henceforth as a cancellative
monoid (see Sect. 2-3). ||

If the operation 6 is commutative, then the monoid (E, ) is said to be commutative.
An element a is idempotent if a @ a = a.
If all the elements of E are idempotent, the monoid (E, @) is said to be idempotent.
An even more special case is when the operation @ satisfies the property of
selectivity:
adb=aorb Va,bekE.

In this case, the monoid (E, &) is said to be selective.
Selectivity obviously implies idempotency, but the converse is not true, as shown
by the operation below (mean-sum) defined on the set of real numbers

b
a@b:% Va.b € R.

This law is commutative and idempotent, but not selective (and not associative
either).

An element w € E is said to be absorbing if and only if
xdw=wdx=w VxeE.

Example 2.1.12. (E, ®), where E = P(X) is the power set of a set X, endowed with
@ = union of sets, is a commutative monoid. It has a neutral element ¢ = J (the
empty set) and an absorbing element w = X. ||

Example 2.1.13. (the free monoid)
Let A be a set (called “alphabet’”) whose elements are referred to as letters.
We take for E the set of finite sequences of elements of A which we call words,
and we define the operation @ as concatenation, that is to say:
If m€eB: my=s18...5
meE mp=1 ...l
mp@my =s;82...5ptr...1g
my@®m; =t tr...tg8182...5
We see that, in general, m; @ my # mp @ mj, the operation @ is therefore not

commutative. The set denoted A* of finite words on A endowed with the operation
of concatenation is called the free monoid on the alphabet A. ||



6 1 Pre-Semirings, Semirings and Dioids

Example 2.1.14. R = R U {—o0} U {4+00} endowed with the operation & = Min
(a @b = Min {a, b}) is a commutative monoid. It has a neutral element ¢ = 400
and an absorbing element w = —o0. ||

Example 2.1.15. R and [0, 1] endowed with the operation @ defined as a @ b =
a + b — ab are commutative monoids. They have a neutral element ¢ = 0 and an
absorbing element w = 1. ||

Example 2.1.16. [0, 1] endowed with the operation @ defined asadb = Min(a + b, 1)
is a commutative monoid with neutral element ¢ = 0 and absorbing element w = 1.
Similarly, [0, 1] endowed with the operation @ definedasa &b =Max(0,a+b—1)
is a commutative monoid with neutral element ¢ = 1 and absorbing element
w=0.]

2.2. Combinatorial Properties of Finite Semigroups

We recall some classical properties of finite semigroups, see for example Lallement
(1979) and Perrin and Pin (1997). We present them by noting the associative internal
operation in a multiplicative form. xX denotes the kth power of x, that is to say the
product x - x - ... (k times).

Proposition 2.2.1. Any element of a finite semigroup (E, -) has an idempotent power.

Proof. Let S¢ be the sub-semigroup generated by an element x. Since Sy is finite
there exist integers i, p > 0 such that:

If i and p are chosen to be minimal, we say that i is the index of x and p its period.
The semigroup Sx then has i + p — 1 elements and its multiplicative structure is
represented on the figure below:

Xi +1
X x2 x3 x! xi+2
— e e e e - - T
Xi +p-1
The sub-semigroup {x', x!T!, ... x7P~1} of Sy then has an idempotent x'** with

r>0andr=—i(modp). O

Corollary 2.2.2. Every non-empty finite semigroup contains at least one idempotent
element.
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Proposition 2.2.3. For every finite semigroup E, there exists an integer q such that,
for every x € E, x4 is idempotent.

Proof. Following from Proposition 2.2.1, any element x of E has an idempotent
power x"x. Let s be the least common multiple of ny, for x € E. Then x® is idempotent
for every x € E. The smallest integer q satisfying this property is called the exponent
of E. (s not being necessarily the smallest integer k such that x* is idempotent Vx). 0O

Proposition 2.2.4. Let E be a finite semigroup and n = |E|. For every finite sequence
X1, X2, ..., Xn of elements of E, there exists an index i € {l,...,n} and an
idempotent e € E such that X1X3 - - - Xj € = X1X2 - - - Xj.

Proof. Let us consider the sequence {x;}, {X; - X2}, ..., {x1 - Xo-- - x,}. If all the
elements of this sequence are distinct, all the elements of E show up in it and one of
them, let us say XX - - - Xj, is idempotent (Corollary 2.2.2). The result in this case is
immediate. Otherwise, two elements of the sequence are equal, let us say xj * X3 - - - Xj
and xj + xp---xj with i < j. We then have xj---X; = X1+ X (Xj1-+-%Xj) =
X1+ Xj (Xj41 - --Xj)9 where q is the exponent of E. The proposition follows from
this, since (xj41 - - - x;)4 is idempotent (Proposition 2.2.3). O

With every idempotent e of a semigroup E, we associate the set
eEe={exe/x € E}.

This is a sub-semigroup of E, referred to as the local semigroup associated with e,
and which has e as neutral element. It is therefore a monoid and we easily verify that
e E e is the set of elements x of E which have e as a neutral element, that is to say
suchthatex =xe =e.

2.3. Cancellative Monoids and Groups

Let us complete this section with the definition of cancellative elements, cancellative
monoids and groups.
Let (E, &) be a monoid. We say that a € E is a cancellative element if and only
if:
Vx,yeE: x@a=yPa=>x=y
and a®x=apy=x=Yy
When a only satisfies the first (resp. the second) of these conditions, we say that it is

only right-cancellative (resp. left-cancellative). When the monoid is commutative,
the two concepts coincide.

Definition 2.3.1. (cancellative monoid)
We call cancellative monoid a monoid (E, @) endowed with a neutral element ¢
and in which all elements are cancellative.
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In a cancellative monoid, the internal law @ is said to be cancellative.

Example 2.3.2. (free monoid for concatenation)

Let us return to the example of the free monoid A* on an alphabet A (see
Example 2.1.13).

It is easy to verify that every word m € A™* is right-cancellative and left-
cancellative for the operation of concatenation. It is therefore a cancellative monoid. ||

a+b
l1+ab’

We verify that (R4, @) is a commutative monoid (see Example 2.1.4) with a
neutral element 0, that 1 is an absorbing element and that every element different
from 1 is cancellative. It then follows that (R4 \{1}, @} is a cancellative monoid. ||

Example 2.3.3. On R, we consider the law & definedasa @b =

We say that an element a of a monoid E with neutral element ¢ has a left inverse
(resp. right inverse) if there exists an element a’ (resp. a”) such that

A Pa=c¢
(resp.a@a’ =¢)
An element a has an inverse if there exists an element a’ such that
/ U
ada =aPa=c¢

Definition 2.3.4. (group)
A monoid (E, ®) in which every element X has an inverse is called a group.

Proposition 2.3.5. Every cancellative commutative monoid is isomorphic to the
“nonnegative” elements of a commutative group.

Proof. From the cancellative commutative monoid (E, @), endowed with the neutral
element €, construct the set S whose elements are ordered pairs of elements of E:

S={(a,b)/a € E,beE}

By definition, the elements of S of the form (a, €) are referred to as the nonnega-
tive elements of S, and the elements of the form (g, b) the nonpositive elements.
We observe that there is a one-to-one correspondence between E and ST, the set of
nonnegative elements of S.

By defining on S the following equivalence relation R:

(a1, a2) R(b1,b2) < a; @by = a, ® by
and by endowing G = S/R with the law @ defined as:
(a1, a2) @ (b1, b2) = (c1, ¢2)

where (c1, ¢2) R(a; @ by, ap © by).
We easily verify that G = S/R is a commutative group and that E is isomorphic
to the nonnegative elements of G. O
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We observe that the concept of nonnegative element used in the above proof did not
require the existence of an order relation on E (for the study of ordered monoids, see
Sect. 3.2).

Remark 2.3.6. Even in the case where the commutative monoid (E, &) is not can-
cellative, we can construct the set S whose elements are ordered pairs of elements
of E: S = {(a, b)/a € E, b € E}, and define the following equivalence relation R:

aj #bj,a2 #by and a; @by =b; D a

ar, ap) R(by, by) &
(a1, a2) R(by, b2) (a1, a2) = (by, by) otherwise

We then distinguish between three types of equivalence classes: the “nonneg-
ative” elements corresponding to the classes (a, ¢€), the “nonpositive” elements
corresponding to the classes (g, a) and the “balanced” elements corresponding to
the classes m. |

3. Ordered Monoids

The aim of this section is to study the monoids endowed with an order relation
compatible with the monoid’s internal law.

In Sect. 3.1, we recall some basic definitions concerning ordered sets. Then,
in Sect. 3.2, we introduce the concept of ordered monoid, illustrating it through
some examples. We next introduce, in Sect. 3.3, the canonical preorder relation in a
monoid, followed by canonically ordered monoids in Sect. 3.4. Theorem 1 (stating
that a monoid cannot both be a group and be canonically ordered) introduces an
initial typology of monoids. The subsequent sections further expand the typology
of canonically ordered monoids which may be divided into semi-groups (Sect. 3.5)
idempotent monoids and semi-lattices (Sect. 3.6).

3.1. Ordered Sets

We recall that an order relation on E, denoted <, is a binary relation featuring:

reflexivity (Ya € E:a <a),
transitivity (a<b and b<c=a<c),

antisymmetry (a<b and b<a= a=Db).

Let E be an ordered set, that is to say a set endowed with an order relation <.

Two elements a € E, b € E are said to be non-comparable if neither of the two
relations a < b and b < a are satisfied.

If there exist non-comparable elements, we say that E is a partially ordered set
or a poset.

On the other hand, if for any pair a, b € E, either a < b or b < a holds, we say that
we have a total order and E is called a fotally ordered set.



10 1 Pre-Semirings, Semirings and Dioids

Remark. Since the relation < is reflexive, the set of the elements x € E satisfying
x < a contains the element a itself, we say that it is an order relation in the wide
sense.

With every order relation < in the wide sense it is possible to associate a strict
order relation < defined as:

a<b&a<b and a#b.

Observe that this relation is irreflexive (a < a is not satisfied), asymmetric and
transitive.

Conversely, with every strict order relation < that is irreflexive, asymmetric and
transitive, we can associate a symmetric, transitive and antisymmetric order relation
< defined as:

a<b<&a<b or a=b. |

For a subset A C E, an element a € E satisfying
VxeA:x<a

is called an upper bound of A.
An upper bound of A which belongs to A is called the largest element of A.

When A C E has alargest element a, it is necessarily unique. Let us in fact assume
that a and a’ are two upper bounds of A belonging to A.

We have: Vx €A, x <a, and,in particular:a’ < a.
Similarly: Vx € A, x <a’, and, in particular: a < a’.

Through the antisymmetry of < we then deduce a = a’.
Similarly b € E is a lower bound of A if and only if:
Vx e A b<x.

A lower bound of A which belongs to A is called the smallest element of A. If A has
a smallest element, it is unique.

Assubset A C E is said to be bounded if it has an upper bound and a lower bound.

When the set of the upper bounds of A C E has a smallest element, this smallest
element is called the supremum of A. It is denoted sup (A). Similarly, when the set
of the lower bounds of A has a largest element, we call it the infimum of A (denoted
inf (A)).

We say that the ordered set (E, <) is complete if every subset A of E has a
supremum, which can be denoted VA or Vv a.

acA
It is said to be complete for the dual order if every subset A of E has an infimum,

which can be denoted AAor A a.
acA

We say that a set S C E is a lower set if x € Sand y < x implies y € S. Given a
subset P, we denote:

JP)={xeE|IpeP,x <p}.

This is the smallest lower set containing P.
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Furthermore, if a lower set S satisfies, foralla,be S,a Vv b € S, then S is called
an ideal. If it satisfies, for every a,b € S, a A b € S, then S is called a filter.

We observe that for x € E, | ({x}) is aideal. The ideals of this form are referred to
as principal ideals and denoted |, (x). Exercise 7 at the end of the chapter is concerned
with the properties of ideals and filters.

We call maximal element of A C E every a € A satisfying:

Axe A x#a, suchthat: a<x.
Similarly, we call minimal element of A C E every a € A satisfying:
ﬂx € A, x #a, suchthat: x <a.

When a subset A € E has a maximal (resp. minimal) element, the latter is not
necessarily unique.

It is easy to show that every finite subset of a (partially) ordered set E has at least
one maximal element (resp. one minimal element).

3.2. Ordered Monoids: Examples

Definition 3.2.1. (ordered monoid)
We say that a monoid (E, @) is ordered when we can define on E an order relation
< compatible with the internal law &, that is to say such that:

Va,b,ceE a<b=(adc) < (bdoc).

Example 3.2.2. The monoid (R, +) is ordered for the order relation “less than or
equal to” (<) on Ry. ||

Example 3.2.3. The monoid (R, Min) is ordered for the order relation “less than or
equal to” (<) on R = R U {400}. ||

Example 3.2.4. The monoid (R, +) is ordered for the order relation “less than or
equal to” (<) on R. ||

Example 3.2.5. (a few algebraic models useful in fuzzy set theory)

An infinite class of ordered monoids can be deduced through isomorphisms from
(R4, +). More precisely, for every one-to-one correspondence ¢ between M C R
and R, we can associate with every a € M, b € M, the real value:

a®b=0¢" [g@ + o).

This class of ordered monoids arises in connection with many algebraic models in
fuzzy set theory (see e.g. Dubois and Prade 1980, 1987).
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For instance, considering the parameter h € R, we obtain a family of ordered
monoids associated with the following functions:
op () =x"  (x eRy)
o X)=x" (xeRy)
op(x)=eh (x€R)
op (x) =¢e xeR)

=2kl

Observe that the operation @" defined as
h a b
ad b:hln(eh+eh>

“tends” towards Max{a, b} when h “tends” towards 0%, and that the operation @y
definedasa®p b = —h In (e_% + e_g) “tends” towards Min{a, b} when h “tends”

towards 0.

In the same way, the operation @" defined as a @" b = (ah + bh)l/ " “tends”
towards Max{a, b} when h “tends” towards 400 and the operation @y, defined as a
@nb=(a"+ b_h)_l/ " «tends” towards Min(a, b) when h “tends” towards +o0.

Similarly, we can consider a one-to-one correspondence ¢ relative to the multi-
plication (on R) by setting: a® b = (p_l [o (@)« ¢ (b)].

For a detailed study of some of these ordered monoids, refer to Exercise 2 at the
end of the chapter. For the study of the asymptotic behavior of the operations @y,
and @", refer to Exercise 3. ||

3.3. Canonical Preorder in a Commutative Monoid

Given a commutative monoid (E, @) with neutral element ¢, it is always possible,
thanks to the internal law @, to define a reflexive and transitive binary relation,
denoted <, as:

a<b& dceE suchthat b=adec.

The reflexivity (Va € E: a < a) follows from the existence of a neutral element
¢ (a = a @ ¢) and the transitivity is immediate because:

a<b&dcb=adc
b<d&3Id:d=bapc
hence: d = a @ ¢ & ¢/, which implies a < d.

Since the antisymmetry of < is not automatically satisfied, we can see that < is
only a preorder relation. We call it the canonical preorder relation of (E, ®).
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We observe that @ being assumed to be commutative, the canonical preorder
relation of (E, @) is compatible with the law & because:

a<b=3dcb=adc
therefore, Vd € E:

bdd=adcPd=adddc
= apd<bad.

When (E, ®) is a noncommutative monoid having a neutral element €, we can define
two canonical preorder relations, denoted < (right canonical preorder relation) and
R

< (left canonical preorder relation) as follows:
L

a<b<« 3dceE suchthatt b=ad¢c
R
a<b& 3¢ €E suchthat: b=c @a.
L
Here again, the properties of reflexivity (e being a neutral element on the right and
on the left) and transitivity are easily checked.

Example 3.3.1. The free monoid A* on an alphabet A is not a commutative monoid
(see Example 2.1.13). Two words m; € A*, my € A* satisfy m; < my if and only
R

if there exists a word m3 such that: my = m; - m3, in other words if and only if m;
is a prefix of my. Similarly: m; < my if and only if there exists a word m3 such that:
L

mp = mj3 - mp, in other words if and only if m; is a suffix of mj. ||

3.4. Canonically Ordered Monoids

Definition 3.4.1. A commutative monoid (E, ®) is said to be canonically ordered
when the canonical preorder relation < of (E, @) is an order relation, that is to say
also satisfies the property of antisymmetry: a <bandb <a=a =Db.

The Examples 3.2.2 (R4, +),3.2.3 (R Min) and 3.2.5 correspond to canonically
ordered monoids. The monoid (R, +) in Example 3.2.4 is not canonically ordered.

This property of canonical order with respect to the internal law @ is precisely
the one which will be involved in the basic definition of dioids in Sect. 6.

The following is an important property on which the typology of monoids
(see Sect. 3.9) and the distinction between dioids and rings (see Sect. 6) will be
based:

Theorem 1. A monoid cannot both be a group and canonically ordered.

Proof. Let us assume that (E, @) is a group (we denote a~! the inverse of a € E)
and is canonically ordered. Let a and b be two arbitrary elements a # b.
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Since (E, @) is a group:

there exists csuchthat a=b@c= a>b (takec=b"!Pa)
there exists dsuchthat b=a@®d=>b>a (taked=a"' @b)

If (E,®) is canonically ordered, we deduce a = b, which gives rise to a
contradiction. O

Thus the group (R, +) is not canonically ordered, and the canonically ordered
monoid (R, +) is not a group. Let us give some further examples of canonically
ordered monoids.

Example 3.4.2. (qualitative addition)
On the set of the signs, together with the indeterminate ?, E = {4, —, 0, 7}, we
consider the operation denoted & defined by the table:

(E, @) is a canonically ordered idempotent monoid with 0 as neutral element.
We have: ? > + > 0 and ? > — > 0, which may be represented by the following
diagram:

N
N2

Example 3.4.3. (qualitative multiplication)

Onthe setof signs E = {+, —, 0}, we consider the product of signs @(+® — = —,
+R®+=4,—® —=4+,0®a=0Va € E). (E, ®) is not a canonically ordered
monoid.

We can add to the set E the indeterminate sign (denoted: ?) satisfying: 7 ® + =7,
79 — =2,7® 0 = 0, ?7®? =?. Still, the resulting monoid is not canonically
ordered. ||

Examples 3.4.2 and 3.4.3 define a qualitative physics where the various signs of
E can have the following interpretation: 4 corresponds to the set ] 0, +-00[, — to the
set ][—o0, O[, ? to the set ]—oo, +o00[ and O to the set {0}.
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Example 3.4.4. (order of magnitude monoid)

We consider the set E formed of the pairs (a, o) with a € R;\{0} and « € R, to
which we add the pair (0, 400).

We then define the & operation as:

(a,a) ® (b, ) = (c,min(a, B)) with c=a if a<p, c=bif a>p,
c=a+bif a=p.

We verify that (E, @) is a canonically ordered monoid with neutral element (0, +00).
The elements (a, a) of this monoid correspond to the numbers of the form a &*
when ¢ > 0 tends to 0.
By setting p = —In(e) and A = e~ %, we have €* = AP. We can therefore define
a new set F formed by the pairs (a, A) € (R4\{0})? to which we add the pair (0, 0).
F is endowed with the law & defined as (a, A) & (b, B) = (c, max(A, B)) with
c=aifA>B,c=DbifA<B,c=a+Dbif A=B.
The elements (a, A) of this monoid correspond to the numbers of the form a AP
when p tends to +oco. ||

(o)

An important special case arises when the @ law is commutative and idempotent
(i.e.Va € E,a @ a = a); the antisymmetry of < can then be directly deduced, without
further assumption.

Proposition 3.4.5. If @ is commutative and idempotent, then the canonical preorder
relation < is an order relation.

Proof.
a<b=dcb=adc
b<a=3cd:a=bdc

hence we deduce:a =a@®c @ ¢’
and
b=a®c=a@chdcd®c=a@cdc =a

which proves antisymmetry. 0O

A slightly more general case of Proposition 3.4.5 arises when the @ law is commu-
tative and m-idempotent,

ie. aadd---Pa=adad---Pa;

m+1 times m times

here again, the anti-symmetry of < is directly deduced.

We denote m x athesuma®a®--- P a.
—_—

m times
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An example of 2-idempotency corresponds to the following law @, defined for

a .
elements a = <a1> € R? with a; < ay as:
2

ag @ b\ min(ay, by)
a by )~ \miny(ay, az, by, bo)

where mins(A) corresponds to the second smallest element of the set A.
We verify that @ is 2-idempotent; indeed

2 X <a1> ® <a1> = <a1> and 3 x <a1> =2x (al).
az az a] az aj
Proposition 3.4.6. If @ is commutative and m-idempotent, then the canonical pre-
order relation < is an order relation.
Proof.
a<b=3dc:b=adc
b<a=13c:a=ba¢
hence we deduce:
a=a®cdd =bP®2Ppc=aPp2ch2c=---=aPdPmchdmc,
b=bPchH =bP&mcdOmc=aPm+1)cPdmc =a@mcPmc. 0O
Observe that, in a canonically ordered monoid, the relation:
VacE:a®e=a implies:e <a
which shows that ¢ is (the unique) smallest element of E.

Proposition 3.4.7. If @ is selective and commutative (a @ b = a or b) then <isa
total order relation.

Proof. Selectivity implies idempotency, therefore < is an order relation.
Furthermore, a @ b = a or b implies for every a, b € E:

either a<b
or b<a
which proves that < is a total order. O

Asselective operation is not necessarily commutative. As an example, the @ operation
defined as:

Va,b € E: a @ b = a (the result is the first of the two elements added) is clearly
selective but not commutative (because a @b =aand b @ a = b).

Proposition 3.4.8. In a canonically ordered monoid, the following so-called posi-
tivity condition is satisfied:
acE,becE and a®b=¢e= a=¢ and b=c.

Proof. a®b =¢impliesa <eandb < ebutsince:e@a=aandePdb =Db we
alsohave: ¢ <aande <b.
From the antisymmetry of < we then deducea =¢andb=¢. O
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3.5. Hemi-Groups

Definition 3.5.1. (hemi-group)
We call hemi-group a monoid which is both canonically ordered and cancellative.

The set (N, +4) is a canonically ordered monoid in which every element is cancella-
tive. It is therefore a hemi-group. The same applies to (R, +), see Example 3.2.2.
On the other hand, the set of reals R endowed with addition and the usual (total) order
relation (see Example 3.2.4) is a cancellative ordered monoid but not a canonically
ordered one. It is therefore not a hemi-group.

Property 3.5.2. A cancellative commutative monoid (E, @) is a hemi-group if it
satisfies the so-called zero-sum-free condition:a @b =¢ = a=candb =¢.

Proof. 1t suffices to show that (E, @) is canonically ordered.
Let us then assume that: a < band b < a, So:

Jdc suchthat: b=adc
3d suchthat: a=b&dd

hence:
adb=adbpe=adbdchd.

Since a @ b is a cancellative element, we deducec d d = ¢
The condition of positivity then implies
c=d=¢ hence a=bh.

The canonical preorder relation is therefore clearly an order relation. O

The zero-sum-free condition involved in the previous result is satisfied by many
algebraic structures investigated in the present work, e.g. the boolean algebra,
distributive lattices, and inclines (see Cao, Kim & Roush, 1984).

3.6. Idempotent Monoids and Semi-Lattices

The concepts of semi-lattice (sup-semi-lattice, inf-semi-lattice) may be defined,
either in terms of sets endowed with (partial) order relations, or in algebraic terms. We
recall the set-based definitions below, then we show that algebraically, semi-lattices
are in fact idempotent monoids.

Definition 3.6.1. (idempotent monoid)
A monoid (E, @) is said to be idempotent if the law @ is commutative, associative
and idempotent, that is to say satisfies:

VaeE, ada=a.
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Observe here that a cancellative monoid not reduced to its neutral element € cannot
be idempotent. Indeed, for every a # ¢, ada = a = a@ e implies, since a is regular,
a = g, which gives rise to a contradiction. Hemi-groups and idempotent monoids
therefore correspond to two disjoint sub-classes of canonically ordered monoids
(see Fig. 1 Sect. 3.7).

Proposition 3.6.2. If (E, @) is an idempotent monoid, then the canonical order
relation < can be characterized as:

a<b & a®db=h.
Proof. a < b is by definition equivalent to:
dceE suchthat a@c=h.

We can then write:
adbb=adpadc= adc=h.

We therefore clearly havea <b < a@b=>b. O

Definition 3.6.3. (sup- and inf-semi-lattices)

We call sup-semi-lattice a set E, endowed with an order relation <, in which every
pair of elements (X, y) has a least upper bound denoted X V' y.

Similarly, we call inf-semi-lattice a set E, endowed with an order relation, in
which every pair of elements (X, y) has a greatest lower bound denoted x N'y.

A sup-semi-lattice (resp. inf-semi-lattice) is said to be complete if every finite or
infinite set of elements has a least upper bound (resp. a greatest lower bound).

Theorem 2. Every sup-semi-lattice (resp. inf-semi-lattice) E is an idempotent
monoid for the internal law @ defined as:

VX,y e E:x@y=xVy (esp.x®y=xAY).

Conversely if (E, ®) is an idempotent monoid, then E is a sup-semi-lattice for the
canonical order relation <.

Proof. Let E be a sup-semi-lattice, where Vx,y € E, x V y denotes the least upper
bound of x and y; then (E, V) is an idempotent monoid.

Conversely, let (E, @) be an idempotent monoid, and let < be the canonical order
relation. We have a @b > aand a @b > b. This is also the least upper bound of the
set {a, b} because for every other upper bound x of a and of b,a < x and b < x, we
have:

adb<x®dx=x. 0O
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SEMI-GROUPS AND
MONOIDS

CANONICALLY
ORDERED
MONOIDS

OTHER
MONOIDS

OTHER
CANONICALLY
ORDERED MONOIDS

IDEMPOTENT
MONOIDS
= SEMI-LATTICE

OTHER
IDEMPOTENT
MONOIDS

SELECTIVE
MONOIDS

Fig. 1 Classification of monoids

Table 1 The various types of monoids and their basic properties

19

Properties of & Canonical preorder |Additional properties
relation < and comments
Monoid Associative Preorder
Commutative .
. Commutative Preorder
monoid

Commutative, neutral
Cancellative monoid |element, every element |Preorder
is cancellative

Ordered monoid Preorder .
from the canonical

preorder relation

Monoid endowed with an
order relation different

Neutral element ¢, every

Grou .
P element has an inverse

Commutative group |Invertible commutative

Monoid in which the

Canonically Order canonical preorder

ordered monoid

relation is an is an order

Idempotent monoid

(semi-lattice) Idempotent Order
Selective monoid Selective Total order

Cancellative monoid The zero-sum-free
Hemi-Group (every element is Order condition is satisfied

cancellative) (see Sect. 3.5)
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3.7. Classification of Monoids

Table 1 sums up the main properties of the various types of monoids.

Figure 1 provides a graphic representation of the classification of monoids.
Observe on the first level the disjunction between the class of groups and that
of canonically ordered monoids and, on the second level, the disjunction between
idempotent monoids and hemi-groups.

4. Pre-Semirings and Pre-Dioids

The term of dioid was initially suggested by Kuntzmann (1972) to denote the alge-
braic structure composed of a set E endowed with two internal laws @ and ® such
that (E, @) is a commutative monoid, (E, ®) is a monoid (which is not necessarily
commutative) with a property of right and left distributivity of ® with respect to &.
In the absence of additional properties for the laws @ and ®, such a structure is quite
limited and here we refer to it as a pre-semiring, thus keeping the name of semi-ring
and of dioid for structures with two laws endowed with a few additional properties
as explained in Sects. 5 and 6.

4.1. Right, Left Pre-Semirings

Definition 4.1.1. We call left pre-semiring an algebraic structure (E, ®, Q) formed
of a ground set E and two internal laws @ and @ with the following properties:

(iJ)acbb=bda Va,b € E (commutativity of ®)
(ii) (acdb)ydc=ad (bPc) Va,b,c € E (associativity of ®)
(iii) (A®b)®c=a® (b®c) Va,b,c € E (associativity of ®)

(iv)a (b®c)=(@®b)®d(a®c) Va,b,ceE
(left distributivity of ® relative to @)
The concept of right pre-semiring is defined similarly, by replacing left distributivity
with right distributivity:
(iv) (@®db)®c=@®c)P(b®c) Va,b,cekE.

We observe that in the above definitions, we do not assume the existence of neutral
elements. If they do not exist (neither on the right nor on the left), we can easily add
them. In the case where ¢, the neutral element added for @, is absorbing for ®, we
have a semiring structure, see Sect. 5.

Example 4.1.2. There exist many cases where there is neither right distributivity
nor left distributivity. As an example, the structure (E, ®, ®) with E = [0, 1],
a®b =a+b—aband a®b = ab does not enjoy distributivity and is
therefore not a pre-semiring. The same applies to the structure (E, @, ®) with
E=1[0,1],a®b=Min(l,a+b),a®b=Max(0,a+b—1).[|
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The reason why it is of interest not to assume both right and left distributivity in
the most basic structure (the pre-semiring structure) is that there exist interesting
applications which do not enjoy both properties. This is the case, in particular, of
Example 4.1.3 below.

Example 4.1.3. Left pre-semiring of the set of mappings of a monoid onto itself.

Let (E, —c|>-) be a commutative monoid, and H the set of mappings: E — E.
We define on H the following operations @ and ®:
Forevery f € H, g € H we denote f @ g the mapping which associates with every

a € E the value f (a) —T— g (a).
The properties of the —T— operation on E induce similar properties for & on H.

If —T— has a neutral element ¢ in E, then we can define the neutral element of & on
H as the mapping h® (E — E) given by:

h®(a) =¢,Va € E.

(H, @) is therefore a commutative monoid with neutral element h®.

Forevery f, g € H we denote f ® g the mapping which, withevery a € E associates
gof (a) = g (f(a)) (® is therefore directly deduced from the law of composition for
mappings).

We observe that & is associative and has a neutral element which is the identity
mapping h® defined as:

h®(a) = a, Va € E.

We check the property of left distributivity because Vf, g, h € H, and Va € E:

f®[g®hl(a) = (gdhlof)(a)
= [g®h] (f(a))
=g(f(a)) ®h (f(a))
=[gof @hof](a)
=[f®g & ®h)l@).

On the other hand, the property of right distributivity is not satisfied without addi-
tional assumptions (see Sect. 4.2, Example 4.2.2). The structure (H, &, ®) above is
therefore a left pre-semiring. ||

Particular instances of the above structure have been proposed and studied by many
authors in the area of computer program analysis, specifically through data flow
analysis. For example, in the case of the data flow analysis models referred to
as monotone (see e.g. Kam and Ullman 1977), E is taken as an idempotent monoid
(= sup semi-lattice) and H is the set of monotone functions: E — E. For further
detail, refer to Chap. 8, Sects. 2.1 and 2.2.
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4.2. Pre-Semirings

Definition 4.2.1. We call pre-semiring an algebraic structure (E, ®, ®) which is
both a right pre-semiring and a left pre-semiring.

Example 4.2.2. Pre-semiring of the endomorphisms of a commutative monoid.
Let us return to Example 4.1.3 above, but now we assume that we are studying a
particular subset of mappings H' C H satisfying:

h(a+ b) =h(a) +-h(b) VheH Va,becE

in other words, we are dealing with endomorphisms of E (it is easily checked that H’
is closed for @ and for ®).

In addition to left distributivity, which is always present (see Example 4.1.3), right
distributivity is now satisfied because:

VaecE: (g@¢g)®f(a) =f(g®g'(a)
= f(2(a) + g'@)
= f(g(@) + (/@)
—g@f@+ ¢ @f@
From this we deduce that (H', @, ®) defined above is a pre-semiring. ||

A structure of this kind has interesting applications in the area of program analysis
(problems of continuous data flow, see Kildall 1973) and the study of non-classical
path-finding problems in graphs (see Minoux 1976). Examples of such pre-semirings
are described in Chap. 8, Sect. 2.2.

4.3. Pre-Dioids

Definition 4.3.1. We call right pre-dioid (resp. left pre-dioid) a right pre-semiring
(resp. left pre-semiring) canonically ordered with respect to ®.
We call pre-dioid a canonically ordered pre-semiring.

Example 4.3.2. The set R} endowed with the internal laws Max and + is a pre-dioid
(see Chap. 8 Sect. 2.4). ||

In a pre-dioid, the neutral element ¢ is not necessarily absorbing (see Example 5.3.1).
On the other hand, the following result shows that ¢ is always nilpotent.

Proposition 4.3.3. Let (E, ®, ®) be a pre-dioid in which € and e are the neutral
elements of ® and ® respectively. Then ¢ is nilpotent (X = ¢, Vk € N).

Proof. Tt suffices to show that €2 = «.
Let < be the canonical order relation of (E, @). We have, Va € E:e @ a = a
hence: ¢ < a.

We deduce ¢ < &2

—tQ®e¢, thene < g2 < g3,
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By using right and left distributivity, we can also write:
e=e®R®e=(Pe)R(ePe)=(ePe)ReD(ede)R¢
—e@e@ecPe’
—ede’

We deduce: &2 < e, then &3 <.
From the above it follows:

Proposition 4.3.4. Let (E, ®, ®) be a pre-dioid where ¢, the neutral element for @,
is non-absorbing. Then ¢ E is an idempotent pre-dioid.

Proof. Forevery a € E we have:
a=(cPe)R@Pe)=adeP(cRa)De’=ad (¢Qa)

(¢ = & from Proposition 4.3.3).

By multiplying on the left by e, we obtain: e ® a = (e ® a) @ (2 @ a) =
(e ® a) ® (¢ ® a), which shows that @ is idempotent for all elements of the form
¢ ® a and thus ¢ E is an idempotent pre-dioid. O

5. Semirings
5.1. Definition and Examples

Definition 5.1.1. (semiring, right semiring, left semiring)
A semiring is a pre-semiring (E, @, ®) which satisfies the following additional
properties:

(i) ® has a neutral element €
(ii) ® has a neutral element e
(iii) € is absorbing for ®, that is to say:

VaeE:a®@Qe=¢®a=c.
A right semiring (resp. left) is a right pre-semiring (resp. left) satisfying property (i)
and properties (i) and (iii)’ below.
(i1)’ ® has e as a right neutral element (a ® e = a, Va) (resp. left: e ® a = a, Va)
(iii)’ ¢ is a right absorbing element (a @ € = ¢, Va) (resp. left: ¢ @ a = ¢, Va)

A semiring in which the operation ® is commutative is said to be commutative.

Example 5.1.2. Let us return to Example 4.2.2 where (E, @) is a commutative
monoid and H the set of endomorphisms of E. We have seen that (H, ®, ®) is a
pre-semiring. The neutral element h® of H for & does not satisfy the absorption
property in general.
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On the other hand, if we consider the subset H' € H of endomorphisms having
the additional property:

heH < heH and h(e) =¢

then the absorption property:
Vh € H: h®* @ h = h ® h®* = h® is satisfied and the structure (H', @, ®) is a
semiring. ||

Example 5.1.3. Let us return to Example 4.1.3 of Sect. 4.1 relative to the set H of the
mappings of a commutative monoid E onto itself. The neutral element h® of H for
@ does not satisfy the absorption property in general. On the other hand, if we limit
ourselves to the subset H' € H of mappings: E — E having the additional property:

heH <heH and h() =¢

then the absorption property is satisfied and the structure (H', ®, ®) is a left
semiring. ||

The class of semirings can be naturally subdivided into two disjoint sub-classes
depending on whether the law @ satisfies one of the following two properties:

(1) The law @ endows the set E with a group structure;
(2) The law @ endows the set E with a canonically ordered monoid structure.

In view of Theorem 1 of Sect. 3.4, (1) and (2) cannot be satisfied simultaneously. In
case (1), we are led to the well-known Ring structure, whose definition is recalled
in Sect. 5.2; in case (2) we are lead to the Dioid structure, (see Sect. 6 below) the
in-depth study of which is one of the main objectives of the present volume.

Apart from Dioids and Rings, the other classes of semirings appear to have less
potential interest. For example, we can mention the semirings obtained as products
of aring and a dioid. Some other examples are given in Chap. 8, Sect. 2.

5.2. Rings and Fields

Definition 5.2.1. (ring)

We call ring a semiring in which the basic set E has a commutative group structure
for the addition &. A ring (E, ®, ®) is said to be commutative if the operation ® is
commutative.

Example 5.2.2. The set (Z, +, x) of signed integers endowed with the standard
operations + and X is a commutative ring. Similarly, the set of square n x n matrices
with real entries is a (non commutative) ring. ||

An important special case of the ring structure is obviously the field structure in
which the basic set E has a group structure (not necessarily a commutative one) with
respect to the law ®. When ® is commutative, we refer to a commutative field.
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Definition 5.2.3. (semi-field)
We call semi-field a semiring in which every element other than € has an inverse
for the multiplication Q.

We will see that many dioids, in particular idempotent-invertible dioids such as
(R, Min, +) and (R, Max, +) are semi-fields (see Sect. 6.7 and Exercise 8).

Hereafter, we will use rarely the term of semi-field, because the resulting
classification (based on the properties of “multiplication”) would not be directly
comparable to that of semirings (based on the properties of “addition”). Classifying
with respect to the properties of the first law appears to be more fundamental insofar,
in that it is with respect to the first law that the distributivity of the second law is
defined.

5.3. The Absorption Property in Pre-Semi-Rings

In order for a pre-semiring to be a semiring, ¢ (the neutral element for @) must be
absorbing for ®. This is not always the case as seen in the following example.

Example 5.3.1. Let us take for E the set of intervals of the real line R of the form
[a,a] witha <Oanda > 0.
Let us define the & law as:

[a,a] @ [b, b] = [Min{a, b}, Max{a, b}]

@ is commutative and idempotent with the interval [0, O] as a neutral element
Furthermore, let us define the ® law as:

[a,a] ®[b,b] = [a+b,a+Db]

The ® law has as neutral element [0, O].
The distributivity of ® with respect to & follows from the immediate properties:

Min{a, b} + ¢ = Min{a + ¢, b+ ¢}
Max{a, b} + ¢ = Max{a + ¢, b +c}.

Finally, the canonical preorder relation is an order relation because of the idempo-
tency of @.

On the other hand, (E, ®, ®) is not a semiring because ¢ is not absorbing
for ®. Indeed, for an arbitrary element [a,a] # ¢ we have [a,a] ® [0,0] =
[a,a] # e. The structure (E, @, ®) defined above is therefore a pre-semiring (in
fact a pre-dioid, due to the canonical order relation, see. Sect. 4.3) but it is not a
semiring. ||

The above example shows, moreover, that assuming that < is an order relation is not
sufficient to guarantee the absorption property.

The following result provides a sufficient condition to guarantee this property in
a canonically ordered pre-semiring, that is to say, in a pre-dioid.
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Proposition 5.3.2. If < (the canonical preorder) is an order relation and if, Va €
E: a ® ¢ < g, then we have the absorption property:

VacE: a®Qe=c¢.

Proof. Forevery b € E we have: b = ¢ @ b, therefore ¢ < b.
In particular, if we consider an arbitrary element a € E and we apply the above
property tob = a ® e, we obtain:

VaeE:e<a®e.
With the assumption of the proposition, we therefore have Va e E:a® e =¢. O

Observe that the above proposition applies in particular when e, the neutral element
for ®, is the largest element of E, that is to say when, for every a, a < e.
5.4. Product of Semirings

Given p semirings (E;, ®;, ®;) the product semiring is defined as the set E =
Ej x B2 x - - - x E, endowed with the “product” laws @ and ® defined as:

X X1 D1 yi
1 Y1 X2 @y,
Vx=1|:|€E Vy=|:]e€E x@y= ]
K Y Xp Dp ¥p
and:

X] ®1 Y1
X®y = X2 (2')2 Y,
Xp ®p ¥p

We easily verify that the laws @ and ® enjoy the same basic properties as the laws
®; and ®;, and that, consequently, (E, @, ®) clearly has a semiring structure.

In particular, we verify that the product of a ring and a dioid is a semiring (see also
Chap. 8, Sect. 3.1).

5.5. Classification of Pre-Semirings and Semirings

Table 2 below sums up the main properties of the various types of pre-semirings and
semirings.

Figure 2 provides a graphic representation of the classification. In the semiring
class, it shows two main disjoint sub-classes, rings (see Sect. 5.2) and dioids which
are studied in Sect. 6. In the first case, (E, @) is a group, in the second case (E, @) is
canonically ordered, these two properties being incompatible in view of Theorem 1
(Sect. 3.4).
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Table 2 Pre-semirings, semirings and dioids and their basic properties

27

Properties of Properties of Relation <|Additional properties and
(E, ®) (E, ®) comments
. . Right (resp. left)
Right (resp. left) | Commutative 1y, 0 44 Preorder |distributivity of ® with
pre-semiring monoid
respect to @
.. Commutative . Right and left distributivity
Pre-semiring monoid Monoid of ® with respect to @
Commutative Monoid, Right and left distributivity
Semiring monoid, neutral |neutral of ® with respect to
element € element e @, ¢ absorbing for ®
. Commutative Monoid, neutral
Ring
group element e
Dioid Canonically ' Monoid, neutral Order
ordered monoid |element e

RINGS
FIELDS

Fig. 2 Classification of pre-semirings, semirings and dioids

RIGHT (LEFT)
PRE-SEMI-RINGS

@I-RINGS

SEMI-RINGS

DIOIDS
(cf. figure 3)
§ 6-10

PRE-DIOIDS

OTHER
SEMI-RINGS
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6. Dioids

6.1. Definition and Examples

Definition 6.1.1. (dioid, right dioid, left dioid)
We call dioid a set (E, ®, ®) endowed with two internal laws @ and ® satisfying
the following properties:

(i) (E, ®) is a commutative monoid with neutral element €;
(ii) (E, ®) is a monoid with neutral element e;
(iii) The canonical preorder relation relative to @ (defined as: a < b < I c:
b =a & c)is an order relation, i.e. satisfies: a <bandb <a = a=Db;
(iv) € is absorbing for ®, i.e.:VacE:aQe=e®a = ¢/
(v) ® is right and left distributive with respect to .

We call right dioid (resp. left dioid) a set (E, @, ®) satisfying the properties (i) to (iv)
above and where ® is only right distributive (resp. only left distributive) with respect
to @. (We observe that for a right dioid, it in fact suffices for e to be a right neutral
element (a ® e = a, Ya) and for ¢ to be right-absorbing only (a ® ¢ = ¢, Va)).

The fundamental difference between a ring and a dioid lies in property (iii).
In a ring, addition induces a group structure, whereas in a dioid, it induces a
canonically ordered monoid structure. From Theorem 1 (Sect. 3.4) this implies a
disjunction between the class of rings and the class of dioids.

Example 6.1.2. 7 endowed with the standard operations + and x, is a ring but it is
not a dioid.

Indeed, in this structure, we always have, for every pair of signed integers a, b:
a < bandb < a for the canonical preorder relation (a <b < Jc:b=a+c).

It is therefore not an order relation. On the other hand, the semiring N (the set
of natural integers) is a dioid because the canonical preorder relation coincides with
the standard (total) order relation. ||

It is therefore the presence of an order relation intrinsically linked to the addi-
tion & which constitutes the main distinction between rings and dioids. This order
relation will naturally lead to define topological properties. These will be studied in
Chap. 3.

Remark. In the Definition 6.1.1, we can replace (iv) by the weaker assumption:
€ > a ® ¢ which suffices to guarantee a ® & = ¢, according to Proposition 5.3.2. ||

Apart from the well-known dioids (N, 4, x) and (R, Min, +) let us give a few other
examples of interesting dioids.

Example 6.1.3. Qualitative algebra

On the set of signs E = {4+, —, 0, 7}, we consider the law & (qualitative addition,
see Example 3.4.2) and the law ® (qualitative multiplication, see Example 3.4.3).
We verify that (E, @, ®) is a dioid. (see Chap. 8, Sect. 4.5.3) ||
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Example 6.1.4. Right dioid and shortest path with gains or losses
On the set E = R x (R4+\{0}) we define the following operations @ and ®:

/
i 2oL orir
K KK

/

a
=— and k= maxlk, k'}

/
a/ a/ )
— > — orif
/ k/
/

= 1? and k' = max{k, k'}

a a’ a+ka
(k) ()= ()
@ has as neutral element ¢ any element of the form (7>°) with k € R, \{0} and ®
has as neutral element e = ((1))
We easily verify all of the properties (i)—(iv) as well as the right distributivity of

® with respect to &. On the other hand, ® is not left distributive as shown in the
following example:

Delde@)]=0)e0)=0)
[(e®)]e[()e@)]=0)e()=()
The structure (E, @, ®) is therefore a right dioid. This is the algebraic structure

underlying the resolution of the shortest path problem with gains or losses (see
Chap. 4, Exercise 4). ||

Wlm/—\ W‘Im/—\

Example 6.1.5. Order of magnitude dioid
On the set E of pairs (a, o) witha € R4 \{0} and a € R, to which we add the pair
(0, 4+00), we define the two laws @ and ® as:

(a, ) ® (b, B) = (¢, min(a, B))
withc =aifa <B,c=bifa > p,c=a+bif a =P, (see Example 3.4.4)
(a,0) ® (b,B) = (ab, a+p).

We check that (E, @, ®) is a non idempotent dioid.

This dioid is isomorphic to the set of elements of the form a €* endowed with
ordinary addition and multiplication when ¢ > 0 tends towards 0.

We obtain a dioid that is isomorphic to the above by setting A = e™“, and by
taking for E the set of pairs (a, A) € (]RJr\{O})2 to which we add the pair (0, 0),
endowed with the operations ¢ and ® defined as:

—Q

(a, A) ® (b, B) = (c, Max(A, B))
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withc =aif A >B,c=bifA <B,c=a+bif A =B,
(a, A) ® (b, B) = (ab, AB).

Moreover, the elements (a, A) of this dioid can be interpreted as the set of elements
of the form a AP endowed with ordinary addition and multiplication when p tends
towards +oo.

We can interpret (a, A) as the coding of an asymptotic expansion of the form
aAP + o (AP) when p — +o0.

The latter dioid was introduced by Finkelstein and Roytberg (1993) to calculate
the asymptotic expansion of distribution functions in the study of biopolymers. It
was also used by Akian et al. (1998) to calculate the eigenvalues of a matrix with
coefficients of the form exp(—aj;/¢) where ¢ is a small positive parameter. ||

Example 6.1.6. Non standard number dioid
On the set E of ordered triples (a, b, a) € (]R+\{O})3 to which we add the ordered
triples (0, 0, +00) and (1, 0, 400), we define the two laws @ and ® by:

(ai, br, a1) @ (a2, bz, az) = (a; + a2, b, min(ay, a2))
withb=bjifa; <ay,b=byifa; > ap,b=Db; + by if o = ap,
(a1, by, a1) ® (a2, bz, ap) = (aj a2, b, min(ay, a2))
withb=ay b;ifa; <oy, b=a; byifa; > ay,
b=aj; by +apb;if aj = ay.

We verify that (E, @, ®) is a dioid. This dioid is isomorphic to the set of non standard
numbers of the form a 4+ b ¢, (a > 0, b > 0), endowed with ordinary addition and
multiplication, when & > 0 tends towards 0. ||

The concept of positive semiring and positive dioid is studied in Exercise 5.

Proposition 6.1.7. Inadioid (E, ®, ®), the canonical order relation < is compatible
with the laws @ and Q.

Proof. The fact that < is compatible with @ was already proved in Sect. 3.3. Let us
show that < is compatible with ®. We have:a <b < JIc e E:a @ c = b, hence:

@®c)®x=bx
thus, using distributivity:
ARXPCcROX=b®X

hence we deducea @ x < b ® x.
We would similarly prove thatx ® a < x ®b. O
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Definition 6.1.8. (complete dioid)

A dioid (E, @, ®) is said to be complete if it is complete as an ordered set for the
canonical order relation, and if, moreover, it satisfies the two properties of “infinite
distributivity”:

VA CE,Vb e E (@a)@bz @ (a®Db)
acA aeA

b®<69 a)z ® b®a)
acA acA

From this definition it follows that, for every A C Eand B C E:

(s2)e(at)=_ 8 aov
acA beB (a,b)eAxB

In a complete dioid, we define the top-element T as the sum of all the elements of
the dioid
T= & a

acE

We observe that T satisfies, Vx € E:
Tdx=T and T®e=c¢.

As an illustration the dioids (R, Max, +) and (R, Min, +) are not complete. To make
them complete, a fop-element must be added:

T=+o00 for (R,Max,+)
T=-o00 for (R, Min,+).

In the same way as for other algebraic structures, we say that a subset F C Eis a
sub-dioid of (E, @, ®) if and only if: ¢ € F, e € F, and F is closed with respect to the
laws @ and ®. Thus for instance the dioid (N, Max, +) is a sub-dioid of the dioid
R4, Max, +).

In the following sections, we discuss some particularly important sub-classes of
dioids.

6.2. Dioid of Endomorphisms of a Canonically Ordered
Commutative Monoid

Let (E, @) be a canonically ordered commutative monoid with neutral element €. As
in the Examples 4.2.2. and 5.1.2., we then consider the set H of endomorphisms on
E satisfying, Vh € H:

h(a®b) =h(a) dh(b) Va,beE

h(e) = ¢



32 1 Pre-Semirings, Semirings and Dioids

endowed with the laws @ and ® defined as: Vh, g € H:

(h@®g) (@) =h(a)®ga) VaecE
(h®g) (a) = goh(a) VaeE

where o is the law of composition of mappings.

We verify that (H, @, ®) is a dioid.

This is a very important class of dioids underlying a wide variety of problems,
in particular many non classical path-finding problems in graphs (see Minoux 1976,
the two following examples and Example 4.2.3 in Chap. 8). Solution algorithms will
be discussed in Chap. 4, Sect. 4.4.

Example 6.2.1. Shortest path with time-dependent lengths on the arcs

Let us consider the following problem. With each arc (i, j) of a graph G we
associate a function h;; giving the time t; of arrival in j when we leave i at the instant
Gt = hij(ti)-

Leaving vertex 1 at the instant t;, we seek the earliest time to reach vertex i.

For this problem, we take

E:R:RU{—}—OO},EB:min,s:—i—oo.

The set H is taken to be the set of nondecreasing functions h: E — E such that
h(t) — 400 when t tends towards +o0.
These functions are indeed endomorphisms because we have:

h(min(t, t')) = min(h(t), h(t'))
h(4+00) = +o00

(H, &, ®) is therefore a dioid.
For a detailed study of this problem and solution algorithms, see Cooke and Halsey
(1966) and Minoux (1976). ||

Example 6.2.2. Shortest path with discounting (Minoux 1976)

With each arc (i, j) of a graph G, we associate a length which depends, in a path,
on the number of arcs taken previously. If we interpret, for example, the path along
the arc (i, j) as the realization of an annual investment program, the cost of the arc
@, ) is Gjj/(1 4+ v if t is the number of arcs previously taken by the path, that is to
say the year of the expenditure ¢jj (T being the discounting rate).

We seek the shortest path in terms of discounted value from vertex 1 to the other
vertices.
If T is the final time period, we take for S the set of (T + 1) - vectors with

components in Ry U {4+00}. If a = (ap, ay,...,ar) and b = (bg, by, ..., br), we
defined = a@® b = (do,dy, ..., dr) by setting di = min(a, by), t from O to T.
¢ = (409, ..., +00). Then we define the endomorphism h;; as:

hij (a) =b

. Cij
with: by = 400 by = a;_ ——fort=1,...,T.
0=+ t t1+(1+r)t—1
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We observe that such endomorphisms are T-nilpotent (see. Chap. 4, Sect. 3.3).
After obtaining the optimal label a € S of a vertex, it is possible to deduce the
shortest path with discounted value from vertex 1 to this vertex, the value of which
is equal to min_(ay). ||
0<t<T

Many other examples can be constructed on this model (see Chap. 4 Sect. 4.4 and
Chap. 8, Sect. 4.2).

6.3. Symmetrizable Dioids

Definition 6.3.1. We call symmetrizable dioid a dioid (E, &, ®) for which the oper-
ation @ is cancellative, that is to say such that (E, @) is a hemi-group. (see
Sect. 3.5).

Example 6.3.2. The set N of natural numbers endowed with the ordinary operations
+ and x is a symmetrizable dioid. Indeed, (N, +) is a hemi-group (see Sect. 3.5).
Similarly, the set R} endowed with operations + and x is a symmetrizable dioid.
On the other hand (I@+, 4+, Min) is not a dioid because Min is not distributive with
respect to +: Min{2, 1 + 5} # Min{2, 1} + Min{2, 5}. ||

The symmetrization of a symmetrizable dioid produces aring. A symmetrizable dioid
could therefore be referred to as a hemi-ring.

Remark 6.3.3. In the literature on the subject, a different type of symmetrization of
a dioid has also been investigated; it is called weak symmetrization (see Gaubert
1992). As in Remark 2.3.6, from the equivalence relation R on the ordered pairs of
elements of E? defined as:

ay #bj,a #by and a; @by =b; D ay

aj,a) R (by, by) &
(a1, a2) R (b1, b2) (a1, 2) = (by,by) otherwise

weak symmetrization consists in defining three types of elements: “positive” ele-
ments isomorphic to the elements of E and corresponding to the classes (a, €), the
“negative” elements corresponding to the classes (g, a), and the “balanced” elements
corresponding to the classes (a, a).

These weakly symmetrizable dioids can be useful for instance to express in
algebraic form combinatorial properties of dioids (see Chap. 2); they can also
be used in the framework of studying solutions of linear equations of the form:
Ax @b = Cx@d (see Chap. 4).

Refer to Gaubert (1992) for a detailed study of weak symmetrization. ||

6.4. Idempotent and Selective Dioids

Definition 6.4.1. (idempotent dioid)
We call idempotent dioid a dioid in which the addition ® is commutative and
idempotent.
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A frequently encountered special case is one where addition @ is not only
idempotent, but selective (i.e.: Va,b € E:a@b =aorb).

Definition 6.4.2. (selective dioid)
We call selective dioid a dioid in which the addition @ is commutative and
selective.

Idempotent dioids form a particularly rich class of dioids which contains many
sub-classes, in particular:

— Doubly-idempotent dioids and distributive lattices (see Sect. 6.5);

— Doubly selective dioids (see Sect. 6.5);

— Idempotent-cancellative dioids and selective-cancellative dioids (see Sect. 6.6);
— Idempotent-invertible dioids and selective-invertible dioids (see Sect. 6.7).

6.5. Doubly-ldempotent Dioids and Distributive Lattices.
Doubly-Selective Dioids

Definition 6.5.1. We call doubly-idempotent dioid a dioid which has a commutative
idempotent monoid structure for @ and an idempotent monoid structure for Q.

Definition 6.5.2. We call doubly selective dioid a dioid which has commutative and
selective monoid structure for @& and for Q.

Example 6.5.3. Let us take for E the set of reals R = R U {+-00} U {—o0c} and let us
define the operations @ and ® as:

Va,be E: a@®b=Min{a,b}
Va,be E: a®b = Max{a, b}

(E, @) and (E, ®) are commutative and selective monoids having neutral elements
¢ = {+o00} and e = {—o00} respectively.
(E, @, ®) is therefore a doubly-selective dioid. ||

As we are going to show, doubly-idempotent dioids are algebraic structures which
are very close to distributive lattices.

Definition 6.5.4. We call lattice a set E ordered by an order relation o< and which,
for this relation, is at the same time a sup-semi-lattice and an inf-semi-lattice (see
Sect. 3.6).

Consequently, in a lattice E, to every pair of elements a, b € E, we can let corre-
spond:
— anupper bound a VV b
— alower bound a A b.

A lattice is said to be complete if every subset of E (of finite or infinite cardinality)
has an upper bound and a lower bound.
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A lattice is said to be distributive if and only if the operation A is right and left
distributive with respect to the operation V, that is to say:

VX,y,z€ E:xA(yVz)=XAY)V(XAZ)
XVY)YAzZ=XAZ)V(YAZ)

(N.B.: it can be shown that the distributivity of v with respect to A is a consequence
of the above, see e.g. Dubreil and Dubreil-Jacotin 1964, p. 288).

Example 6.5.5. R endowed with the usual order relation is a distributive lattice with,
Va,b € R: a v b = Max{a, b}; a A b= Min{a, b}. ||

Example 6.5.6. If S is a set, P(S), the power set of S ordered by the inclusion is a
distributive lattice with, VA C S, VBC S:AvB=AUBand AAB=ANB. ||

Distributive lattices form a particular family of interesting dioids as the following
proposition shows.

Proposition 6.5.7. If E is a distributive lattice, then (E,V,A) is a doubly-
idempotent dioid, the order relation (canonical) of the dioid being defined as:

a<b &avb=h.

Conversely, let (E, @, ®) be a doubly-idempotent dioid for which <, the canonical
order relation relative to the law & is also a canonical order relation for Q:

X<y &XQy=X.
Then E is a distributive lattice.

Proof. The if part of the proposition is easy to verify. In particular, we observe that ¢,
the neutral element of (E, V) is the smallest element of E (in the sense of the canonical
order relation) which implies the property of absorption: Vx € E: X A ¢ = €. Let us
now prove the converse.

Following Proposition 3.6.2 in Sect. 3, (E, @) is a sup-semi-lattice for the
canonical order relation relative to the law @ and which is defined as:

a<b & a®b=h.

Similarly (E, ®) is a sup. semi-lattice for the order relation <’ defined as:
a<'b & a®b=b.

It is therefore an inf-semi-lattice relative to the order relation <” below:
a<"b & a®b=a.

It is thus seen that the order relations < and <” coincide and consequently E is a
lattice with:

sup(a,b) =a @b
inf(a,b) =a®b.

Finally, this lattice is distributive because of the property of distributivity of the dioid
E &, ®). O
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Example 6.5.8. (N, lcm, gcd) where Va,b € N,a @ b = Ilcm(a, b)anda ® b =
gcd(a, b) is a doubly idempotent dioid. According to the canonical order relation,
a < b if and only a divides b. In this case, we clearly have a ® b = gcd(a, b) = a,
which proves, following Proposition 6.5.7 that (N, lcm, gcd) is a distributive lattice
(see also Chap. 8 Sect. 4.6.2). ||

Letus also observe that a dioid defined from two idempotent laws is not necessarily
a lattice as seen in the following example:

Example 6.5.9. Let us take for E the set of reals endowed with the & law defined as:
Va,b e R: a@®b = Min{a, b}
and multiplication ® defined as:
Va,b e R: a® b = a(the result is always the first operand)

(we easily check the idempotency and associativity of ®, as well as right and left
distributivity of ® with respect to ).

(E, @&, ®) is therefore clearly a dioid. To be convinced it is not a lattice just observe
that ® is not commutative. ||

A lattice (E, @, ®) is said to be complemented if, Va € E:e < a < ¢ and, Va € E,
there existsa € Esuchthat: ad@a=eanda®a =e.

A distributive and complemented lattice is called a Boolean lattice.

Examples 6.5.5 and 6.5.6 correspond to Boolean lattices. Example 6.5.8 is not a
complemented lattice.

Lattices are fundamental structures which have been extensively studied in the
literature, see e.g. Birkhoff (1979), Mc Lane and Birkhoff (1970), and Dubreil and
Dubreil-Jacotin (1964). See also Exercises 4, 6-9 at the end of the chapter.

6.6. Idempotent-Cancellative Dioids. Selective-Cancellative Dioids

Definition 6.6.1. We call idempotent-cancellative dioid a dioid which has a com-
mutative idempotent monoid structure for @ and a cancellative monoid structure
for Q.

Example 6.6.2. Let us return to Example 2.1.13 in Sect. 2.

A being a set of letters (“alphabet”), the set of words on A (the so-called free
monoid on A) is denoted A*. Every subset (whether finite or infinite) of A*,L €
P(A*), is called a language on A. We denote L the set of all the languages on A. The
sum of two languages L; @ L is defined as the set union of the words of L; and the
words of L,.

The product of two languages L; ® L, is the set of the words formed by the
concatenation of a word m; of L; and a word my of L, (in this order).
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We easily verify:

— that (£, @) is a commutative idempotent monoid for @ with neutral element ¢
the empty language (i.e. not containing any word of A*);

— that (£, ®) is a (non commutative) cancellative monoid with neutral element Ly,
the language formed by the empty word;

— that ® is right and left distributive with respect to &.

(L, ®, ®) defined above is therefore an idempotent-cancellative dioid: this is the
algebraic structure underlying the theory of regular languages (see e.g. Salomaa
1969, Eilenberg, 1974). (Let us observe however that the axioms of regular languages
include, in addition to the above, the closure operation denoted *). ||

An interesting special case of an idempotent-cancellative dioid is one where the
operation @ is not only idempotent but also selective.

Definition 6.6.3. We call selective-cancellative dioid a dioid which has a selective
monoid structure for @ and a cancellative monoid structure for Q.

Example 6.6.4. Let us take for E the set of nonnegative reals Ry U {+o00} and let us
define the operations @ and ® as:

Va,be E: a@®b= Min{a, b}
Va,be E: a®b=a+b (addition of reals)

(E, @) is a selective monoid with neutral element ¢ = +o00, and (E, ®) is a
cancellative monoid with neutral element e = 0.
The structure (E, @, ®) above is therefore a selective-cancellative dioid. ||

Remark. A special case of idempotent-cancellative dioids is one where (E, ®) is,
not only a cancellative monoid but a hemi-group (see Sect. 3.5). This is the situation
encountered in Example 6.6.4 above where (R U{+00}, +) is a cancellative monoid
canonically ordered by +, and therefore a hemi-group. ||

6.7. Idempotent-Invertible Dioids. Selective-Invertible Dioids

Definition 6.7.1. We call idempotent-invertible dioid a dioid (E, &, ®) which has a
commutative idempotent monoid structure for ® and a group structure for ® (every
element of E\{e} having an inverse for Q).

To insist on the fact that the set has a group structure relative to the second law,
we can also refer to such a dioid as an idempotent-group dioid. This terminology
will be preferred to that of semi-field (see Sect. 5.2).

An important special case for applications is when the @ law is selective.

Definition 6.7.2. We call selective-invertible-dioid a dioid (E, ®, ®) which has a
selective monoid structure for ® and a group structure for @ (every element of E\ {€}
having an inverse for Q).
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Example 6.7.3. “Min-Plus” Dioid
Let us take for E the set of reals R = R U {400} and let us define the operations
@ and ® as:

Ya,b € E: a®b = Min{a, b}
Va,beE: a®b=a+Db (addition of reals)
(E, @) is a selective monoid with neutral element ¢ = 400, and (E, ®) is a group

with neutral element e = 0.
The structure (E, @, ®) above is therefore a selective-invertible-dioid. ||

Note that, in the terminology of the theory of languages and automata, selective-
invertible dioids such as Min-Plus or Max-Plus dioids are sometimes referred to as
Tropical semirings (see for example Simon 1994).

6.8. Product of Dioids

Given p dioids (Ei, @i, ®i), the product dioid is defined as the set E=E;| x
Exx - --x E, endowed with the “product” laws @ and ® defined as:

X X1 D1 Y1
1 Y1 X2 @2,
Vx=|:|€E Vy=|:]e€E x@y= ~
E e Xp Dp ¥p
and:

X1 ®1 Y1
XQY = X2 @2 y2
Xp ®p ¥p

We already know (see Sect. 5.4) that (E, &, ®) is a semiring. It is moreover canon-
ically ordered by @ in view of the fact that the monoids (E;, é;) are canonically
ordered.

We easily check the following:

Proposition 6.8.1. The product of p dioids is a dioid.

Example 6.8.2. Dioids of signed non standard numbers

Letus consider the pair (a, s) € Ry xSwhereS = {+, —, 0, ?} is the set of signs of
qualitative algebra (see Example 6.1.3). With every real number x, we thus associate
four non standard numbers x*, x~, x°, x” corresponding respectively to: x obtained
as the limit of a sequence of numbers >x(x1); of a sequence of numbers <x(x™);
of a sequence of numbers all equal to x(x°); of a sequence of numbers convergent
towards x(x").
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We define the addition @ of two signed non standard numbers (a, s) and (b, o) as
(a,8) ® (b,0) = (a+b,s+0)
and the multiplication ® as
(a,s) ® (b, o) = (ab, s X 0)

where 4 and x are the addition and multiplication of qualitative algebra (see
Example 6.1.3).
(R, xS, @, ®)isthenadioid, as a product of the dioids (R, +, x) and (S, +, x).
In the case where we consider the non standard numbers on R x S, we no longer
obtain a dioid, but a semiring, see Chap. 8 Sect. 3.1.2. ||

Observe that, as a general rule, the product of a dioid and a ring is neither a dioid
nor a ring but a semiring (see Chap. 8 Sect. 3.1).

6.9. Dioid Canonically Associated with a Semiring

Proposition 6.9.1. Let (E, @, ®) be a semiring in which the canonical preorder
relation < is not an order relation. Let R be the equivalence relation defined on E
as: VYa,b € E:

aRb< a<b and b<a.

Then the set E' = B/ R, endowed with the laws induced by @ and ® is a dioid, which
we call dioid canonically associated with (E, &, ®).

Proof. Therelation R, defined above is clearly reflexive, transitive and symmetric. It
is therefore an equivalence relation. The elements of E’ are the equivalence classes
relative to R on E and we still denote @ and ® the operations induced on E’ by
the operations @ and ® on E. The neutral elements are the equivalence classes
corresponding to the neutral elements ¢ and e. Clearly (E/, @, ®) is a semiring.

Furthermore, the preorder relation < on Einduces on E” an antisymmetric preorder
relation, that is to say an order relation.

Finally, as (E, @, ®) is a semiring, ¢ is absorbing by ®. It follows that in E' =
E/R, the class of the element ¢ is absorbing for the law induced by ®. (E/, ®, ®) is
therefore a dioid. O

Example 6.9.2. Let E be the semiring product of the dioids E; = (N U {400},
Min, +), and E; = (N, 4, x) and of the ring: Ez = (Z, +, X)

X1
The elements of E are therefore ordered triples | x>

X3
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We easily verify that the dioid canonically associated with (E, @, ®) is, in this
example, isomorphic to the product dioid E; x E; (see Sect. 6.8). ||

6.10. Classification of Dioids

Table 3 sums up the main properties of the various types of dioids. The first line

indicates the basic properties common to all dioids, the following lines only show

the additional properties corresponding to the sub-classes under consideration.
Figure 3 provides a graphic representation of the classification.

Table 3 The main types of dioids and their basic properties

Properties of Properties of |Relation Additional properties
(E, ®) (E, ®) < comments
Commutative Monoid ® right and left distributive
Dioid monoid, neutral | neutral Order with respect to @
elem. € elem. e ¢ absorbing for ®
Symmetrizable .
doid Hemi-group
Idempotent Idempotent
dioid monoid
Doubly — Idempotent Idempotent
idempotent dioid | monoid monoid
Doubly idempotent - dioid
Distributive Idempotent Idempotent with the additional property:
. . . X <y <4 xQ®y =x where <
lattice monoid monoid . . .
is the canonical order relation
with respect to &
Idernpotf?nt— Idempotent Cancellative Idempotent dioid and ®
cancellative . . .
.. monoid monoid cancellative
dioid
'Idemp.otent- Idempotent Idempotent dioid and ®
invertible . Group . .
.. Monoid invertible
dioid
Selective dioid  |Selective monoid Total order
Selectlve.— Selective Cancellative Selective dioid and ®
cancellative . . Total order .
.. monoid monoid cancellative
dioid
.Select.1 Ve Selective Total Selective dioid and ®
invertible . Group . .
.. monoid order invertible
dioid
Dpl}bly selective Select.lve Select.lve Total order
dioid monoid monoid
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RIGHT
AND/OR LEFT
DIOIDS

IDEMPOTENT
DIOIDS

SYMMETRIZABLE OTHER DIOIDS
DIOIDS

DOUBLY-
IDEMPOTENT
DIOIDS

DISTRIBUTIVE
LATTICES

IDEMPOTENT-
CANCELLATIVE
DIOIDS

OTHER
IDEMPOTENT DIOIDS

IDEMPOTENT-
INVERTIBLE
DIOIDS

SELECTIVE-
CANCELLATIVE
DIOIDS

SELECTIVE-
INVERTIBLE
DIOIDS

Fig. 3 Classification of dioids

Exercises

Exercise 1. We consider R endowed with the law @ defined as:
a®b=a(l +b)"2 +b(l +a%)'?
(1) Show that (R4, &) is a semigroup by establishing the formula of associativity:
@@b) ®c=a(l +b)">(1+cH)"* + b1 +a%)2(1+ %'
+c(1 42921+ b3 4 abe

(2) Find the same result by carrying out the change of variable a = sh(a) and
b = sh(p) and observing that a @ b = sh(a + ).

(3) Show that [0, 1] endowed with the law @ defined as a & b = a(l — b*)!/? +
b(1 — a?)!/? is also a semigroup.
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Exercise 2. Study of t-norms and t-conorms

Boolean algebra provides a very natural model of binary logic. To generalize
the logical AND and OR, a great variety of operations on the interval [0, 1] have
been proposed in the literature, in particular in the context of so-called “fuzzy”
logic. The most classical ones are the operations referred to as triangular norms
(or t-norms) which generalize logical AND and triangular conorms (or t-conorms)
which generalize logical OR. They were introduced by Menger in 1942, to define a
triangular inequality in stochastic geometry.

A binary law * on [0, 1] is a triangular norm (t-norm) if ([0, 1], *) is an ordered
commutative monoid having 1 as neutral element and O as absorbing element. It is
Archimedean if and only if * is continuous and axa < aVa €]0, 1[.

(1) Consider a function ¢: [0, 1] — [0, 400 [continuous and decreasing, satisfying
o(1) = 0. If ¢(0) = +o0, we set:
axb = ¢~ '[o@) + ¢(b)].

If ¢(0) < +00, we call pseudo-inverse of ¢ the function (=" defined as:

oD x) = e '(x) if x €0, 90)]
0 if  x €]e(0), 400
and we setaxb = (p(_l)[(p(a) + @(b)] (see illustration in Fig. 4).

Show that the binary law * is an Archimedean t-norm. ¢ is called the additive
1 —x
generator of the t-norm. Possible examples are: ¢(x) = —Inx, ¢(x) =

(2) A binary law 6 on [0, 1] is a triangular conorm (t-conorm) if ([0, 1], @); is an
ordered commutative monoid having O as neutral element and 1 as absorbing ele-
ment. It is Archimedean if and only if & is continuous anda @ a > aVa €]0, 1[.

Consider a function g: [0, 1] — [0, +o0o[ continuous and increasing satisfying
2(0) =0.If g(1) = 400, we set:

a®b=g '[ga)+gb)]

¢(0)

@(a) + @(b) [orreeeenen

¢(a)

@(b)

0 axb a b 1

Fig. 4
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If g(1) < 400, we call pseudo-inverse of g the function g(~!) defined as:

g lx) if xe[0,g()]

1)y
g =1 it x elg(l), +oo

and we set
a®b =g [g@ +gb)]
Show that the binary law @ is an Archimedean t-conorm. g is called the additive
generator of the t-conorm. Possible examples are: g(x) = x%, g(x) = —In(1—x),
g(x) =e*M — 1(h > 0).
Show that, through duality, every t-norm * generates a t-conorm @ and
conversely according to:
a®@b=1—-[(1—-a)x(l-Db)]
axb=1—-[(1—-a)® (1 -Db)].
In the literature on fuzzy sets, the triangular conorms @ are considered as
generalizations of the set union and the triangular norms * are considered as
generalizations of set intersection.
(3) Show that all the continuous triangular norms are constructed through isomor-
phism (or ordinal sum) from one of the three fundamental norms:
% = product (strictly monotone triangular norms)
axb = Max(0,a+b—1) (nilpotent norms)
axb = Min(a,b) (this is the largest of the triangular norms,
and the only one that is idempotent).
[Indications: (1) and (2) see Dubois (1987), (3) Schweizer and Sklar (1983). For the

study of pseudo-inverses, refer to Chap. 3, Sect. 8 where residuable functions are
discussed. ]

Exercise 3. Passing to the limit in the monoid (R, ®;)
(1) Show that the operation @, (p integer) defined on R as
a®pb=(a’ +bP) P endows R with a regular monoid structure.

Show that @, “tends” towards the max operation when p — +00.
(2) Show that the operation @, (p odd integer) endows R with a group structure.

b if |a] < |b|
Show that lim a®,b=1b if a=b
p—+oo
0 if a=-b

Show that this limit operation is not associative.

[Answers: (2°) Counter-example: (a @p b) ©p ¢ # a ®p (b @ ¢) withb = —a,
la] > [c| ].
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Exercise 4. Left semiring and lattice
We consider a left semiring S = (E, @, ®), therefore only satisfying left distribu-
tivitya® (b@c) =a®b P a® c (see Sect. 5.1).

(1) We assume that S satisfies the following relation:

Habdc=(@dc)®(bdc) Va,b,ceS
Show that @ and ® are idempotent.
Deduce that the semiring is a distributive lattice.

(2) We assume that S satisfies the relation (ii):

(ii)age=e VaeS
Show that if S satisfies (ii) and ® is idempotent, (i) holds.

(3) Show that (i) implies (ii).
[Indications:

€))] a:b:sin(i)impliesc:Czandazs,b:eimpliCSC:céBc.
According to Proposition 6.5.7, it suffices to show thata < b = a®b = a.
From (i), witha = ¢, we derivec =c® b @ c.]

Exercise 5. Positive semiring and positive dioid
A semiring is said to be positive (see Eilenberg) if and only if it satisfies:

(i)adb=¢ =D a=¢ and b=c¢
(ii)a®b=¢ =>a=¢ or b=c¢

(1) Show that a dioid always satisfies (i).
A dioid is therefore positive if and only if it satisfies (ii) (such dioids are also
referred to as “entire dioids”).

(2) Show that a dioid which is a group for the second law is a positive dioid. Positive
semirings (and consequently positive dioids) are often referred to as semi-fields
(see Exercise 8).

[Answer: (1) see Proposition 3.4.8].

Exercise 6. Show that a complete sup-semi-lattice having a smallest element is a
complete lattice.
[Indications: see (Dubreil and Dubreil-Jacotin 1964, pp. 175-176).

For a subset A of the sup-semi-lattice (E, <), consider the set T of lower bounds
of A and show that the upper bound of T belongs to T].

Exercise 7. Ideals and filters

(1) Show that the descending sets of an ordered set (E, <), endowed with set union
and set intersection, form a complete lattice.
(We recall, see Sect. 3.1, that a set S C E is called descending if x € Sandy < x
imply y € S).
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(2) Show that the set of ideals of an ordered set, endowed with the two laws IAJ =

INJ,Iv] = N K is a complete lattice. (We recall, see Sect. 3.1, that an
K ideal, KCIUJ

ideal S is a descending set such that for alla,b € S,aVv b € S).

Exercise 8. Idempotent semi-field and inf-dioid

We call inf-dioid (Gaubert 1992) an idempotent dioid (E, &, ®) such that every
pair of elements (a, b) € E? has a lower-bound (denoted a A b) with respect to the
canonical order.

(1) Show that an idempotent-cancellative dioid (idempotent semi-field) is an inf-
dioid and thata Ab=b (a®b)~! a.

Show in addition that the lower bound distributes with respect to the product:
a@aAb)@c=@®c)ADb®c),c®(@aAb) =(c®a)A (c®b) (the group
(E\{e}, ®) is therefore reticulated).

(2) Show that a complete idempotent dioid is a inf-dioid and that the law A, defined
as: a Ab = @{x|x < a and x < b} makes (E, @, A) a complete lattice.

(3) Show that the dioid B [X] of the polynomials with Boolean coefficients in an
indeterminate X is an example of an inf-dioid which is neither complete, nor an
idempotent semi-field.

(4) Show that a non-trivial idempotent semi-field (i.e. non reducible to {e, e}) does
not have a largest element, and in particular that it is not complete.

[Answers: (1) see Gaubert (1992). Complete counter-example ( e Xk ¢B [X]),
keN

idempotent ((e ® X) ® (e & X)) =(dX)® (e ®X @ X?), therefore ® is not
cancellative)].

Exercise 9. Interval algebras
We consider the set Int(R) of the intervals of R of the form a = [a, a] witha < a.

(1) On Int(R), let us consider the addition of intervals & defined as:
a®b=[a+b,a+bl

Show that (Int(R), @) is a commutative monoid with neutral element [0, O] non
canonically ordered. Let Int(R.), the set of the intervals on Ry (0 < a <
a). Show that (Int(R), @) is canonically ordered and that each interval is a
cancellative element of Int(R_).

On Int(R), we now consider the multiplication ® defined as:

a®@b={x|x=a-B,aca,pebl.
Show thata ® b = [min (a-b,a-b,a-b,a-b), max (a-b,a-b,a-b,a-b)]and

that @ is not distributive with respect to ®.
Show on the other hand that (Int (R.), &, ®) is a symmetrizable dioid.
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(2) On Int(R), consider the operations @ and ® defined as
a®b = [min(a, b), max(a, b)],
a®b=1[a+b,a+b].

Show that (Int(R), @, ®) is an idempotent dioid.
(3) On Int(R), consider the operations @ and ® defined as

a® b = [min(a, b), max(a, b)],
a®b=anNb.

Show that (Int (R), @, ®) is a nondistributive lattice.
(4) On Int(R), consider the operations @ and ® defined as

adb=anb,
a®b=[a+b, a+b].
Show that ® is not distributive with respect to @.

[Indications:
(1) Chapter 8, Sects. 1.1.1,1.4.6,4.2.2. (2) Chap. 8, Sect. 4.3.4. (3) nondistributive:
a= [—3,—2],b=[2,3],C: [_11 1]3 (aeab) ®C:Cy (a®C) Y (b®C)=d]

Exercise 10. Newton polygon of an algebraic equation
(1) Let us consider the algebraic equation on the reals:
&2 + ey — y3 =0
When ¢ — 07, I. Newton seeks solutions in the form
y(e) = b +byet2 ...

withO < p; <py <---
Show that the p; are the nondifferentiability points (corners) of the concave
function

f(u) = min{2, 1 + 1, 3 p}.

Deduce the solutions.
(2) In a more general way, consider the algebraic equation

n Nj
P(e,y) = Z Z ajj gV yj =0.
j=0 \i=0
When ¢ — 01, we seek the n solutions in the form:
y(e) = bre"l 4+ boeh2 + ...

withO <p; <py <---
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Show that the p; are the nondifferentiability points (corners) of the concave
function
f(w) = I\f[ijn{\)ij +ip}.

[Indications:

(D y(e) =—Ve—eyE) =+J/e—e
(2) Newton—Puiseux theorem (after Gaubert 1998).

See also Dieudonné 1980. pp. 106—-112]

Exercise 11. Pap’s g-calculus

Let us consider a strictly monotone function defined on the finite interval
[a, b] C R with values in [0, +o00], such that either g(a) = 0 and g(b) = +o0,
or g(b) = 0 and g(a) = +o0.

We set

udv =g g +gv)
u®v=g g -gv)

(1) Show that ([a, b], @, ®) is a dioid with e = g~'(0) and e = g~ ! (1).

(2) Now, we assume g to be continuously differentiable on [a, b].
Let f: [c,d] — [a, b]. If the function f is differentiable on [c, d] and has the
same monotony as the function g, then we define the g-derivative of f at the point

X € [c,d] as: o
d¥f(x) o i
w8 (dxg(f(X))>-

Let f; and f; be two g-differentiable functions on [c, d] with values in [a, b].
Show that for every \ € [a, b] we have
d® ) _ dEBf] @ d®f2

dx T odx dx
dP°O.®f dof
a°0.81) _, dor

dx dx
Lod®x
(i) — =g~ () =e

dx

A9 ®f def d®f
(iv) (0 )=< X1®f2>@(f1®—2>

®

(ii)

dx d dx

dof 1
) forg(u) =e " and g(u) =In 1 +u

Calculate

X —u
(3) We define recursively the n-g-derivative of f: [c, d] — [a, b] (if it exists) from
the (n — 1)-g-derivative as

dmer 4® [ q@-bef
dxn _& dxn_1
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(3a) If the n-g-derivative of f exists, show that we have:

d(n)éBf | qn
=g f
i g ( ol (x))>

(3b) Let h be a function defined on [a, b] C [0, oo] and f: [c,d] — [a, b] and
F(x) = h(f (x)). We assume that f is derivable at Xo € [c, d] and that h has a

derivative at f(xg).

d®F(x¢)

Show that exists and that

d®F(xo) _ d®[h (f(x0))] ® de

a® - d®g ! (f (x0)
dx dx ax ° '

"h(f(x0) ® ™

(4) For a measurable function f: [c, d] — [a, b], we define the g-integral

524 d

/ fdx = g~! /g(f)dx

[c.d] ¢

(4a) Show that the g-integral is linear with respect to (@, ®).
(4b) Show that

(7] S>] (7] D
fi<f)h = / fidx < frdx, / fdx = / fdx & / fdx.
[c,d] [c,d] [c,d]U[e,f] [c,d] [e,f]

(4¢) If f is continuous on [c, d], then

d®
x fdx = f(x)

[c,x]

(4d) If f has a continuous g-derivative on [c, d], then

D
d®f
/ 'S @ f(c) =f(kx) forallx € [c,d].
X

[e.x]
D
(4e) Calculate f xdx for g(u) =e™".
[x,+00]

(5) Let us assume that f: [c, d] x [a, b] — [a, b] is continuous, that s is defined and
continuous on J = {x: xg —h < x < xg9 + h} C [c, d] with values in [a, b] and
that (xo, yo) € [c, d] x [a, b] with ¥r(x9) = yo.
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(5a) Show that a necessary and sufficient condition for \r to be the solution of:

d®y
ek f(x, ¥(x))
X
on J is that 1 satisfies the g-integral equation

®
Y(x) =yo P / f(t,g(t))dt forx el.

(X0,%)
(5b) We consider the second order ordinary differential equation for p > 0 and
neR™:
Y+ =Dy )+ @npx T —xTPyP) y +nmp-Dx 2y =0 (1)
Show that this equation can be expressed successively in the following forms:
y- (D) = x"yP)”

qe q@e 2)
y®d—(y)= x"®Yy)
X dx

where the generator g(x) is equal to xP.
(5c) Show that the inverse x* of an element x € [a, b]is equal to x* = g~! (ﬁ)
and that, for every n € N,

x@x@---@x:g*] (n) ®x.
N e’

n times

(5d) Show that for a g-derivable function f(x), we have

% (] ®d®(f®f)
x ° \2)9% K '

(5e) Show that equation (2) can be solved and yields

1 2 d n
52" +e=—g(xy) 3)
2 dx
where c is a constant.
By setting t = yP, show that (t, x) satisfies the Riccati equation:

1
! = E)F“pt2 —npx_'t+cx™.

t

Investigate the case where np = 1.

[Indications:
see Pap (1995), Sects. 8.3 and 8.4.
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(2) Forg(u) =e ™, udv=—In(e™ +e V), u®v=u+vand

d®f (x) / /
3 =f(xx) —In(—f"(x)) for f'(x) <O.
X
2f'(%)
l+u et —1 d%®f (x) eXp(lffz)zx))_l
For g(u) =1In 1 g (W) =— 1 and 3 = 0w .
—u € X X
exp (142()()) +1
®
@ [ xdx=x.
[x,+00]

(5b) We multiply (1) by p x" yP~! and we integrate.
Ifgx)=xPforp>0,u®v=w+v)!/Pandu®@v=u-v.
(5e) We apply 5d to (2) to obtain

—1 1 d® n
g —|Q®yR®ydci=—x ®y)
2 dx

where ¢ is a constant.
1
Fornp =1, wehavet =x"! §t2 —t+c).

This corresponds to the equation initially considered:

Y 4+ p-Dy ' @) +x2 -y y =0.]



Chapter 2
Combinatorial Properties of (Pre)-Semirings

1. Introduction

Many results of classical linear algebra, such as the well-known Cayley—Hamilton
theorem, first established in the context of vector spaces on fields, do not actually
require all the properties of these structures. We show in this chapter that many known
results of this type are deduced from purely combinatorial properties which are valid
in more elementary algebraic structures such as semirings and pre-semirings. We will
not even require the dioid structure since there is no need to assume the presence of
a canonical order relation.

In the present chapter we will thus consider matrices, polynomials and formal
series with elements or coefficients in a pre-semiring or in a semiring.

The basic definitions concerning matrices, polynomials and formal series are
introduced in Sects. 2 and 3.

Definitions and basic properties for permutations are recalled in Sect. 4.1, and the
concepts of a bideterminant and of the characteristic bipolynomial of a matrix are
introduced in Sects. 4.2 and 4.3.

Section 5 presents a combinatorial proof of the extended version of the classical
identity for the determinant of the product of two matrices. Section 6 provides a
combinatorial proof of the Cayley—Hamilton theorem generalized to commutative
pre-semirings.

In Sect. 7, we focus on the links between the bideterminant of a matrix and the
arborescences of the associated directed graph. An extension to semirings of the
classical “Matrix Tree Theorem” is first established in Sects. 7.1 and 7.2. A more
general form of this result is then studied in Sect. 7.4, which may be considered as
an extension to semirings, of the so-called “All Minors Matrix Tree Theorem”.

Finally, a version of the well-known Mac Mahon identity, generalized to commu-
tative pre-semirings, is presented in Sect. 8.

In order to derive each of the identities discussed in this chapter, a superficial
analysis might lead one to believe that it is enough to start from the corresponding
classical result (usually stated in the field of real numbers) and to simply rewrite it
by moving all the negative terms to the other side to make them appear positively.

51
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The result of Sect. 5 (about the bideterminant of the product of two matrices), as well
as the generalization of the classical “All-Minors Matrix Tree Theorem”, which is
studied in Sect. 7.4, provide concrete examples where such an approach would lead
to a wrong result; this indeed confirms the necessity of new direct proofs, different
from those previously known for the standard case.

2. Polynomials and Formal Series with Coefficients
in a (Pre-) Semiring

2.1. Polynomials
Let (E, @, ®) be a pre-semiring or a semiring with neutral elements € and e (for &

and ® respectively).

Definition 2.1.1. A polynomial P of degree nin the variable X is defined by specifying
a mapping f: {0,1,.... n} — E where, Vk,0 < k < n,f(k) € E is called the
coefficient of xX* in the polynomial P. P can thus be represented by the sum.:

n
P(x) = Z f(k) ® x*
k=0
where the sum is to be understood in the sense of the operation & (by convention

xozeand,‘v’k:s®xk=s).

In accordance with classical notation, we denote E[x] the set of polynomials in x
with coefficients in E.
Let P and Q be two polynomials of E [x] defined as:

P
P(x) = Z (k) ® x
k=0

q
Q) =) gk ®x*
k=0

The sum of P and Q, denoted S = P @ Q, is the polynomial of degree at most
s = Max({p, q} defined as:

S =Y (F k) @ g(k) ®x*

k=0

(we agree to set f(j) = ¢ forj > p and g(j) = ¢ forj > q).
The product of P and Q, denoted T = P® Q is the polynomial of degreer = p+q
defined as:
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T

T(x) = Z (k) ® x*

k=0
with, Vk =0....1:
)= > i) el

0<i<p

0<j=q

i+j=k
¢ being the neutral element of @, E[x] has, as neutral element for @, the polynomial
denoted e(x), of degree 0, defined as: e(X) = ¢ ® xY = ¢. Likewise, e being the

neutral element of ®, E[x] has as neutral element for ®, the polynomial denoted e(x)
of degree O defined as: e(x) = e ® x" =e.

Proposition 2.1.2. (i) If (E, @, ®) is a pre-semiring, then (E[X], ®, ®) is a pre-
semiring

(ii) If (E, ®, ®) is a semiring, then (E[X], ®, ®) is a semiring

(iii) If (E, @, ®) is a dioid, then (E[x], ®, ®) is a dioid.

Proof. 1t follows from the fact that the elementary properties of @ and ® on E induce
the same properties on E[x]. Let us just show that, in case (iii), the canonical preorder
relation on E[x] defined as:

P<Q<« 3R €E[x] suchthat: Q=P&R

is an order relation.

p
If P(x) = Z f(k) ® x*
k=0
q
Q) =) gk ®x*
k=0

r
then P < Q = 3R with: R(x) = }_ h(k) ® x*, such that: Q =P @R
k=0

r/
Similarly Q < P = 3R’ with: R'(x) = Y h/(k) ® x* such that: P = Q ® R’
k=0
Set K = Max{p, q, 1, 1’} and let us agree that:
If K>p, f(G =e forevery jel[p+1,K]
If K>q, g =¢ forevery je[q+1,K]
If K>r, h(G)=e forevery jel[r+1,K]
If K>1, WG =¢ forevery je[r'+1,K]
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We deduce Vk =0, ... .K:
Ark): gk) =1k & rk)
Ir'k): fk) =gk) & r'k)
in other words:
f(k) <g(k), and g(k)=<f(k)

Since (E, &, ®) is a dioid, we deduce Vk: f(k) = g(k) and therefore P = Q.
(E[x], @, ®) is thus clearly a dioid in this case. O

The above is easily generalized to multivariate polynomials in several commu-
tative indeterminates Xp, X, . ... Xp, the set of these polynomials being denoted
E[x1, X2, .... Xm].

2.2. Formal Series
Let (E, &, ®) be a pre-semiring or a semiring with neutral elements ¢ and e (for &
and ®, respectively).

Definition 2.2.1. A formal series F in m commutative indeterminates X1, X2, ... Xm
is defined by specifying a mapping f: N™ — E, where: V(ki,kp, .... ky) € N™,

f(ki, Kk, . ... kn) is the coefficient of the term x]l(l ® X]z<2 R - ® xlélm
Formally, we represent F by the (infinite) sum:
F= ) fhik . kn)®x' ® - 0xy
k1, ko, ..., km)
eN™

Let us consider two formal series with coefficients f(ki,ko---ky) and
g(ky, ..., km). The sum is the formal series of coefficients s(ky, .. .kq) defined as:

V(ki koo k) € N™rs(ky -+ ki) = (ki - -km) @ g(ky -+ . k).

The product is the formal series of coefficients t(kj---ky) defined as:
Vki...,km) € N":t(ky, koo .., ky) = Zf(i,i2...1m) ® g(1, . - - jm) Where the
sum extends to all the pairs of m-tuples (i1, ...in) € N™, (1,j2,...jm) € N™
such that:

i1 +ji =k i+ =k, ..., im +jm = km.

Proposition 2.1.2 of Sect. 2.1 easily extends to formal series as defined above.

3. Square Matrices with Coefficients in a (Pre)-Semiring

Let (E, @, ®) be a pre-semiring or a semiring. We denote My, (E) the set of square
n X n matrices with elements in E.
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Given two matrices A = (a;j) and B = (bj;) of My (E)
 The sum, denoted A @ B, is the matrix S = (sj;) defined as:
Vi, j: sij = aj; D by
e The product, denoted A ® B, is the matrix T = (t;;) defined as:
n
Vi, gty = Z ajx @ byj  (sum in the sense of @).
k=1

If E has a neutral element ¢ for @, the matrix:

is the neutral element of M,, (E) for &.
If, moreover, E has unit element e, and ¢ is absorbing for ®, then the matrix:

is the unit element of M, (E) for ®.
It is then easy to prove the following:

Proposition 3.1. (i) If (E, &, ®) is a pre-semiring then My (E), ®, ®) is a pre-

semiring

(ii) If (E, ®, ®) is a semiring, then (My(E), &, ®) is a semiring (in general
noncommutative)

(iii) If (E, @, ®) is a dioid, then My (E), &, ®) is a dioid (in general noncommuta-
tive)

In the subsequent sections, we study properties of square n x n matrices with elements
in a commutative pre-semiring (E, @, ®). For some of the properties considered, we
will have to assume that (E, @, ®) has a semiring structure.

4. Bideterminant of a Square Matrix. Characteristic
Bipolynomial

In this section we introduce the concept of bideterminant for matrices with coeffi-
cients in a pre-semiring.
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4.1. Reminder About Permutations

Let 7 be a permutation of X = {1, 2, ..., n} where, Vi € X, t(i) € X denotes the
element corresponding to i through . The graph associated with m is the directed
graph G having X as set of vertices and n arcs of the form (i, 7(i)). This graph can
contain loops (when m(i) = 1).

It is well-known that the permutation graph decomposes into disjoint elemen-
tary circuits (each connected component is an elementary circuit). If a connected
component is reduced to a single vertex i, the corresponding circuit is the loop (i, 1).

Figure 1 below represents the permutation graph of {1, .. .7} defined as:

1) =7,1Q2) =4 713) =51 =2, 7G5) =1, n(6) =6, 7(7) = 3.

The parity of a permutation 1, is defined as the parity of the number of transpositions
necessary to transform the permutation m into the identity permutation.
Thus, in the above example, a possible sequence of transpositions would be:

7 1 1 1 1
4 4 2 2 2
5 5 5 3 3
21 =121 =141 =14~ |4
1 7 7 7 5
6 6 6 6 6
3 3 3 5 7

The permutation of Fig. 1 is therefore even.
More generally, we can prove:

Property 4.1.1. The parity of a permutation 7 is equal to the parity of the number
of circuits of even length of the graph G associated with the permutation.

Fig. 1 Permutation graph
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Example. The graph of Fig. 1 contains two circuits of even length (1, 7, 3, 5) and
(2, 4), the corresponding permutation is therefore even. ||

We call signature of a permutation 7, the quantity sign (1) defined as:

sign(m) = +1 if wiseven
sign(m) = —1 if wis odd

It is easy to see that the signature of a permutation 1 can be calculated as:

sign(m) = ]_[ (—1lci-1

C circuit of Gy

(where |C| is the cardinality of the circuit, and where the product extends to the set
of the circuits of Gy).

In the example of Fig. 1 we have three circuits: C; = (6) of odd length and
Cr = (2,4); C3=(1,3,5,7) of even length. We clearly have:

Sigl’l(T[) = (_)|C1|—l X (_1)‘C2|_1 X (_1)\C3|—l

= 41
Hereafter we denote:

Per(n) the set of all the permutations of {1, 2, ..., n}

Per*(n) the set of all the even permutations of {1,2,...,n} (the set of the

permutations of signature +1)
Per™ (n) the set of odd permutations of {1,2..., n} (of signature — 1)

We will also make use of the concept of partial permutation: a partial permutation
of X = {1, ..., n}is simply a permutation of a subset S of X.

Example. If X ={1,...,7} S ={2, 3,5, 7} then o defined as:

02)=3; oB3)=7 o(d)=5 o7 =2
is a permutation of S and a partial permutation of X. The domain of definition of o,
denoted dom (0),is S = {2, 3,5, 7}

With every partial permutation ¢ of X = {l,...,n} we can associate the
permutation 6 of {1, ..., n} defined as:

6() = o(i) if ie dom(o)
sG) =i if i eX\(dom(0))

6 will be referred to as the extension of o.



58 2 Combinatorial Properties of (Pre)-Semirings

S

@

Fig. 2 Graph associated with a partial permutation ¢ of characteristic +1: ¢ € Part™*(7)

The parity (resp. signature) of a partial permutation o is the parity (resp. signature)
of its extension &.
The characteristic of a partial permutation o, denoted char (o), is defined as:

char(o) = sign(o) x (_1)\0|

|o| denoting the cardinality of dom(o).

We observe that, if o is a partial permutation of order k (i.e. |o] = |dom(o)| = k)
and cyclic (i.e. such that the associated graph contains a single circuit covering all
the vertices of dom (o)) then: sign(c) = sign(6) = (—1)*~!, hence:

char(o) = (=) = —1.
From the above, we deduce:

Property 4.1.2. For every partial permutation o, char(c) = (—1)" where r is the
number of circuits in the graph associated with o.

Example. For the partial permutation of {1, ..., 7} defined as:
c2)=3;, oB)=7, o =5 o =2
the associated graph (see Fig. 2) contains two circuits, therefore: char(c) = +1. ||

Hereafter, we denote Part(n) the set of all the partial permutations of {1, ..., n}
(Observe that Per(n) C Part(n)).

The set of partial permutations of characteristic +1, (resp. of characteristic —1),
will be denoted Part™ (n) (resp. Part™ (n)).

4.2. Bideterminant of a Matrix

For a square matrix of order n, A = (a;;) with elements in R endowed with the
standard operations, the determinant det (A) is classically defined as:
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det(A)= > sign(m) (]—[ ai,na)) (1

mePer(n) i=1

or equivalently, with the notation of Sect. 4.1., as:

det(A) = Z (l_[ai,n(i))— Z ( aj,nd)) 2)
1

nePert(n) \i=1 nePer—(n) \i=

(the above sums should be understood in the sense of the addition of reals). This
notation is possible given that (R, 4) is a group.

If one wishes to generalize the concept of determinant to algebraic structures
featuring fewer properties, where addition does not induce a group structure, one
must introduce the concept of bideterminant.

Definition 4.2.1. (Bideterminant)

Let A = (a;j) be a square n x n matrix with elements in a commutative pre-
semiring (E, ®, ®). We call bideterminant of A the pair (det™ (A), det™ (A)) where
the values det™ (A) € E and det™ (A) € E are defined as:

det* (M) = ) (H ai,nm) 3)

nePert(n) \i=l
n
det”(A)= (l_[ ai,n(i)) “4)
mePer—(n) \i=I1

(the above sums and products should be understood in the sense of the operations @
and ® of the pre-semiring).

4.3. Characteristic Bipolynomial

In the case of a real n x n matrix A, the characteristic polynomial is defined as the
polynomial in the variable A equal to the determinant of the matrix NI — A where I is
the n x n unit matrix:

Pa()) = det(\l — A)
n

= ) sign(m) (Hbi,m))
mePer(n) i=1

where, Vi, j: {bij = 74 it i)

bj=A—a; if i=]j
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We observe that, for every q, I < q < n, the coefficient of the term involving A" ~9
in the above expression can be expressed as:

Z sign(o) 1_[ (—ai,0(i))

oePart(n) iedom(o)
lo]=q
(5)
n
= Y. 0Plsign@ [ [ @ow)
oePart (n) iedom(o)
lol=q

For q = 0, the A" term has coefficient equal to 1. Observing that (—1)!°! sign(o) is
none other than the characteristic char(o) (see Sect. 4.1), (5) is rewritten:

o car@ | [] (@oa) (6)

oePart(n) iedom(o)
lol=q

By denoting (see Sect. 4.1) Part™ (n) (resp. Part™(n)) the set of partial permutations
of {1, ..., n} with characteristic 4+1 (resp. with characteristic —1) then the above
sum becomes:

> [T @oay |- D [ @) )

oePartt(n) \i€dom(o) oePart~(n) \i€dom(o)
lol=q lo|=q

Now, when A = (aj;) is a matrix with coefficients in a pre-semiring (E, @, ®), one

is then naturally lead to define the characteristic bipolynomial as follows.

Definition 4.3.1. (characteristic bipolynomial) Let A = (a;;) be a square n x n
matrix with elements in a commutative pre-semiring (E, &, ®). We call characteristic
bipolynomial the pair (PJAr (M), Py (V) where PX()\) and P, (\) are two polynomials
of degree n in the variable '\, defined as:

n n

INOE Z Z l_[ (ai0@) | | @ NI A" (8)

q=1 \ oePart*(n) \iedom(o)

lo|=q
and:

n n

PR =21 X [T Geay ] |®@n0 )
q=1 \ sePart— (n) \i€dom(o)
lol=q

(the sums and the products above are to be understood in the sense of the addition
@ and the multiplication Q of the pre-semiring (E, &, ®)).
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We observe that, in the case where (E, @, ®) is a semiring, € the neutral element
of @, is absorbing and the formulae (8)-(9) give:

Pie)= Y (H ai,o(D)

oePartt(n) \ i
lo]=n

Pie)= (]"[ amm)

o€Part™ (n) i
|o]=n

Since, for |o| = n, char(c) = (—1)" sign(c), we see that for even n, Part™(n) =
Per*(n) and consequently:

Pl (e) = det™(A), Py (e) = det™ (A)
For odd n, we have Part™(n) = Per™(n) and consequently:
Pl (e) = det™ (A), P (e) = det T (A).

We thus find again the analogue of the classical property for the characteristic
polynomial:
Pa(0) = det(—A) = (—1)" det(A).

5. Bideterminant of a Matrix Product as a Combinatorial
Property of Pre-Semirings

Given two square n X n real matrices, a classical result of linear algebra is the
identity:
det(A x B) = det(A) x det(B)

In the present section we study the generalization of this result to square matrices
with elements in a commutative pre-semiring (E, ®, ®).

If A= (aij) B = (bij) and C=A®B= (Cij)

with:
n
cj = Z aixk ® bxj (sum in the sense of the operation &)
k=1

Then, by definition (see Sect. 4.2):

det"(A®B) = ) (]‘[cmm> (10)

mePert(n) \i=l
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For 7 € Per™(n) fixed, we can write:

n n n
l_[ci,n(i) = 1_[ <Z ajx ® bk,n(i)) (1D
i=1

i=1 \k=1

By using distributivity, each term in the expansion of expression (11) is obtained by

choosing, for each value of i(1 <1i <n), avalue of k € {1, ..., n}. In other words,
each term in the expanded expression is associated with a mapping f:{1, ..., n} —
{1, ..., n}, and the value of the corresponding term in (11) is:

n

[ (@6 ®br.i)

i=1

By denoting F(n) the set of mappings: {1, ...,n} — {1,...,n}, (10) can therefore
be rewritten:

n
dettA®@B) = Y > J]@.ro ®bra.xi) (12)
feF(n) mePert(n) i=1

We would similarly obtain:

n
det”(A®B) = Y Y []@rq ®bri.xi) (13)

feF(n) nePer—(n) i=1
Among the mappings of F(n), we find (even and odd) permutations, i.e.:
F(n) = Per' (n) UPer™ (n) UF (n)

where F'(n) denotes the set of all the mappings of F(n) which are not permutations.
Expression (12) therefore decomposes into the sum of three sub-expressions:

n
of = Z Z l_[(ai,f(n@bf(i),na)) (14)

fePert(n) wePert(n) i=1
n

pr= > > T]@ire ®brey.xa) (15)

fePer—(n) mePert(n) i=1
n

vt = Z Z l_[ (ai,f i) @ br (i, x(i)) (16)

feF (n) mePert(n) i=1

In cases where f is a permutation, let g be the permutation 7 o f~!. In the
expressions (14) and (15) above, we can rewrite the term:

n n n n
(l_[ ai,f(i)) ® (l_[ bf(i),n(i)) as: (H ai,f(i)) ® (l—[ bi,g(i))
i=1 i=1 i=1 i=1

Let us then consider the expression o™,
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f being an even permutation, f~! is even and g, as the product of two even
permutations is even. Then a™* can be rewritten:

n n
o= > Jlata || D []bieo (17

fePert(n) i=1 gePert(n) i=1

= det™(A) @ dett(B)

Let us now consider the expression B .
f being odd, f~! is odd and g, as the product of an even permutation and an odd
permutation, is odd. Then B can be rewritten:

pr=1 X [lao|e| 2 [Ibew (18)

fePer—(n) i=1 gePer—(n) i=1
=det” (A) ® det” (B)

From the above, we deduce:

det™(A®B) =dett(A) @ det™(B) @ det” (A) @det” (B)®dy"  (19)
Through similar reasoning, we would prove that:

det " (A®B) =dett(A) @ det " (B) ®det (A) ®@det™B)dy~  (20)

with:
n
y = Z Z H(ai,f(i) ® be i), n(i)) (21)
feF (n) nePer~ (n) i=1
Now we prove:

Lemma 5.1. The two expressions Yy, given by (16), and y~, given by (21), take the
same value.

Proof. Let us consider an arbitrary term of the sum (16) whose value is:

n
f= l_[ ai £ (i) ® bra),x()

i=1

with f € F'(n) and 7t € Per™(n).

We are going to show that we associate it with a term 6’ of expression (21) such
that 6" = 6.

Since f € F'(n), fisnota permutation of X = {1, ..., n}, which therefore implies
that there exists iy € X, i, € X, i, # o, k € X such that:

f (i) = k = f(iy) (22)
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If there exist several ordered triples (ig, 16, k) satisfying (22) we choose the smallest
possible value of k and, for this value of k, the two smallest possible values for iy
and i,.

From the permutation T, let us define the following permutation 7’:

7' () = n()Vj € X\{io, iy},

7' (i0) = m (i),

7' (i) = m(ip)
We observe that ' is deduced from 7 by transposition of the elements ig and i,
consequently ' € Per™ (n). Furthermore, we observe that the same construction

that obtains (f, ') from (f, m) enables one to obtain (f, 1) from (f, 7).
Finally, we have:

n

0 =[] (aire) ®brgy.v)

i=1

n
= 1 a0 ®bra,xo | © aig, ® b ® 3t ® by g
i=1
i # o
7
171

n
=| T aro ®branxa | ®aig, ® bixio @ 2y, ® bixgy)
i=1
i # o
T
171

=0
which completes the proof. O
We have therefore obtained:

Theorem 1. Let A and B be two square n x n matrices with coefficients in a com-
mutative pre-semiring (E, ®, ®).
Then:

det™(A ® B) = detT(A) @ det™ (B) @ det  (A) @ det” (B) vy

and:
det (A ® g) = det™ (A) @ det™ (B) @ det (A) @ det™ (B) @ y
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where:

n
y= > X (Hai,f(i)®bf<i>,n<i)>

feF (n) mePert(n) \i=1

n
= > 2 (l_[ ai,f<i>®bf<i>,n<i)>

feF'(n) mePer—(n) \i=1

F'(n), in the above expressions, denoting the set of the mappings
f: {1,...n} = {1, ...n} which are not permutations. ([l

As an immediate consequence of the above, we find again the well-known result:
Corollary 5.2. If (E, @) is a group, then:
det(A ® B) = det(A) ® det(B)

As already pointed out in the introduction, Theorem 1 above clearly does not directly
follow from the classical result (on the real field). Indeed a different proof is needed
for the case of pre-semirings to get the exact expression of the additional term y
arising in both expressions of det™ (A ® B) and det™ (A ® B).

6. Cayley—Hamilton Theorem in Pre-Semirings

The Cayley—Hamilton theorem is a classical result of linear algebra (on the field of
real numbers) according to which a matrix satisfies its own characteristic equation.

Combinatorial proofs of this theorem have been provided by Straubing (1983)
and previously by Rutherford (1964). Rutherford’s result constituted, moreover, a
generalization of the theorem to the case of semirings.

Below we give a combinatorial proof inspired from Straubing (1983) and
Zeilberger (1985), but which further generalizes the theorem to the case of commu-
tative pre-semirings (indeed, it does not need to assume that ¢, the neutral element
of @, is absorbing for ®).

Theorem 2. Let (E, ®, ®) be a commutative pre-semiring with neutral elements €
and e.

Let A be a square n x n matrix with coefficients in (E, ®, ®), and let (PX()\),
P, (\)) be the characteristic bipolynomial of A.

Then we have: PX (A) =P, (A) (23)

where:

PK (A) and P, (A) are matrices obtained by replacing \"~4 by the matrix A"~ in
the expression of PX (\) and P, (\), and where the following conventional notation
is used: A° denotes the matrix with diagonal terms equal to e and nondiagonal terms
equal to g; for every o € E, o ® A° denotes the matrix with diagonal terms equal to
o and nondiagonal terms equal to ¢.
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Proof. We show that each entry (i, j) of the matrix PX (A) is equal to the entry (i, j)
of the matrix P, (A).

Let us therefore consider i and j as fixed.

Forq =0, 1,..., n — 1, the value of term (i, j) of the matrix A" ™9 is:

A"y = [T au
peby (k,1)e p
Ipl=n—q

where Pj; is the set of (nonnecessarily elementary) paths joining i to j in the complete
directed graph on the set of vertices {1, . .., n}, and where |p| denotes the cardinality
(number of arcs) of the path p € Pj;.

For q = n, consistently with the adopted notational convention, (A""%);; =
(Ao)ij is equal to € fori # j, and to e for i = j.

Furthermore, the coefficient of A" 9 in PX (A) is:

Z l_[ i (1)

oePart™(n) \i€dom(c)
lol=q

and, consequently, the term (i, j) of the matrix PX (A) (by using the distributivity of
® with respect to @) is given by the following formulae. For i # j:

n—1
0 2 TTaafe] 2 I1 aeaf|®] X IT aa
q=1 pePy  (k,)ep oePartt (n) iedom(o) pePy (k,)ep

Ipl=n—q lol=q Ip|=n
(24)
For i = j, we must add to expression (24) the extra term:

Z 1_[ i,6(i)

oePartt(n) \iedom(o)
|o|=n

(which may be viewed as corresponding to the value q = n).
Let us denote flj' (resp. .7-"1]_) the family of graphs having X = {1,2,...,n} as
vertex set and whose set of arcs U decomposes into: U = P U C where:

e Pis a set of arcs forming a path from i to j;

e Cis a set of arcs such that the graph G = [X, C] is the graph associated with a
partial permutation o of X with o € Part™ (n) (resp. o € Part™ (n)).
In other words, [X, C] is a union of an even (resp. odd) number of disjoint circuits
(loops are allowed) not necessarily covering all the vertices.

* |[Ul=[Pl+I|C|=n.
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The weight w(G) of a graph G = [X, U] belonging to .7-'1}' or to }"IJ_ is defined as:

wG = [] au

(k,)eU

In the case where i # j, by expanding (24) (distributivity) we then observe that entry
(i, j) of PY(A) is:
> wG) (25)

Ge]—'i;r

In the case where i = j, by considering that the path P can be empty in the decom-
position U = P U C, the additional term corresponding to q = n is clearly taken into
account in expression (25).

Similarly, it is easy to see that the entry (i, j) of P, (A) is, in all cases, (i = j and
i # j), equal to:

> wG) (26)
Ge]—'ij_
It therefore remains to show that the two expressions (25) and (26) are equal. To do
s0, let us show that, with any graph G of .7-';, we can associate a graph G’ of ]-'1;
of the same weight, w(G’") = w(G), the correspondence thus exhibited between .7-'1}'
and }'1]_ being one-to-one.

Let us therefore consider G = [X,PUC] € ]-"]T [X, C] is a union of an even
number (possibly zero) of vertex-disjoint circuits (Fig. 3 shows an example where
n=_8i=1,j=4).

Since |P| 4 |C| = n, we observe that the sets of vertices covered by P and C nec-
essarily have at least one common element. Furthermore, the path P not necessarily
being elementary, P can contain one (or several) circuit(s).

Fig. 3 Example illustrating the proof of the Cayley—Hamilton theorem. A graph G € ]—'u+ for
n = 8§, withi = 1 and j = 4. The path P is indicated in full lines and the partial permutation o of
characteristic +1 (as it contains two vertex-disjoint circuits) is indicated with dotted lines
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Let us follow the path P starting from i until one of the following two situations
occurs:

Case 1. We arrive at a vertex of P already traversed without meeting a vertex
covered by C;
Case 2. We arrive at a vertex k covered by C.

In case 1 we have identified a circuit I of P which does not contain any vertex
covered by C. In this case, we construct G’ = [X, P’ U C'] where:

e P’ is deduced from P by eliminating the circuit I';
e (' is deduced from C by adding the circuit T.

We observe that C’ now contains an odd number of disjoint circuits, therefore G’ €
7.

In case 2, let T be the circuit of C containing the vertex k. We construct G’ =
[X, P’ UC’] where:

e P’ is deduced from P by adding the circuit I';
e (' is deduced from C by eliminating the circuit I".

Here again, C’ contains an odd number of disjoint circuits, therefore G’ € }'U_

Furthermore, we observe that in the two cases, G and G’ have the same set of
arcs, therefore w(G’) = w(G).

Finally, it is easy to see that, the same construction by which G is transformed
into G’ can be used to transform G’ back into G: there is therefore a one-to-one
correspondence between .7-"; and .7-'1; (see illustration in Fig. 4)

From the above we deduce:

Z w(G) = Z w(G)

" :
GeFy GeFy

which completes the proof of Theorem 2. O

Fig. 4 The graph G’ obtained by including the circuit (3, 6, 8) in P is an element of ]—'U_ and it has
the same weight as G
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7. Semirings, Bideterminants and Arborescences

In the present section we consider a square n X n matrix, A = (a;;) with elements in
a commutative semiring (E, @&, ®). We assume therefore:

e That @ has a neutral element ¢
e That ® has a neutral element e.
* That ¢ is absorbing for ® that is to say,

Vx € E: ERX=XQ e=¢

Forr € [1, n] we denote A the (n — 1) x (n — 1) matrix deduced from A by deleting
row r and column r.

We denote I the (n — 1) x (n — 1) identity matrix of M, (E) with all diagonal
terms equal to e and all other terms equal to .

7.1. An Extension to Semirings of the Matrix-Tree Theorem

Let us begin by stating below the result which will be proved in Sect. 7.2, and
which may be viewed as a generalization, to semirings, of the classical “Matrix-
Tree-Theorem” by Borchardt (1860) and Tutte (1948).

Theorem 3. (Minoux, 1997)

Let A be a square n x n matrix with coefficients in a commutative semiring
(E, ®, ®). Let A be the matrix deduced from A by deleting row r and column r(r €
[1,n]) and let B be the (2n — 2) x (2n — 2) matrix of the form:

where I is the identity matrix of My_1 (E) and D the diagonal matrix whose diagonal
terms are:

dij =Y a5 Vie{l.....n\[r)
j=1

(sum in the sense of ®).

Let us denote by G the complete directed 1-graph on the vertex set X =
{1,2,...,n}and by T; the set of the arborescences rooted at r in G. For an arbitrary
partial graph G of G, the weight of G, denoted w (G), is the product (in the sense of
®) of the values aj; for all the arcs (i, j) of G.

Then we have the identity:

dett(B) =det”B)® »_ w(G) O
GeTl;



70 2 Combinatorial Properties of (Pre)-Semirings

7.2. Proof of Extended Theorem

To prove Theorem 3, let us consider the following (2n —2) x (2n — 2) square matrix:

A:D
B =1 ....
I:1

We observe that the permutation applied to the columns of B to obtain B’ is even
if n — 1 is even, and odd if n — 1 is odd. Consequently, if n — I is even we have
det™(B) = det™ (B’) and det™ (B) = det ™ (B’). If n — 1 is odd, we have: det™ (B) =
det™(B) and det™ (B) = det™(B/).

Letus begin by studying the properties of the bideterminant of B" = (bgj).We have:

2n—2
det"B)= ) (]‘[ b;,n(i)) 27)

nePert(2n—2) \i=I1

In the above expression, all the terms corresponding to permutations m of {1, ...,
2n — 2} such that b;’ ) = € for some i € [1,2n — 2] disappear because of the
absorption property.

Consequently, in (27), we only have to take into account the permutations 7w of
Per™(2n — 2) such that, for 1 <i <n — I:

ni+n—1)=1i or m@4+n—1)=i+n-—1

Each admissible permutation 1 can therefore be associated with a partition of X =
{1,..., n— 1} in two subsets U and V where:

U={i/fieX; wn@i+n—-1) =i}

V={i/ieX; mi+n—1)=i+n-1)}
Furthermore, we observe that the columns of B’ indexed 1_ +n—1withi € U
can only be covered by rows with index i € U. Given that D is diagonal, we must

therefore have:
VieU: =wn@i)=i+n-1

Each admissible permutation 7 can therefore be considered as derived from a

permutation ¢ of V (a partial permutation of X = {1, ..., n}) as follows:
viey: "W =00
ni4+n—1)=i+n-—1
viey "W =itn-l

ni+n—1)=i
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The graph representing 7 on the set of vertices {1, ..., 2n — 2} therefore consists of:

* FElementary circuits representing the partial permutation o;
* |V]loops on the verticesi+n — 1 (i € V);
e |U] circuits of length 2 (therefore even) of the form (i,i+n — 1),i € U.

The signature of  is therefore equal to
sign(m) = sign(o) x (=Y

hence:

sign(rt) = sign(m) x (—1H>* VI

= sign(o) x (=Yl x (=1)VHVI

= char(o) x (—1)"!

(since V = dom(0)).

Let us first assume that n — 1 is even. In this case, sign(m) is none other than the
characteristic of o as a partial permutation of X, and € Per™(2n — 2) if and only
if o € Part™(n — 1). Then, (27) can be rewritten:

dett®)= Y <H ai,c(i)) ® (H dii) (28)

oePartt(n—1) \ieV ieU

= det™(B)

We would obtain a similar expression for det™ (B") = det™ (B) simply by replacing
o € Part™(n — 1) in (28) with o € Part™(n — 1). (Fig. 5)

Let us now consider the case where n — 1 is odd. We then have sign(w) =
—char(o), and, consequently, we have:

det*B)= ) (1_[ ai,o(i)) ® (]‘[ dﬁ> (29)

ocPart—(n—1) \ieV ieU
= det™ (B)
(we obtain the expression of det™ (B") = det™ (B) by replacing ¢ € Part™ (n — 1) in

(29) with o € Part™(n — 1)).
Thus it is seen that, in both cases (n — 1 even or odd), the expression giving

det™(B) is:
det*B)= Y~ (H ai,g(i)> ® (]‘[ dﬁ) (30)

o€Partt(n—1) \ieV ieU

(where V = dom(o) and U = X\V). The expression giving det™ (B) is simply
deduced from the above by replacing o € Part™(n — 1) with o € Part™(n — 1).
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Fig. 5 The matrix B’ and a partition of X = {1, ..., n— 1} into two subsets U and V corresponding
to an admissible permutation 7 of {1, ..., 2 n — 2}. Only the terms distinct from ¢ (neutral element

of @) are represented (by circles). The terms indicated in black are those corresponding to the
permutation 1. The partial permutation o is the one induced by 7 on the sub-matrix of A restricted
to the rows and columns of V

Let us denote F (resp. F ) the family of all directed graphs constructed on the
vertex set X = {1, 2, ..., n}, of the form G = [X, C U Y] where:

» Cisaset of arcs constituting vertex-disjoint circuits and containing an even (resp.
odd) number of circuits;

* Y is a set of arcs such that, for every i € X\{r} not covered by C, Y contains a
single arc of the form (i, j) (the possibility j = i1 being authorized, as well as the
possibility j = r).

n
By expanding expression (30), that is to say by replacing each term dj; by > ajj and
=1
by using distributivity, we then observe that det™ (B) can be expressed in the form:

det*(B)= Y w(G) 31)
GeF+
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where the “weight” w(G) of the graph G = [X, CU Y] is:

wG) =[] au

(k,1)eCUY
We would prove similarly that:
det”(B) = Y  w(G) (32)
GeF~

Among the graphs of 7™ UJF~, those which do not contain a cycle play a special role.
Indeed, in this case, C = @, and the set Y does not contain a cycle and is composed
of n — I arcs (an arc originating at each vertex i € X\{r}). Y therefore forms an
arborescence rooted at 1.

Since C = ¢, the subclass 7 (the set of arborescences rooted at r) is necessarily
included in F.

If we denote Ft=TuFr

we can therefore write:

dett(B) = Z w(G) ® Z w(G) (33)

GeT; GeF&

The end of the proof uses the following result (Zeilberger, 1985):

Y WG =) wG) (34)

GeFt GeF~

Lemma 7.2.1.

Proof. Tt proceeds by showing that, with each graph G € F. we can associate a
graph G’ of F~ with w(G") = w(G), and that the correspondence is one-to-one.

Let us therefore consider a graph G of F." of the form G = [X, CU Y].

This graph contains at least one circuit and [X, C] contains an even number
(possibly zero) of circuits. Among all the circuits of G, let us consider the one which
meets the vertex with the smallest index number and let I" be the set of its arcs.

If ' C Y then let us define G’ = [X, C' U Y’'] with

c'=Ccur
Y =Y\l

If ' C C then let us define C" and Y’ as:

C =C\T
Y =YUT
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In both cases, C’ contains an odd number of circuits, therefore G’ € F—, and as G
and G’ have the same sets of arcs:

w(G) = w(G).

Furthermore, we observe that the same construction which transforms G to G’ enables
one to transform G’ back to G.

We would prove in the same way that, with every G € F~ we can associate
G’ € F such that w(G') = w(G).

This completes the proof of Lemma 7.2.1. 0O

By using Lemma 7.2.1, (33) is then rewritten:

det™(B) = Z w(G) @ det™ (B), which establishes Theorem 3. 0O
GeT;

7.3. The Classical Matrix-Tree Theorem as a Special Case

In the special case where A is a real matrix on the field of real numbers, we see that

Z w(G) = det+(B) — det™ (B) = det(B)
Ge7y

where det(B) is the determinant of B in the usual sense and:

D:A
det(B) =det|:~-f---i|

I:1
D—A: A
—=det] - - e
0 I
=det(D — A)

From the above, we deduce the following corollary, known as the “Matrix Tree
Theorem”, due independently to Borchardt (1860) and Tutte (1948):

Corollary 7.3.1. Let A = (a;j) be a square n x n matrix with real coefficients; D

n —_ —
the diagonal matrix whose ith diagonal term is djj = Y aij; A and D the matrices
j=1
deduced from A and D by eliminating the rth row and the rth column (for any fixed r,
1 <r <n). Thendet (D — A) is equal to the sum of the weights of the arborescences
rooted at t in the graph associated with matrix A.

Theorem 3 can thus be considered as an extension to semirings of the “Matrix-Tree
Theorem”.
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7.4. A Still More General Version of the Theorem

A more general version of the “Matrix Tree Theorem”, known as the “All Minors
Matrix Tree Theorem” (see Chen (1976), Chaiken (1982)) can also be extended to
semirings. We present this extension below (Theorem 4).
Let A = (ajj) be asquare n x nmatrix with coefficients in acommutative semi-ring
(E, ®, ®), such that Vi = 1, ..., n: a;; = ¢ (the neutral element of & in E).
Foreveryie X ={1,2,...,n} set:

n

dii = E ajk
k=1
k£

Let L C X be a subset of rows of A and K C X a subset of columns of A with
ILI = K.

Let A be the sub-matrix of A obtained by eliminating the rows of L and the
columns of K. The rows and the columns of A are therefore indexed by L = X\L
and K = X\K.

By settingm = |E| = |K| andp = |EHK| let us consider the (m + p) x (m 4+ p)
square matrix B having the block structure:

where:

I, is the p x p identity matrix of the semiring (E, @, ®).

Qis am x p matrix whose rows are indexed by L and whose columns are indexed
by LNK; all its terms are equal to & except those indexed (i, i) with i € L N K which
are equal to dj;.

R is a p x m matrix whose lines are indexed by L N K and whose columns are
indexed by K; all its terms are equal to € except those indexed (i, i) withi e LN K
which are equal to e (the neutral element of ® in E).

For every subset Y € X = {1, 2, ..., n} let us denote sign (Y, X) = (—1)*¥-X)

where:

(Y, X) = [{(,j)/i € X\Y.jeY.i<j)

and s(L, K) = sign(L, X) x sign(K, X) x (=1)™.
Let us also consider the set 7 = 7+ U 7~ of all the directed forests H on the
vertex set X satisfying the following three properties:

(1) H contains exactly |[L| = |K] trees;
(i1) Each tree of H contains exactly a vertex of L and a vertex of K;
(iii) Each tree of H is an arborescence, the root of which is the unique vertex of K
which it contains.

The subsets 7 and 7~ are then defined as follows.
With each H € 7 we can associate a one-to-one correspondence w*: L — K
defined as: 7*(j) = i if and only if i € K and j € L belong to the same tree of H.
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Then 7 (resp. 7 7) is the set of the directed forests of 7 such that sign (%) = +1
(resp. sign () = —1).
We can then state:

Theorem 4. (Minoux, 1998a)
If s(L, K) = +1 then there exists A € E
such that:

dettB)= Y. wH)® A
He7T+
det™B)= Y. wH)®A
HeT -

If s(L, K) = —1 then there exists A € E such that:

det"*(B)= ) wH)®A
He7 -

det-B)= > w(H) @A
HeT7T+

Proof. Refer to Exercise 1 at the end of the chapter where the exact expression of A
is specified. O

The above result suggests, once again, an essential remark concerning the general
approach followed in the present chapter. In fact, suppose that we apply the simple
trick which consists in formally deducing the generalized result from the classical
result. The reader will easily be convinced that we can reformulate the classical
“All-Minors Matrix-Tree Theorem” as:

det(B) = Z w(H) — Z w(H)

HeT+ He7~

If one thinks that it then suffices to rewrite the classical result by switching each
term appearing negatively to the other side of the equation, one is led to propose a
generalized version of the form:

det"B)® > wH)=det B)® »  w(H)

He7 -~ He7T+

which is not correct. Indeed, the above formula does not take into account the
additional term A which cancels itself in the classical result.

Only a direct proof, specialized to the semiring structure, can exhibit this term
and provide the exact expression (see Exercise 1 at the end of the chapter).

8. A Generalization of the Mac Mahon Identity to Commutative
Pre-Semirings

Let us consider a square n x n matrix, A = (a;j) with coefficients in a commutative
pre-semiring (E, @, ®).
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X1, X2, ..., Xy being indeterminates and mj, my, ..., m, natural integers, we
consider the expression:

@ ®Xx1®an®X2 @ ---ay @ xy)™
® (21 ® X1 B -+ P agy ® Xp)"™?

(35)

® (an1 ® X1 B -+ P apn ® Xp)™

and we denote K(mj, mo, ..., my) the coefficient of the term involving xrlnl ® x;n ’®
-+~ ® xp™ in the expansion of expression (35).
The Mac Mahon identity (1915) (recalled in Sect. 8.2 below) establishes a link

between the formal series S in X1, X2, . . ., X,, with coefficients K(m, mp, ..., my),
and the expansion of the inverse of the determinant of the matrix I — A Dy, where Dy
is the diagonal matrix whose diagonal terms are the indeterminates xp, X2, ..., Xp.

In Sect. 8.1, we establish a more general version of this result for commutative
pre-semirings by giving a combinatorial proof generalizing that of Foata (1965),
Cartier and Foata (1969) (see also Zeilberger, 1985). In Sect. 8.2 we show that the
classical identity can be found again as a special case.

8.1. The Generalized Mac Mahon Identity

Theorem 5. (Minoux 1998b, 2001)
Let (E, ®, ®) be a commutative pre-semiring and A = (ajj) € My(E).
Let S denote the formal series:

S= Y Km,...m)®x" 92 @ - @x" (36)
(mp,...myp)

where the sum extends to all distinct n-tuples of natural integers.
Then we have the following generalized Mac Mahon identity:

S® Z l—[ i 5(i) ® Xo(i)

oePart™ (n) iedom(o)

(37
=edS® Z l_[ () ® Xq(i)
oecPart™ (n) iedom(o)
Proof. Let us consider the family G(my, ..., my) of all the directed multigraphs of
the form G = [X, Y] where X = {1, 2, ..., n} is the vertex set and where the set of

arcs Y satisfies the two conditions:

(1) Vi € X, Y contains exactly m; arcs origining at i
(2) Vi € X, Y contains exactly m; arcs terminating at i

(observe that the graphs of the family G(my, ..., m,) can obviously contain loops).
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The weight of G = [X, Y] is defined as the formal expression:
w(G) = 1_[ (ax1 ® x1)
(k,eY

(product in the sense of ®) with the convention w(G) = e if Y = (.
We then verify that:

K(ml,....,mn)xllnl (X)xrzn2 ®- - ®@xp"
= ) O
GeG(my,...,my)

Consequently, the expression S given by (36) can be rewritten:

= Yy Yo w(G) =) wG)

(my,...., my) GeG(my,...,my) GeG

with G= [ Gamy,...,my)
my)

(my,...,

(union extended to all distinct n-tuples of natural integers).
Let us now consider the family F* (resp. F~) of all the graphs of the form
G = [X, Y UC] where:

c [X,Y]leg

e [X, C] is the graph representative of a partial permutation ¢ € Part™(n) (resp.
o € Part™(n)). It is therefore a set of arcs forming an even number (resp. odd
number) of elementary vertex-disjoint circuits (some of these circuits may
be loops).

We then observe that the left-hand side of (37) is equal to: ) w(G) and the

GeF+
right-hand side of (37) isequalto:e ® Y . w(G).
GeF~—
Among all the graphs of the family 7+ U F~, let us consider Gy = [X, Y U C]

with Y = ¢ and C = {. In this case, the graph [X, Y] corresponds to m; =
0,my =0, ... my = 0,itis therefore the unique element of the family G(0, 0, . .. 0).
Furthermore, Gg € F7 since C = ¢J corresponds to an even number of circuits, and
w(Gp) =e.

Consequently, it suffices to establish that:

Y wG) =) wG) (38)

GeFH\Gy GeF~

To do so, we are going to exhibit a one-to-one correspondence between F1\Gg and
F~ such that, if G € FT\Gg and G’ € F~ are images through this one-to-one
correspondence, then w(G') = w(G).

All the graphs of the form [X,Y U C] in (F™\G,) U F~ are assumed to be
represented by adjacency lists with the following convention: for every i € X, if i
belongs to a circuit in [X, C], then the arc of origin i in C is placed in the first position
of the list of the arcs of origin i.
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Now, let us consider G = [X, Y U C] € F"\Go. Since G # Gy, there exists at
least one vertex of nonzero degree in G. Among these, let igp be the vertex having
minimum index number.

Observe that C consists of an even number of vertex-disjoint circuits (this number
may possibly be zero).

Let us traverse the partial graph [X, Y] starting from vertex iy by using the arcs
of Y as follows: from every intermediate vertex i encountered that is not covered
by C, we take the arc (i, j) which appears first in the adjacency list of vertex i. The
traversal stops when one of the two following situations arises:

Case 1. We arrive at a vertex already encountered in the pathway before having
encountered a vertex covered by C;
Case 2. We arrive at a vertex k covered by C.

In the first case, we have exhibited a circuit of the partial graph [X, Y], which does
not have a common vertex with C. Let I' C Y be the set of its arcs.
We then form G’ = [X, Y uC’]
with Y =Y\l
c¢'=cur
In the second case, C contains a circuit passing through k and let I" be the set of its
arcs. Then we form G’ = [X, Y/ U C'] with:
Y =YUT
C =C\T
Moreover, the adjacency list of each node i covered by the circuit I" is modified in such
away that the arc of I which originates at i becomes the first in the adjacency list for i.
In both cases, C’ contains an odd number of vertex-disjoint circuits. Furthermore,
the sets of arcs of G and G’ being the same, we have w(G’) = w(G).
Finally, we observe that, thanks to the convention established concerning the
order of arcs in the adjacency lists, the same construction which transforms G into

G’ enables one to transform G into G’. This is therefore a one-to-one correspondence
between F\Gp and F~, which completes the proof of Theorem 5. O

8.2. The Classical Mac Mahon Identity as a Special Case

It is interesting to verify that the generalized form (37) of the Mac Mahon identity
includes, as a special case, the usual form on the field of real numbers, which is
expressed by the following corollary:

Corollary 8.2.1. S being defined as in expression (36), and B denoting the matrix
B = (bij)i:l,..,n = (ainj)i=I,...n, we have:
j=L,..n j=L,..n
Sxdet(l—B) =1 (39)
Proof. See Exercise 2 at the end of the chapter and Minoux (1998b, 2001). O



80 2 Combinatorial Properties of (Pre)-Semirings

Exercises

Exercise 1. We consider the real matrix:

42 0 1
3 -1 2
0 5 -3
I 6 0

NSRS ]

on a dioid (R, @, ®).

(1) Give the formal expression of the bideterminant of A, by formally stating det™* (A)
and det™ (A).

(2) Compute the value of the bideterminant when the dioid under consideration
is (R Max, Min). Check that Max{det™ (A); det™ (A)} is indeed equal to the
optimal value of the «bottleneck » (Max-Min) assignment problem.

(3) Compute the value of the bideterminant when the dioid under consideration is
(R, Max, +). Check that Max{det " (A); det™(A)} is indeed equal to the optimal
value of the assignment problem (where the objective is to maximize the sum of
the selected entries).

(4) Check the Cayley—Hamilton theorem for A in both cases ((@, Max, Min) and
(R, Max, +)).

E_xercise 2. We consider the real 4 x 4 matrix with entries in the dioid
(R, Min, +):

oo 4 0 1
0 oc0o—1 2
A= 3 5 00 =3
21 6 o

which is a generalized adjacency matrix corresponding to the complete oriented
graph.

(1) Set up the list of all arborescences with root r = 1 in the above graph, and
calculate the sum S (in the sense of @ = Min) of the weights of these arbores-
cences. We recall that, in the Matrix-Tree Theorem (see Theorem 3, Sect. 7.1), the
arborescences involved are those having arcs oriented from the pending vertices
to the root. The vertex r = 1 has thus zero out-degree.

(2) Check the generalized version of the « matrix tree theorem » on this example, in
other words that det™ (B) = Min {det™ (B); S}

DA
where B is the 6 x 6 matrix: | - - -

I:1
where: B
A is deduced from A by deleting the first row and the first column of A; D is the
diagonal matrix with diagonal entries:

di = Min {a3} Vi=234.
n

.....
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[Answers:

(1) There are 16 distinct arborescences rooted atr = 1 in this example. For instance
the arborescence composed of the arcs (2,1) (3,1) (4,1) with weight 1 (= 0 +
3 — 2); the arborescence composed of the arcs (2, 1) (3, 1) (4, 2) with weight
4, etc. The minimum of the weights of these 16 arborescences is S = —6, and
corresponds to the arborescence (4, 1)(2, 3)(3, 4).
oco—1 2 —1 o0 o0
(2) Wehave A=|5 0o =3| and D=| 00 -3 o
1 6 o oo o0 —2

and it can be checked that:
det™(B) = —6, det”(B) = —3
and that the extended Matrix-Tree Theorem holds since:
det™(B) = Min{det™ (B), S} = Min{-3, —6}.]

Exercise 3. (Proof of Theorem 4: generalized “All Minors Matrix Tree Theorem™)

In this exercise, we refer to the concepts and notation used in Sect. 7.4.

Given two subsets U and V of X of equal cardinality (|U| = |V]), we refer to as
matching every one-to-one correspondence 1t: U — V. The signature of a matching
n: U — V, denoted sign(m), is defined as follows. A pair (i, j) of elements of U is
said to be in inversion relatively to w if i < jand (i) > m(j). By denoting v(7) the
number of pairs (i, j) i € U, j € U, which are in inversion relatively to 7, then sign
(1) = (—1)"™. We observe that, in the special case where U = V = X, a matching
is none other than a permutation of X, and we verify that in this case the definition
of the matching signature is consistent with that of the permutation signature.

The characteristic of a matching : U — V is defined as:

char(m) = sign(m) x (— DIV
where W ={i/i € U, n(i) =i}

We now denote by F T (resp. F ) the set of all the directed graphs on X having as
set of arcs S U T where:

— S s the set of arcs of the form (i, 1t(i)) for every i € L such thati # (i), where
7: L — K is a matching of characteristic +1 (resp. of characteristic —1).

— Tisasetof arcs such that, for every i € L satisfying (i) = i, there is exactly one
arc in T of the form (k, i) withk € X, k # i (note that (i) = iimpliesi € LNK).

Among the graphs H of the family F* (resp. F~) those which are circuitless are

exactly those of 7" (resp. 7 ) (see Sect. 7.4). We can therefore write:
Ft=TTUF}and F~ =T UF, where F; (resp. F, ) denotes the family

of sub-graphs H € F (resp. H € F~) which contain nontrivial circuits (i.e. circuits

which are not loops).



82 2 Combinatorial Properties of (Pre)-Semirings

(1) Prove that we have:

dett (B) = Z w(H) and det”(B) = Z w(H)
HeF+ HeF~-
A:Q
where B is the matrix | --:-- | defined in Sect. 7.4.
R:Ip
(2) Show, by using an argument similar to the one used by Chaiken (1982), that

Z w(H) = Y w(H)
HeF: HeF:o
(3) Then show that Theorem 4 is deduced from the above by taking:
A= > wH)= > wH)
HeF& HeF:
[Answers: refer to Minoux (1998a)].

Exercise 4. Where we recover the classical Mac Mahon identity
Here we take the field of real numbers as the basic algebraic structure.

(1) Let B be an x n matrix with coefficients in R, and I the identity matrix of My, (R).
Prove that:

det(I— B) = Z (J IT bi,c(i))— Z ( IT bi,cf(D)-

oecPartt(n) €dom(c) oePart—(n) iedom(c)

(2) By using the above relation, deduce from Theorem 5 (see Sect. 8.1) the classical
Mac Mahon identity:

Sxdetd—B)=1
with B = (bjj)i=1-.n = (@jjXj)i=1-n.
j=l-n j=lo

n

[Answers: refer to Minoux (1998b, 2001)]



Chapter 3
Topology on Ordered Sets: Topological Dioids

1. Introduction

This chapter is devoted to the study of topological properties, first in general ordered
sets, then in dioids (this will eventually lead to the concept of fopological dioids)
and to the solution of equations of the fixed-point type.

Various types of topologies may be introduced, depending on the nature of the
ordered sets considered. The simplest cases correspond to a totally ordered set, or to
a product of totally ordered sets (e.g. R" with the partial order induced by the usual
order on R). The relevant topologies on such sets are extensions of usual topologies.
We will concentrate here on the more general case of partially ordered sets (or
“posets”). In relation to these sets, we introduce in Sect. 2 two basic topologies: the
sup-topology and the inf-topology.

Then we show in Sect. 3 that the sup-topology may be interpreted in terms of limit
sup of increasing sequences; and likewise that the inf-topology may be interpreted
in terms of the limit inf of decreasing sequences. The notions of continuity and
semi-continuity for functions on partially ordered sets are introduced in Sect. 4.

We then discuss the fixed-point theorem, first in the context of general ordered
sets (Sect. 5), and next in the context of topological dioids, in view of solving linear
equations of the fixed-point type. Section 7 is devoted to the concept of p-stable
element in a dioid which guarantees the existence of a quasi-inverse, and which
turns out to be useful in the solution of various types of equations, whether linear
(Sect. 7.2) or nonlinear (Sect. 7.3).

Finally, Sect. 8 introduces and discusses the concepts of residuation and of
generalized solutions.

2. Sup-Topology and Inf-Topology in Partially Ordered Sets

Let (E, <) be an ordered set, where < is a reflexive, transitive and antisymmetric
binary relation. To define a topology on E, it is known that it suffices to provide a
fundamental system of neighborhoods. This can be achieved in various ways.

83
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For example, if we choose as the system of fundamental neighborhoods the set of
subsets of E (ideals) of the form | a = {x/x < a} for a running through E, we obtain
a so-called (left) Alexandrov topology. We could similarly, choose as fundamental
neighborhoods filters of the form 1 a = {x/a < x}. We would then obtain the right
Alexandrov topology.

The Alexandrov topologies are not separated (see Example 2.1.3. below). We
recall that a topology is separated if and only if, given two arbitrary distinct elements
a € E, a € E, we can find a neighborhood of a and a neighborhood of a’ that
are disjoint. It is an essential property to guarantee uniqueness for the limit of a
sequence.

In this chapter, we study separated topologies finer than the Alexandrov topolo-
gies: the Sup-topology and the Inf-topology. We will see that the Sup-topology
corresponds to the concept of upper limit of sequences and that the Inf-topology
corresponds to the concept of lower limit of sequences.

2.1. The Sup-Topology

For every a € E introduce the ideal:
} a={x € E/x < a} and the anti-ideal:

Ta={xeE/x £a}.

Definition 2.1.1. E being an ordered set with respect to the relation <, we call Sup-
topology on E the topology for which the system of fundamental neighborhoods for
any element a € E consists of all the sets of the form:

V=lan $b N $by..Nn +bg (1)

where (b1, ba, ...by) is a finite (possibly empty) family of elements of E such that,
Vi=1,2,...k:a ﬁ b; (that is to say, b; belongs to 4 a) (see Betrema 1982).

A neighborhood of a € E, in the sense of the Sup-topology, is therefore formed by
every subset of E containing a subset of the form V defined as (1).

The set of the neighborhoods of a € E for the Sup-topology will be denoted Vs (a).
With the above definitions, we easily check the properties:

1) If VeVs(aand V' €V (a)then VNV € Vs (a)
(1)) If Ve Vs(a)and U D Vthen U € )V (a)
@iii) If Vi € Vs (a)fori e I C N, then U V; € Vs (a).
i€l

Since every neighborhood in the (left) Alexandrov topology is a neighborhood in the
Sup-topology (but not the converse), we see that the Sup-topology is finer than the
left Alexandrov topology.



2 Sup-Topology and Inf-Topology in Partially Ordered Sets 85
We can state:
Property 2.1.2. The Sup-topology is separated.

Proof. Leta € E,a’ € E, a # a’. We distinguish two cases.

Case l:a' <a

In this case: a ¢ a’ (since a # a’).

ThenV(a) = JanNnta’'and V(@) = | a

are two neighborhoods of a and a’ respectively, and they are disjoint.
Case2:a' £ a

ThenV(a) = Jaand V(@)= | a'NFa

are two neighborhoods of a and a’ respectively, and they are disjoint. O

Contrary to the Sup-topology, the left Alexandrov topology is not separated, as seen
in the following example.

Example 2.1.3. We consider E = R? endowed with the order relation (Z,) o'¢

E, & a < banda’ <b’ (where < denotes the standard order relation on R). The

two elements G ) and <;> are distinct, but every neighborhood of <;

> in the sense
of the left Alexandrov topology contains | <}> Therefore, in the left Alexandrov

topology, every neighborhood of (g) intersects an arbitrary neighborhood of G) Nl

2.2. The Inf-Topology

The Inf-topology can be defined similarly to the above.
For arbitrary a € E, let us introduce the filter:
1 a = {x € E/a < x) and the anti-filter:
ta={xeE/aLx}

Definition 2.2.1. We call Inf-topology on E the topology for which the system of
Sfundamental neighborhoods of an arbitrary element a € E is composed of all the
sets of the form:

V=tran fciNcr...N Lcy 2)
where cy1, ¢y, ...Cy is a finite (possibly empty) family of elements of E such that:
Vi=1,...L: ¢ £ a, that is to say: ¢; € T a.

We denote V; (a) the set of neighborhoods for the inf-topology.
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Remark 2.2.2. In the case of a totally ordered set or of a set defined as the product
of totally ordered sets, we can choose the system of fundamental neighborhoods of
an element a € E as the family of sets of the form:

V=n GFb) N (+¢)
iel jel

where (bj)ier and (cj)jey are finite (possibly empty) families of elements of E such
that, Vi € I': a £ b; (that is to say: b; € 4 a) and, Vj € J:¢j £ a (that is to say:
cieda.ll

The various topologies introduced above (Sup-topology, Inf-topology), endow E
with a structure of topological space. Let us briefly recall some definitions and basic
properties valid in every topological space.

— Asubset A of E is called an open neighborhood if and only if A is a neighborhood
of each of its elements.

— Let A C Eand x € A. We say that x is inferior to A if there exists a neighborhood
V of x such that V C A. The interior of A, denoted A, is the set of the elements
interior to A.

— Asubset A C Eis open, if and only A = A.

— Assubset B C E is closed if B is the complement in E of an open subset A.

— Let A C E and x € E. We say that x is adherent to A if every neighborhood of x
in E intersects A.

— The set of adherent points of A is called the closure of A and is denoted A.

— The closure A of A C E is the smallest closed subset of E containing A.

— Asubset A of E such that A = E is said to be dense in E. A is dense in E if and
only if every non empty open subset of E intersects A.

3. Convergence in the Sup-Topology and Upper Bound

Let (E, <) be an ordered set endowed with the Sup-topology.

3.1. Definition (Sup-Convergence)

An infinite sequence {Xn}nen Of elements of E is said to be convergent in the sense
of the Sup-topology, with limit X € E, if and only if, YV € Vs(X), there exists K € N
such that: k > K = x¢ € V. This convergence will be denoted x, — X.

Observe that, as the Sup-topology is separated, the limit of a sequence, when it
exists, is unique.

The following result (Betrema 1982) establishes the equivalence between the
limits (for the Sup-topology) of nondecreasing sequences and their least upper
bounds.
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Theorem 1. Let (E, <) be an ordered set endowed with the Sup-topology.

(i) Let {Xp}heny be a nondecreasing sequence bounded from above and having a
least upper bound X. Then the sequence {xn} is convergent for the Sup-topology
and has limit X.

(ii) Let {Xn}nen be a convergent sequence in the sense of the Sup-topology (but
not necessarily nondecreasing) and with limit X(x, — X). Then there exists an
integer p € N such that: X = sup{xp: n > p}

Proof. (i) By assumption, the set {x,: n € N} has a least upper bound X =

sup{xp: n € N}

Let V¢ (X) be an arbitrary neighborhood of X in the sense of the Sup-topology.
It is of the form:

Vi) ={xN FyiN...N Fyk

where,Vi=1,... k: X ﬁ yi, that is to say y; € 4 X. Consider any i, 1 <i <k;
y; is not an upper bound of the sequence {x,}. Consequently, Vi = 1,...,Kk,
there exists an integer p; such that x,;, £ yj.

Since the sequence {x,} is nondecreasing, n > p; = X5 > X, therefore
necessarily x, £ y;. In other words:

n>pi=Xp € ¥Vi
Thus:

Since x, < X, we have,Vn > p: X, €l XN $y1 N...N T yk.
This proves that the sequence {x,} is convergent in the sense of the Sup-
topology and that X is its limit.
(i) The sequence {x,} being convergent, let us choose | X as a neighborhood of X:
there exists an integer p € N such thatn > p = x, €] X = x5 < X.
Consequently X is an upper bound of X, = nL>Jp{xn}. Let us assume that X,

has another upper bound § # X such that § < X. We necessarily have X £ y
(otherwise we would have X =y, which would give rise to a contradiction).

Then | XN 3 ¥ is a neighborhood of X which contains none of the x,(n > p),
thus contradicting the convergence of {X;} towards X (in the sense of the Sup-
topology). This clearly proves that:

X = sup{x, : n > p} O

For the Inf-topology, we would obtain results similar to Theorem 1 by replacing
“nondecreasing sequences” with “nonincreasing sequences” and “least upper bound”
with “greatest lower bound.” The Inf-topology can thus be interpreted as the topology
corresponding to the lower limit of sequences.

Thus, for a sequence {x,},cN that converges in the sense of the Inf-topology and
with limit X (this convergence will be denoted X, — X) there exists an integer p € N
such that:

X = inf{x, : n > p}. 3)
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Remark 3.1.1. Sup-convergence, inf-convergence and finite convergence

If a sequence {x,} (not necessarily monotone) is convergent both in the sense of
the Sup-topology and in the sense of the Inf-topology fowards the same limit, then
it converges finitely.

Indeed, if {x,} is convergent in the sense of the Sup-topology with limit X, then
there exists P € N such that:

n>P=x, €KX

If, furthermore, {x,} is convergent in the sense of the Inf-topology with limit x, then
there exists Q € N such that:

n>Q=x, €1X.

We then deduce that for n > Max{P, Q} we have: x, €| XN 1 X = {x}. ||

3.2. Concepts of Limit-sup and Limit-inf

Let us now discuss the case where the order relation < induces on the set E a complete
lattice structure. In other words, every subset of E with finite or infinite cardinality
bounded from above (resp. bounded from below) has a least upper bound (resp. a
greatest lower bound).

We can then introduce the concepts of upper limit (resp. lower limit) for arbitrary
(not necessarily monotone) sequences bounded from above (resp. bounded from
below).

Let us consider an arbitrary sequence {Xp},cn assumed to be bounded, that is to
say such that there exists m € E and M € E such that: Vn € N: m < x, and X, < M.

For an arbitrary p, p € N, let us consider the set X, = {x; : n > p}

This set is bounded from above. It has therefore a least upper bound oy: o, =
sup{x, : n > p}. The sequence { cp}p <y 18 monotone nonincreasing and bounded
from below by m. It is therefore convergent in the sense of the Inf-topology, and its
limit 6 will be referred to as the upper limit of the sequence {x,}. Thus we have:
6 = lim-sup{x,} = inf sup{x,: n > p}

peN

Similarly, we can define the sequence {ep}p oy AS:
Vp € N: O =inf{x, : n > p}.

This sequence is monotone nondecreasing, therefore convergent in the sense of the
Sup-topology, and its limit 6 will be referred to as the lower limit of the sequence
{Xn}. Thus:
6 = lim-inf{x,} = supinf{x, : n > p}.
peN
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4. Continuity of Functions, Semi-Continuity

E F
Let (E, <) and (F, <) be two ordered sets each of them endowed with the Sup-
topology.
A function f: E — F is nondecreasing if and only if:

E F
Vx,y €eE x=<y=fx)<f(y).

Definition 4.1. A function f: E — F is said to be continuous in the sense of the Sup-
topology (resp. of the Inf-topology) if and only if, for every sequence {xn} convergent
in E of limit X, the sequence f (Xy) is convergent in F in the sense of the Sup-topology
(resp. of the Inf-topology), its limit being y = f(X).

Definition 4.2. A function f: E — F is said to be upper semi-continuous (u.s.c.)
in the sense of the Sup-topology (resp. lower semi-continuous (L.s.c.) in the sense of
the Inf-topology) if and only if, for every sequence {x,} convergent in E with limit X,
the sequence f (xy) is convergent in F in the sense of the Sup-topology (resp. in the

F F
sense of the Inf-topology) and has limit y < f (X) (resp. y > {(X)).

The following result establishes upper semi-continuity in the sense of the Sup-
topology for nondecreasing functions.

Theorem 2. Let (E, g) and (F, ;) be two ordered sets endowed with the Sup-
topology. We assume moreover that in F, every nondecreasing sequence bounded
from above has a least upper bound. Then every increasing function f: E — F is
upper semi-continuous in the sense of the Sup-topology.

Proof. Let us consider a nondecreasing sequence {x,} convergent in E in the sense
of the Sup-topology and let X be its limit.

Since f is nondecreasing, the sequence {f (x;)} is nondecreasing in F. Let us show
that it is bounded from above by f (X).

E
According to Theorem 1: X = sup{x, : n € N}, therefore Vn: x, <X,

F
hence: f(xp) < f (X).
Following from the assumptions of the theorem, the sequence {f (x,)} therefore
has a least upper bound y € F which is its limit in the sense of the Sup-topology:

f(xp) =y = sup{f(xy) : n € N}.

As f(X) is an upper bound of {f (x,) : n € N}, we deduce: y < f(X), which proves
the upper semi-continuity of f. O

Let us observe here that we could establish a similar result concerning the lower
semi-continuity (in the sense of the Inf-topology), of nonincreasing functions:
E— F.



90 3 Topology on Ordered Sets: Topological Dioids

5. The Fixed-Point Theorem in an Ordered Set

Definition 5.1. (fixed point and lower fixed point)

Let (E, <) be an ordered set and f: E — E a nondecreasing function. We call
lower fixed point of f every x € E satisfying: x < f(x).

We call fixed point of f every x € E satisfying x = f (x).

For every x € E, we denote:
fPx) =f(f(x)) and, VkeN: f®x) =fE* D).

Theorem 3. Let (E, <) be an ordered set having a smaller element €, and in which
every nondecreasing sequence bounded from above has a least upper bound. Let f:
E — E be a nondecreasing function. Then if the sequence {f ™) (e)} is bounded from
above, the function f has a lower fixed point X¢ satisfying

x¢ = sup{f ™ (e) : n € N}. 4

If, moreover, the function f is continuous for the Sup-topology, then:

* Xy is a fixed point of {,
*  Xg is the smallest element of Xy = {y : y = {(y)} (smallest fixed point).

Proof. ¢ being the smallest element of E, we have: ¢ < f(g), and since f is
nondecreasing, we deduce:

e<f(e) <fPe) <...<fWE) <...

The sequence {f ™ ()} being nondecreasing and bounded from above, it converges
(in the sense of the Sup-topology) towards a limit x¢ and:

xr = sup{f™(e) : n € N}

Thus Vn: @ (¢) < x¢, and consequently:

vn: £ @D (g) < f(x¢), which shows that f (x¢) is an upper bound of the sequence
{f™ @)

Thus x¢ < f(x¢), which shows that x¢ is a lower fixed point of f.

If we assume now that f is continuous for the Sup-topology, we have: f (x¢) = x¢
therefore x; is a fixed point of f.

Let us then show that x; defined by (4) is the smallest element of X.

Let y be an arbitrary element of Xy = {y: f(y) = y}.

We have: ¢ <y and, since f is nondecreasing: f(¢) < f(y) =y.

By induction we obtain: ¥n: f™ (g) < y which shows that y is an upper bound
of the sequence {f (“)(8)}. Since x¢ is, by definition, the least upper bound of this
sequence, we deduce that x¢ <'y. This shows that x¢ is the smallest fixed point of f
onE. O
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6. Topological Dioids

Let (E, @, ®) be a dioid. E being an ordered set for the canonical order relation <
induced by @, we can endow E with one of the topologies defined in Sect. 2. We
will consider in particular the Sup-topology. Moreover, in this section, we restrict
our attention to the topologies constructed directly from the canonical order relation
< relative to @. Many other topologies could be constructed differently, even if
compatibility (“continuity”) with the @ and ® operations is required.

6.1. Definition

We calltopological dioid relative to the Sup-topology, a dioid (E, @&, ®) endowed with
the Sup-topology associated with the canonical order <, and having the following
additional properties:

(i) Every nondecreasing sequence bounded from above has a least upper bound
(every nondecreasing sequence bounded from above is therefore convergent in
the sense of the Sup-topology, its limit being equal to its least upper bound).

(ii) Taking the limit is compatible with the two laws @ and Q of the dioid (in other
words the operations @ and @ are continuous w.r.t. the Sup-topology).

Example 6.1.1. The dioid (E, ®, ®), where E = (R U{ — 00})? is endowed with the
operations @ and ® defined as:

X o v\ _ [ Max{x,y}
X’ y' )] \Max{x’,y’}
X vy _ (x+X
(v)e () -G)
is a topological dioid.

Indeed, the canonical order relation < is defined as:

X X = Y
(3)=(2) ] o
X y x/ S y/

and every nondecreasing sequence bounded from above is formed by a sequence

of pairs (i? (n € N) where {x,} and {x',} are nondecreasing sequences of reals
n

bounded from above. Such a sequence is therefore convergent in the sense of the
Sup-topology. Furthermore, it is easily seen that taking the limit is compatible with
the laws @ and ®. ||

The following result shows that assumption (ii) for the @ law is automatically satisfied
in selective dioids.
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Property 6.1.2. If (E, @, ®) is a selective dioid (@ selective), then taking the limit
for nondecreasing convergent sequences is compatible with the & law.

Proof. Let {x,} and {y,} be two nondecreasing sequences bounded from above
(therefore convergent for the Sup-topology), their limits being respectively X and y.
We have:

X = lim{x,} = sup{x, : n € N}
y = lim{yn} = sup{yn : n € N}

Since < is compatible with @, {x; @ y,} is also a nondecreasing sequence bounded
from above by X @ y. It is therefore convergent and its limitis Z < X @ y.

Letus show thatz =X @ y.

Since @ is selective, we have:

Vn: Xy D Yn = sup{Xn, Yn}
and:
X @y = sup{x, y}

= sup{sup{xy : n € N}; sup{y, : n € N} = Sup{LnJ{xn, Yn}}

= Sup{g {Sup{xn,}’n}}} = sup{X ® yn : n € N}
We therefore deduce:
X@y=Ilim{x, ®y,} O

Another direct consequence of the definition of a topological dioid is the existence
of a quasi-inverse (see Definition 6.2.1 below):

Property 6.1.3. Let (E, @, ®) be a topological dioid where e, the neutral element
for ®, satisfies: e @ e = e. Then every element a < e has a quasi-inverse a*.

Proof. We have:

a<e
hence, Vk: akfe
and a(k)zeEBa@az@...EBakfe.

The sequence a® is thus nondecreasing and bounded from above. It therefore has a
limit a* referred to as the quasi-inverse of a. O

Observe that the condition e & e = e will be satisfied, in particular,

— when & is idempotent,
— when e is the largest element of E.
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6.2. Fixed-Point Type Linear Equations in a Topological Dioid:
Quasi-Inverse

In a ropological dioid (E, ®, ®), let us consider solving equations of the type:
x=a®xde and x=xQade (5)

where a € E is a given element.
Fork € N set:
a¥ —e@a@a’e... @a*
whereak =a®a® ... ® a (k times)
Since: a®tD = a@a® @e, we have: ak D) = a® @akt! hence: a®k+D > a®,
The sequence a® is therefore nondecreasing. If, moreover, it is bounded from

above, it is convergent; in this case, its limit sup{a®} will be denoted a* This leads
k>0
to the following definition.

Definition 6.2.1. (quasi-inverse)
We call quasi-inverse of the element a € E, denoted a*, the limit, when it exists,
of the sequence a™ where, for every k € N.

a(k)ze@a@a2@...®ak.

Proposition 6.2.2. If a* (quasi-inverse of a) exists, then it is the minimal solution of
the equations

X=a@®x®e
X=xQade @)

in other words, a* is the smallest element of the set of solutions.

Proof. We have: a®tD) =a @ a® @e.

As a consequence of the compatibility of @ and ® with taking the limit, a ® a®®
is convergent and has limit a ® a*; similarly a ® a® @ e is convergent and has the
limit a ® a* @ e. We deduce the relation:

a*=a®a*"de
Similarly, we establish that: a* = a* @ a® e

Furthermore, from equationx =a® x @ e

we easily deduce by induction: x = a**!1 @ x @ a®

which proves that every solution of (5) is an upper bound of the sequence a®.
a*, least upper bound of the sequence a®, is therefore the minimal solution
to(5). 0O
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Remark. The above proposition could also be deduced directly from the fixed point
theorem (Theorem 3 Sect. 5) observing that, as a result of the properties of the
topological dioid (E, @, ®), the function f: E — E defined as:

fx)=a®xPe
is continuous in the sense of the Sup-topology. ||

Proposition 6.2.3. Ifa € E has a quasi-inverse a*, thenVb € E, a* ®b (resp. b® a*)
is the minimal solution to the equation:

y=aQy®db (resp.y=y®adb).
Proof. a* ® b is obviously a solution because, by using the above proposition,
a®a*bPb=CA@Ra*Pe)®b=2a"®b
Let us show that this is the minimal solution. Let y be an arbitrary solution:

y=a®y®b

aa®y®b)®b
—2’Qy®dabdb
=a’Ry®a’®b®al®bdb

and in a general way: y = akT! @ y @ a® @b

Thus forevery k € N:y > a® @b.

y is therefore an upper bound of the sequence {a®) ® b}. This sequence is nonde-
creasing, convergent towards a*® b, the least upper bound of the sequence. Therefore
we clearly have:y > a* ® b. O

Proposition 6.2.4. Let (E, &, ®) be a topological dioid and two elements a € E,
b € E such that the quasi-inverses a* and (b ® a*)* exist. Then (a @ b)* exists and
we have the identity:

a®b)*=a"® b®a"™*.

Similarly, if a* and (a* ® b)* exist then (a @ b)* exists and we have the identity
@@a®b)’=@@" ®b*®a"
Proof. Let us first show that a* ® (b ® a*)* is a solution to the equation
x=@db)@xDe (6)

u = a™ is the minimal solutionto:u = a @ u P e.
Likewise v = (b ® a*)* is the minimal solution to:

v=0b®a"NQvPe=DbRueaVv)Pe.
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We deduce:
UR®V=aQuevdv
=@ueV)®b®u®Vv)de

hence we deduce thatu ® v = a* ® (b ® a*)* is a solution to (6).
In the same way as in the proof of 6.2.3, we have for every solution x of (6), Vk:

x> @ob®

From this we deduce that the nondecreasing sequence (a @ b)® is bounded from
above. E being a topological dioid, it therefore has a limit in E, which proves the
existence of (a @ b)* = X minimal solution to (6).
We can then deduce from the above the inequality X = (a@b)* < a*® (b®a*)*.
Let us now prove the reverse inequality. To do so, it suffices to observe that X is
the minimal solution in x of the equation:

X=X®adXQbde
(indeed let x" < X satisfying X’ = X' ® a® X ® b @ e. By setting X = x’ @ h we
would have:
X =x'®@ad®x’ ®b®h®b @ e which shows that:
X >h®bde)®(@adb)* >x

hence we deduce x’ = X).
Since a* exists we therefore have X = (X ® b @ e) ® a* which shows that X is a
solution to the equation:
X=xQ® (b®a") @a*
Since (b ® a™)* exists we therefore have
X>a*® (b®a"*.

The second part of the proposition is proved in a similar way, starting from the
equationx =x® (apb) be. O

Proposition 6.2.5. Let (E, ®, ®) be a topological dioid and two elements a € E,
b € E such that the quasi-inverses a* and (a @ b)* exist. Then (b ® a*)* and
(a™ ® b)* exist, and we have the identities:

@@b)*=a"b®a")" =@*"®b)* ®a*.
Proof. X = (a @ b)* is the minimal solution to the equation:

X=xQadxRbdpe
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therefore (see proof of 6.2.4) X is the minimal solution in x to the equation:

X=X®adxQRbde
and since a* exists, we have:

X=X®bde)®a*
X is therefore a solution in x to the equation

x=x®((b®a*) @a*
For every integer k > 1 we can therefore write:

f=x®@bea) M e @ beah®

and consequently, Vk > 1:

a*® beaH® <x

The sequence a* ® (b ® a*)®) is therefore nondecreasing and bounded from
above. Since E is a topological dioid, it therefore has a limit which is necessarily
a* ® (b ® a*)*.

One would similarly prove the existence of (a* ® b)*. The claimed identities are
then deduced from Proposition 6.2.4. O

The above result will be used, in particular, in Chap. 4 Sect. 4.2 to prove the
convergence of the generalized Gauss-Seidel algorithm.

Proposition 6.2.6. Let A = (a;;) € My (E) an x n matrix with entries in a topo-
logical dioid (E, &, ®). Assume the existence of the quasi-inverse A* of A defined
as the limit of A®) = T AP A’ P ... ® AX ask — oo. Then each diagonal entry
ajj of A has a quasi-inverse (aj;)*.

More generally, each square principal submatrix of A has a quasi-inverse.

Proof. InChap. 4 Sect. 3.2 it will be shown that (AK);i can be expressed as the sum of
the weights of all cardinality—k circuits through node i in the graph G(A) associated
with the A matrix. One of the circuits involved in this sum is the loop (i, i) taken k
times, the weight of which is (aii)*. We can therefore write:

(A%). = @ @86,k
1
(where the term 0 (i, k) accounts for the sum of the weights of all other cardinality-k
circuits).
From this we can deduce that:
ANy = @™ @ AG, k)

where A (i,k) =8 (G, D ®d (G, 2)®... Do (G, k).
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Since A® is a nondecreasing sequence of matrices with limit A* we have,
Vk: (A(k))ii < (A%, and thus we can write:

@)™ @ AG, k) < (A

which clearly implies:
(@) < (A%

From this we conclude that (a;)® is a nondecreasing sequence of elements of E,
bounded from above. Since (E, @, ®) is a topological dioid, we deduce that this
sequence is convergent and has a limit (a;;)*, the quasi-inverse of a;;.

Consider now the more general case of a principal submatrix Ajs) deduced from
A by considering only the rows and columns in a given subset of indices S C
{1,2,...,n}. Denote (A[SJ)k the kth power of A[s;. Then (A[S])E can be expressed
as the sum of the weights of all cardinality-k i-j paths in G(A) with the restriction of
using only nodes in S.

We therefore have, Vk:

(Ars)" = (AS)gs)
and thus: .
(As)™ = (A5

From this it is seen that the nondecreasing sequence of matrices (A[S])(k) is
bounded from above. Since M, (E) is a topological dioid, the existence of (A[s})* is
deduced. O

7. P-Stable Elements in a Dioid

In many applications involving dioids, it is not necessary to resort to Sup-topology
to study the convergence properties of sequences. It is enough to guarantee finite
convergence of some nondecreasing sequences (discrete topology).

Let (E, @, ®) be a dioid. For a € E we recall the notation introduced in Sect. 6.2:

a(k)=e€Ba€Ba2€B...e§ak.

Definition 7.1. (p stable element)
For p > 0 integer, an element a is said to be p-stable if and only if:

a®+th — @
We then have a®+?) = e@a®a®t) = e@a®a® = aP*D hence by induction
a®Pt) —a® vr >0, integer.

For each p-stable element a € E, we therefore deduce the existence of a*, quasi-
inverse of a, defined as:
a* = lim a® =a®

k—+o0
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which satisfies the equations
a"=a®a*"Pe=a"Rade. 7

Let us study some examples of dioids with p-stable elements.

7.1. Examples

Example 7.1.1. Consider the dioid (R4 U {400}, max, min), with neutral elements
e = 0 and e = 400. Since ¢ @ a = max(+o00, a) = {+o00} = e, Va € E, we deduce
that every element a is O-stable and has as quasi-inverse a* = e.

This example is encountered, e.g. in the study of the maximum capacity path of
a graph (see Chap. 4 Sect. 6.3). ||

Example 7.1.2. In the case of the dioid (R U {400}, min, +), with neutral elements
¢ = 400 and e = 0, if the element a is nonnegative, e @ a = min (0,a) =0 =e
and it is O-stable. Every nonnegative element therefore has a quasi-inverse a* = e.

If the element a is negative, then e & a = min(0,a) = a and a® =
min(0, a, 2a, ..., ka) = ka. a® tends towards —oo and a does not have a quasi-
inverse in R U {+o00}.

This example can be extended to the case of a matrix, see Example 7.1.8 and
Chap. 4. It is encountered in the study of the shortest path problem in a graph (see
Chap. 4 Sects. 2 and 6.5). ||

Example 7.1.3. In the case of the dioid ([0, 1], max, x), with neutral elements e = 0
ande = l,e @ a = max(l,a) = 1 Va € E. We deduce that every element of a is
0-stable and has as quasi-inverse a* = e.

This example arises in the study of the maximum reliability path of a graph (see
Chap. 4 Sect. 6.6). ||

Example 7.1.4. Let E be the cone of Ez defined as follows: a = (aj, ap) € E if and
only if a; € R a € R and a; < ap.

We then define two operations ¢ and ® on E as follows:

Ifa € Eand b € E, then

c=a®db=(cy,cp) with ¢y =minj(aj,by),co = miny(ay, by, a, ba)

c=a®b=(c;,cp) with ¢y =min;(aj + bj)i=12, c2 = mina(a; + bj) =12
j=1.2 j=12

where min; and miny correspond respectively to the first minimum and second
minimum among the set of values under consideration.
We observe that @ is not idempotent, for instance:

(2,3)® (2,3) =(2,2) #(2,3).

We easily check that these two laws endow E with a dioid structure where ¢ =
(400, +00) and e = (0, +00).
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Let us show that any a = (aj, ap) € E such that a; > 0 is 1-stable.

We have e @ a = (0, al),andsincea2 = (2ay,ay —+—az),e€Ba€Ba2 =eda

Thus, every element a with nonnegative components is 1-stable and has a quasi-
inverse a* = e @ a.

This example can be extended to the case where E is the cone of R¥ defined as
a=(aj,ap,...,ax) witha; € R and a] < ap < ... < ag. The operations @ and ®
on E are then defined as

a®b=aMingyb

(k)
a®b=a+b

(where the laws Min ) and (k—i—) are defined in Chap. 8 Sects. 1.3.1 and 1.1.5).

We verify that every element a with nonnegative components is (k — 1) stable
and has a quasi-inverse a* = a1,

This example arises in the study of the kth shortest path problem in a graph (see
Chap. 4 Sect. 6.8). ||

Example 7.1.5. Let us consider a dioid for which @& and ® are idempotent. Then
every element is 1-stable. Indeede Pa®a’ =cPada=cPa.

This example is linked to an important class of applications where the property of
1-stability is always satisfied: namely distributive lattices (see Chap. 8 Sect. 4.6). ||

Example 7.1.6. Let E be the set of the sequences a = (a; < ap < ... < aq) with
a; € Rand aq < a; +n where 7 is a given positive real. The operations ¢ and ® on
E are then defined as:

a®b=aMin,b

(=)
a®b=a + b

(where the laws Min(y,) and (1”) are defined in Chap. 8 Sects. 1.3.2 and 1.1.6).

We verify that these two laws endow E with a dioid structure where ¢ = (4-00)
(the sequence formed by a single element equal to +00) and e = (0) (the sequence
formed by a single element equal to 0).

Moreover, it can be shown that every a with strictly positive components is p-stable
with p = [n/a;] (where [ ] denotes the smallest integer greater than or equal to).

This example arises in the study of n-optimal paths of a graph (see Chap. 4
Sect. 6.10). ||

Example 7.1.7. Let us take for E the set of polynomials in several variables with
coefficients in Z, idempotent for ordinary multiplication (therefore in particular
with Boolean variables X12 = Xxj). We take for addition @ the symmetric differ-
ence (a®b = a® b — ab), for multiplication ® ordinary multiplication. Thus ¢ = 0
ande = 1.



100 3 Topology on Ordered Sets: Topological Dioids

Let us show that & is an internal law: if a € E and b € E, we have a? € E and
b? € E; then:

(ad b)2 =(a+b— ab)2 =a% +b® + a’b® + 2ab — 2ab* — 2a%b
=a+b+ab+2ab—2ab=a+b—ab=a@b.
(E, @, ®) is a dioid and it can be shown that every element is O-stable.

This example arises in the study of the reliability of a network (see Chap. 4
Sect. 6.9). ||

Example 7.1.8. We consider here the dioid (M, (E), @, ®) of square matrices of
order n with elements in a given dioid (E, @, ®).

In Chap. 4 (Theorems 1-3), a number of sufficient conditions for a matrix A to
be p-stable will be studied. It will be seen, in particular, that if the elements of E are
0-stable, then the elements of My, (E) are n-1-stable (see Theorem 1 of Chap. 4). ||

Example 7.1.9. On the dioid (E, @, ®), consider the set F of functions: N — E.
Given two functions f(x) and g(x) of F we define the sum f @ g € F as: Vx €
N: f @ g(x) = £ (x) @ g(x). We also define the convolution product of two functions
f(x) and g(x) of F by:

() ()= Y (k) ®g)
k+l=x
where X corresponds to the addition @ on the dioid E and + to the addition in N.
We can check that (F, @, %) is a dioid. Moreover, if all the elements in E are
p-stable, then all the elements in F are p-stable. ||

In the following section, we show how the concept of p-stable element can be used
to solve fixed-point type equations in dioids.

7.2. Solving Linear Equations

Let us consider in (E, @, ®) the linear equation:
Xx=a®x®b ¥

Proposition 7.2.1. If the element a is p-stable, then a* ® b is the minimum solution
to (8).

Proof. 1t follows directly from Proposition 6.2.3 of Sect. 6. O

Observe that it is the canonical order relation < of the dioid which guarantees the
unicity of the minimum solution to (8).
In the same way, if a is p-stable, b ® a* is the minimum solution to

Xx=x®adb. 9
We deduce from the above that a* is the minimum solution to each of the equations

Xx=a®x®Pe and x=x®ade (10)
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Example 7.2.2. In the case of Example 7.1.1 where (E, ®, ®) = (K+, max, min),
(9) leads to:
x = max{min{a; x}; b} (11)
If a < b, max{min{a; x}; b} = b(Vx) and x = b is the only solution to (11).
If a > b, the set of the solutions to (11) is the interval [b, a], and b is the smallest
of these solutions; this is consistent with Proposition 7.2.1. ||

Remark 7.2.3. Since M, (E) is a dioid if E is a dioid, we will see in Chap. 4 Sect. 3
that Proposition 7.2.1 can also be applied to matrix equations of the form:

X=AQR®X®B (12)
for A a p-stable matrix in My (E). ||

Definition 7.2.4. (stable element)
We say that an element is stable if there exists an integer p for which it is p-stable.

Thus, every stable element has a quasi-inverse which corresponds to the for-
mal expansion, in the sense of standard algebra, of (e — a)~! if it is finite (finite
convergence).

This formal correspondence then enables one to obtain the following expressions
when the elements involved are stable (see Backhouse and Carré 1975, p. 165):

(ab)* = ¢ @ a(ba)*b (13)
(a®b)* =a*(ba™)* = (a*b)*a* (14)
(ba*c)* = e @ b(a ® cb)*c (15)

(we have omitted the ® signs for the sake of notational simplicity).
Thus (13) can be obtained from the formal correspondence with the identity:

(e—ab)™' =e+a(e—ba)'b
Similarly (14) can be obtained from the identity:
e—@+b) ' =le—(—a b e—a)!
and (15) from the identity:
(e—be—a)le)y ' =e+ble—(a+cb) e
We deduce (again omitting the ® signs for the sake of notational simplicity):

Proposition 7.2.5.

(i) If ba is stable, ab is stable and its quasi-inverse is given by (13)
(ii) if a* exists and if ba* is stable, a ® b is stable and its quasi-inverse satisfies (14)
(iii) if a* exists and if a @ b is stable, then ba* (resp. a* b) is stable and its quasi-
inverse satisfies

(ba™)* =e®b(a®b)* (resp. (a*b)* = e @ (a ® b)*b) (16)
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Proposition 7.2.6. (Gondran 1979)
If a and b are stable and if ® is commutative, a ® b and a* b are stable.

Proof. According to Proposition 7.2.5, we only have to show that a* b is stable. Let
us assume that a is p-stable and that b is g-stable.
To show that a* b is (q 4 1)-stable, it suffices to show that (a* b)4*2 is absorbed

by (a* b)) To do so, it is enough to show that, for any k, ak p*? is absorbed by
(a* b)(q+1).

But, since ® is commutative, from the expression of (a* b)) =e @ (a* b) @
...® (a*b)dT!, we can extract ak b @ a¥ bzea. ..@ak pit = ak b (edbd...HbY)
which clearly absorbs a* b3*2 since b is g-stable. O

The commutativity of ® is essential for Proposition 7.2.6 except if a is 0-stable
(a* = e) orif b = e. Let us consider the latter case.

Proposition 7.2.7. (Gondran 1979)
If e is stable we have:
e =e*Pe* =e'e” (17)

and for every stable a, a* is stable and:
(a*)* = e*a* = a*e". (18)
Proof. If e is g-stable
e =eded...De=qe

and (17) is obvious.
We observe that e commutes with all the elements for the operation ®; let us
then consider (a*)®_ It is a polynomial in the variable a:

kq
(@9)® = Zocgaz.
i=0

1
Letus show that for £ < q, its coefficients o are larger than q as soon as 3 k(k—1) >

q. To do so, let us consider

s=qr

q T
(@) = <Z ai> = Z By.ra’.
i=0 s=0

k
For s < q, we have B . > r. Then, since £ < q, we have ay = » Be¢.rs we deduce
r=1

k
1
g zzr=§k(k—1)zq.
r=1
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q
This inequality therefore implies for £ < q, o al = e* a. We deduce > at =
e* a*. =
q
For ¢ > q, the a’ from (a*)®) are absorbed by > o al =e* a*
=0
1
Thus (a*)®) = e* a* as soon as 3 k(k — 1) > q, and (18) follows. O
SetE={c/c=¢*a,acE)=¢"E
Then (17) imply:
c®dc=c VceE

efc=c VceE.

7.3. Solving “Nonlinear” Equations

Assuming p-stability of elements we now turn to investigate sufficient conditions for
the existence of solutions to some nonlinear equations.

7.3.1. Quasi-Square Root

Fora € E, let
a®2 —epadla®®5’ D B oyas (19)
with .
oy = — (ﬁ‘l 1) € N (the so-called Catalan numbers)
n
Then, if a is p-stable, we have:

a®2 — Dy — (042, — .

since the terms involving aP*! are absorbed by a® .

For each p-stable element a € E, we then deduce the existence of a*/?, quasi-
square root of a, defined as:
a2 — lim a®2 = a®2 — g+ — .. (20)

k—+4o00

Observe that the quasi-square root corresponds to the formal expansion of:

e—+e—4a
2a

and (omitting the ® signs for the sake of notational simplicity) satisfies the equations:
a>s</2 — a(a*/2)2 Pe= (a*/2)2a Pe= a*/Za a*/2 De
a*/? is therefore a solution to the equations

y:ay2®e=y2a@e=yay@e 21
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Still omitting the ® sign for the sake of notational simplicity, let us now consider for
integer n >0 the polynomial:

f(y)=ay" de. (22)
Thus: f2(y) = f(f(y)) =a (ay" ®e)" @e.
Lemma 7.3.1.1. For every m > 1, f™(y) can be expressed as:
f(y) =1"(e) ®a"y"gm(y) (23)
where the gy, (y) are polynomials in'y and in a such that gn, () > e.

Proof. Let us prove (23) by induction. The assumption is true form = 1 (f (¢) =
e, g1 (y) = e). Let us therefore assume it to be true for m. We then have:

£ (y) = M [F ()] = £™(e) ® 2™ [F ()] gmlf (¥)].

£ (y) = £7(e) ® a™ (e @ ay™)"gm (e ® ay").
Since gp is a polynomial, gy (e @ ay™) = gm(e) @ ay"hy(y) where hy, (y) is a
polynomial in y and in a. Similarly, (e @ ay™)" = e @ ay™¢, (y) where £, (y) is a

polynomial in y and in a.
Observe, moreover, that £, (e) > e. We therefore deduce:

£ (y) = () ® a"gm(e) @ a™ Ty [hin(y) @ €n(Y)Zm(e) @ €n(y)ay hm ()],
which yields (23) by setting:
£ (6) = £M(e) ® a™gim (e) (24)

gm+1(y) = hm(y) ®€n(y)gm(€) ® £n(y)a y"hm(y). Since £y (e) > eand gm () > e,
we have £, (e)gm(e) > e and we deduce that gy, —1(e) > e; this shows that f™(g) is
a polynomial in a with degree atleastm — 1. O

Let us then consider the equation:
y=ay" Pe. (25)

Proposition 7.3.1.2. (Gondran 1979)
If a is p-stable, P+ (g) is the minimal solution to (25).

Proof. According to Lemma 7.3.1.1, fP*!(¢) is a polynomial in a where all the
coefficients indexed from O to p are > e. We deduce that the subsequent terms are
absorbed by the first p + 1 ones, since a is p-stable.

Thus:

P
e =) pra’.

k=0
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gm(e) being a polynomial in a, and a being p-stable, (24) therefore implies:
fP2(g) = PF1(e).

This shows that fP*1(¢) is a solution to (25). On the other hand, according to (23),
every solution y to (25) is expressed as:

y =f"(e) ®a"y"gm(y)
which shows that fP*!(g) is indeed the minimal solution to (25). O
Let us consider now the case n = 2, that is to say the equation:
y=ay’@e. (26)
Corollary 7.3.1.3. If a is p-stable, a*/? is the minimal solution to (26).

Proof. We proceed by induction by showing that ™ (¢) is expressed as a™~12 @
aMgn (a) where gp(a) is a polynomial in a.
The property is true for m = 1, with gj(a) = «.
Let us therefore assume it to be true for m. We then have:
£ ) = fIf" ()] = alf ")) e

[f™(e)]* = [a™ 2] @ a™[2a™ D2 gy, (2) @ g (a)a™ (gm(a))]

Let us then consider the sum of the first m terms of (a™~12)2; it is equal to:

r=m-—1 r
r=0 k=0

However, as the first Catalan numbers satisfy the equality

T
D ook = o
k=0

m—1

the sum of the first m terms of (a(™~12)? is therefore equal to > oy a”
r=0

We deduce that:

m
() =) wa @a™ gy (@)
k=1

where gp,+1(a) is a polynomial in a.
Finally, we obtain:

m
™) =e@ Y axa* ®a™ gnii(a)
k=1

=a™2 @ a" g a)

which proves correctness of the induction.
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The corollary then immediately follows by observing that if a is p-stable, the
recurrence implies:
fP+1(8) — a(P)z. O

Corollary 7.3.1.4. If ac is stable, and if ® is commutative, ¢ (ac)*/? is a solution to
y=ay’@c 27)

Proof. Since (ac)*/? = ac [(ac)*/?]? @ e, we deduce: ¢ (ac)*/? = a [c (ac)*** B,
and consequently c(ac)*/ 2 js asolution to (27). O

Corollary 7.3.1.5. If b and ac are stable and if ® is commutative, b*c(b*?ac)*/?
exists and is a solution to:
y=ay’@bydc (28)

Proof. b and ac being stable, b*ac is stable according to Proposition 7.2.5. b and
b*ac being stable, we furthermore have that b*2ac is stable, therefore b*c(b*?ac)*/?
exists.
For yg = b*c(b*?ac)*/?, letus calculate f(yo) =a y(z) Dby, dc:
f(yo) = ab*2c?[(b*?ac)*/?1> @ b b*c(b*?ac)/? @ ¢
= c(b*?ac[(b*?ac)*/*)? @ e @ b b* (b*?ac)*/?)
= c{(b*2ac)*? @ b b*(b*2ac)*/%} = c(e ® bb*)(b*2ac)*/?

= cb*(b*?ac)*? =yo. O

Remark 7.3.1.6. 1f e is stable, e*/2 = e*. Moreover, if e* = e then: a*/? = a*. |

7.3.2. Quasi-nth-root

The above results are easily generalized to solving equations of the form:

y =P(y) (29)

where P (y) is a degree-n polynomial in y, thanks to the introduction of a quasi-nth-
root of an element a, denoted a*/, minimal solution to (25).

To define in a simple way the expansion of a*/, we use the Lagrange theorem on
generating series, recalled below:

Lagrange Theorem
Ify = x@(y) where ¢(y) =fo+f1 y+1f2 y2 + ..., then the coefficient of XX in'y

k—1

(x) is equal to X times the coefficient of y*~! in ¢* (y).

Thus, for the equation y = x (y + 1)", the coefficient of XX in y(x) is equal to

lnk
k\k—1)/"
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Fora € E, let

n(Bn—1) 4 I /ok X
& —— a@...@k<k71)a (30)

aln —¢ Dad na’
Then, if a is p-stable, we have:
a®n — 4(+Dn — 4+ _ .
since the terms involving aPT! are absorbed by a® .

For each p-stable element, we then deduce the existence of a*/n, quasi-nth-root
of a, defined as

M im a®n — @ — q@+Da — | (31)
k—4o00

a

Examples making use of the quasi-nth-root will be found in Exercises 2 and 3 at the
end of this chapter.

8. Residuation and Generalized Solutions

In the two previous sections, we studied solutions for fixed-point type equations,
x = f(x). The theory of residuation, which we review here, enables one to introduce
the concept of generalized solutions for equations of the form:

f(x)=b (32)

in cases where f can be non-surjective (problem of existence) and/or non-injective
(problem of unicity).

The work by Blyth and Janowitz (1972) is a basic reference on the subject; see
also Gaubert (1992) and Baccelli et al. (1992).

The generalized solutions correspond to residuable mappings often referred to as
Galois correspondences.

Definition 8.1. (lower-solution, upper-solution)

Let E and F be two ordered sets, b € F, and t a mapping: E — F. We say that x
is a lower-solution o (32) if we have f (x) < b.

If the set {x € E |f(x) < b} has a least upper bound, then, if f is lsc,

f1(b) = sup{x € E | f(x) < b}

is the largest lower-solution fo (32).
We say that y is an upper-solution to (32) if we have

f(y) > b.
If the set {x € E|f(X) > b} has a greatest lower bound, then, if f is usc,
f¥(b) = inf{x € E | f(x) > b}

is the smallest upper-solution fo (32).
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To ensure the consistency of this definition, we must verify that fT(b) (resp.
fY(b)) is clearly a lower-solution (resp. an upper-solution) to (32). According to the
assumption, since {x € E | f(x) < b} has an upper bound, then for every sequence
xn of lower-solutions converging towards f T(b), we have f(x,) < b and since f is
ls.c,fofT(b) <b.

£1(b) is therefore clearly the largest lower-solution to (32).
1 will be referred to as the sup-pseudo-inverse of f and f¥ as the inf-pseudo-inverse
of f.

Thus f o fT(b) <bandf o f¥(b) > b.

We moreover check that:

f1of(b) =suply e B[ f(x) <f(b)} = b
fvof(b) =inf{x e E|f(x) > f(b)} <b

and that the functions 1 and £V, if they exist, are monotonic.

Proposition 8.2. Let E and F be two ordered sets, and f a mapping: E — F. Let
us denote 1dg (resp. 1dg) the identity mapping of E (resp. of F). The following
statements are equivalent:

(i) there exists g: F — E nondecreasing such thatf o g < Idp and g of > Idg,
(ii) for every y in F, the set {x € E|f(X) <y} has a largest element.

Proof. Letus assume (i). If f(x) <y,x < gof(x) < g(y).

Moreover, f o g(y) < y which shows that g(y) is the largest element of {x €
E|f(x) < y}. Conversely, under assumption (ii), the mapping g:y — sup{x €
E|f(x) <y} satisfies 1). O

Thus, 1 (resp. f 1), if it exists, is the unique nondecreasing function (resp.
nonincreasing) satisfying:

fof’ <Idg and flof >1dg (33)

(resp. f¥of < Idg and f o f¥ > Idp)

Definition 8.1 is classically applied to the case of a nondecreasing function f.
In this case, if fT(b) (resp. f (b)) exists for every b, we say that the function f is
residuable (resp. dually residuable) and f1 is called the residue mapping of f (resp.
£V, the dual residue mapping of f).

We denote Res' (E, F) the set of residuable mappings: E — F.

We provide below a few examples of residuable mappings.

Example 1. (reciprocal image)

Given a mapping f: A — B, the associated mapping ¢;: (P(A), C) — (P(B), ©),
defined, for every X € P(A) as: ¢; (X) = f(X) is residuable and we have (pr (Y) =
£f=1(Y) (reciprocal image of Y by f). |l

Example 2. (integer part)
The canonical injection (Z, <) — (R, <) is residuable and the residue mapping
is the “integer part” mapping. Il
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Example 3. (orthogonal subspace)
Let us endow RY with the standard scalar product.
The mapping
¢: (PR, ©) —» (PR, D)

which, with every set X associates its orthogonal X+ = {y e RY |Vx € X, x.y = 0}
is residuable (see Gaubert 1992). |

Example 4. (convex conjugate)
The Fenchel transform:
F (ER ,>) — (KR , <), defined as F f(p) = sup {px — f(x)}, is residuable
xeRn
(observe the reversal of the order between the start and end sets), and we have

Fr=7F
Proposition 8.3. For every residuable function f, we have:

(i)foflof =f
(i)ftof o fT =1

Proof. (i) f=folgy, <fo(fTof)=(Foff)of <Igof =f.
(i) Similar proof. O
The residue mapping f*, or “sup-pseudo-inverse,” therefore plays a role formally

analogous to the classical pseudo-inverse A* for a matrix A in standard linear algebra,
which, is known to satisfy:

AA*A =A and A*AA* = A"

Proposition 8.4. Let f: E — F be a residuated function (thus isotone) with residual
1. Then the equation f (x) =y fory € F has a solution if and only if f(f"(y)) =y.
Moreover in this case, t1(y) is the maximum solution.

Proof. Suppose that f(xg) = y for some xo € E. Then from Definition 8.1 we
deduce:

f1(y) = £1(f (x0)) > xo.

Now, using the monotonicity of f, we get:
f(ET(y) = f(xo) =y

and, from Definition 8.1 again:
f(£? (y)) <y which proves that f T (y) is indeed a solution. Moreover, f 1 (y) = xo
proves that this solution is indeed maximal. O

Proposition 8.5. Forany f, fj, g € Rest (E, F), we have:
(i) fog) =g of!
(i) f vl =t A gl
(iii) If E and F are complete lattices, we have for any finite subset of mappings
fi: (Vi fi)T = Aj fiT.
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Proof. (i) fog)o(glofty=fo(goghofl <foldof! <Id.
The other inequality is proved in the same way by using the other inequality of
Proposition 8.2.

(ii)) We decompose t — f(t) Vv g(t) as the product of the following mappings:

E YL g2, B2 2 r, ZENE 2

t— € (uv)—> W, gv) &y —>xVvy
and we apply (i) observing that the associated residue mappings are given by:
Pl YN =X Ay, ol V) =), ")), el ()=, 1)
We thus have: (f v @)' = (930 g0 o))" = 9] 0 ¢l o gog =ft A gl
The proof of (iii) is similar to that of (ii). O

Proposition 8.6. Let (E, <) and (F, <) be two complete ordered sets with smallest
elements e and e respectively. A nondecreasing mapping f: E — F is residuable if
and only if f is continuous and f (eg) = ¢p.

Proof. 1f f is residuable, the set {x € E | f(x) < er} has a largest element x¢ and

since f is nondecreasing, f(eg) < f(xp) < ep. Since, moreover, f(¢g) > ep we

have f(eg) = ep. Let us then show that f is continuous. E and F being complete

sets, let us denote \/X x the upper bounds of every set X C E or X C F. Since f
Xe

is nondecreasing, we have for every X C E: f ( vX X) > VX f(x). Let fT be the
Xe Xe

residue mapping associated with f. By using the inequalities (33) and the fact that f T is
nondecreasing:

f(v x)<f(v flofx) <fof’( Vv fx) < Vv fKx)
xeX xeX xeX xeX

which proves continuity.
Conversely, if f(eg) = ep, forevery y € F, the set X = {x | f(x) < y} is non
empty. Furthermore, by continuity of f, f( \/X X) = \/X f(x) and therefore X has a
Xe Xe

largest element. O

Definition 8.7. We call closure a nondecreasing mapping ¢: E — E, such that
pow=qgand ¢ >1j.

Proposition 8.8. A residuable closure ¢ satisfies

p=¢lop=qool

Proof.
¢=Idop>¢o¢'op>¢log=¢logop>Idog. O

Definition 8.9. (closed elements)
If f is residuable, £ 1 o f is a closure, and we refer to as closed the elements of the
form £ 1o f(x).
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In the case of Examples 2—4, the closed elements are respectively the integers
(Example 2), the vector sub-spaces (Example 3), the convex functions (Example 4).

We can similarly define dual closure. We observe that f is a one-to-one correspon-
dence between the set of closed elements and the set of dually closed elements.

Proposition 8.10. (projection lemma)

Let E be an complete ordered set and F a complete subset of E containing ¢, the
minimal element of E. The canonical injection i: F — E is residuable. The residue
mapping prp = i' satisfies:

(i) pre o pre = prg
(ii) prg < Idg
(iii) x € F & prg (X) = X.

Proof. The residuability of i results from Proposition 8.5.
O: iToit =G0 =il.
(ii): prp=ioprp=ioil <Id.
(iii): if x € F, then x =i (x), therefore prp(x) = prpoi (x) > x.

The other inequality is given by (ii). The converse is straightforward. O

Properties (i) and (ii) assert that prg is a dual closure, property (iii) asserts that
the dually closed elements are elements of F.

Example. LetE = RR, F = Inc(R, @) the complete subset of nonciecreasing func-

tions: R — R. The projection lemma shows that for every u € RX, there exists a
largest nondecreasing function u smaller than or equal to u. One can then show that:

u(t) = irift{u(t)}

In a dual manner, there exists a smallest nondecreasing function u larger than or
equal to u, given by
u(t) = sup{u()}.

<t

Exercises

Exercise 1. Let us consider a dioid (E, &, ®)
If the element a is p-stable, show that a*/™
solution to:

given by (31) in Sect. 7 is the minimal

y=ay" ®e.

Exercise 2. Let us consider a dioid (E, @, ®), and two elements a and ¢ in E.
Show thatifac" ! is stable, and if ® is commutative, c(a el )*/ " is a solution to:

y =ay" ®c.
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Exercise 3. Let us consider a dioid (E, @, ®) and three elements a, b, ¢ in E.

Show thatif banda c"~! are stable, and if ® is commutative, b* ¢ ((b*)n ac"” 1)
exists and is a solution toy = a y"@® by @ c.

*/n

Exercise 4. Let E denote the closed interval [0, 1] and ® the operation: a @ b =
Min{a, b}.
Also consider the operation ® defined as:

a®b=1 ifa<hb,

=b otherwise.

For any p € E, we now define the functionr: E — E as: r(x) = p ® x (Vx € E).
Show that r is residuable and that rT is expressed as: 1! (x) = p @' x.
Check that r' is Ls.c.

Exercise 5. E being a given partially ordered set, we denote E" the set of n-vectors
with components in E. For any a, b € E, a v b (resp. a A b) denotes the sup (resp.
inf) in E.

Let rqy, 112, ..., I'mn be residuated functions with respective residuals rlTl,
rsz, e rgm. Define R: E" — E™ and R: E™ — E" as:

n
[RX)]; = _@1 rj(xj)) (Vi=1,...,m)
J:
- m 4 .
[R(x)]j = Sl (Mi=1...0)
1=
Taking @ = Vv, show that R is residuated with residual R =R.
Show that the same property holds when considering & = A.

Exercise 6. Consider the dioid (E,®,®) where E = [0,1],® = Max,
® = Min.
Let @' and ®’ be the two dual operations defined as:
a @' b = Min{a, b}

1 ifa<b

a®' b=
b otherwise

For any two n-vectors u € E", v € E", we denote u < v iff uy; < v; foralli =
1,...,n.

Given two matrices P € My ¢(E) and Q € M ,(E) we define two “dual”
products:

. 4
P®Q=R=(rj) with r;= kG_Bl Pik ® q;

¢
PR Q=T=(f) with t;j= 1?2/1 pik ® qij
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(1) By using the results of Exercises 4 and 5, show that for a given matrix R €
M n (E) the function: R(x): E" — E™ defined as:
R(x) = R ® x, is residuable, with residual R*(y): E™ — E" defined as:

R*(y) =R'®'y.

(2) LetR € M, 4 (E) and b € E™ be given.
Show that the equation R ® x = b has a solution if and only if b = R ® (RT ®@'b)
and that, in this case, x* (R, b) 2 RT @' b is the maximum solution.

(3) Show that d* = R®(RT®’b) is the maximum d such that the equationR ® x = d
has a solution and d < b.

(4) Consider the following numerical example:

1 02 04 1
0 02 02 0.7
R=10 06 06 b=103
0.5 03 04 0.5

Show that x* (R, b) = (1, 0.3, 0.3)T and that d* = (1, 0.2, 0.3, 0.5)T.
Show that the system R ® x = b has no solution for alld = (1, a, 0.3, 0.5)T with
02 <a=<07.

(5) Show that the results of questions 1, 2, 3 also apply to the various dioids (E, Max,
Min) with either E = R E = EJF, or E = [a, B]. Indicate, in each of these cases,
which is the dual law ®’ to be considered.

[Answers: refer to Cuninghame-Green and Cechldrova (1995)]



Chapter 4
Solving Linear Systems in Dioids

1. Introduction

How can we expect to solve a linear equality system in algebraic structures consisting
of a set with two internal laws @ and ® which are not a priori invertible, i.e. where
one cannot always solvea@ x =banda ® x = b?

The key idea in the present chapter is to observe that the solution of a “fixed point”
type equation such as x = a ® x @ b only requires the existence of the quasi-inverse
a* of the element a, defined in the previous chapter as the “limit” of the series:
e@ad®al@---

It is indeed remarkable that neither the additive inverse nor the multiplicative
inverse are needed to compute “(e — a)~!”"!

However, in order to guarantee some form of uniqueness, it will be necessary to
work in canonically ordered semirings, i.e. in dioids.

The purpose of this chapter is thus to discuss how to solve linear systems of the
fixed point type, which will lead to generalizations of the main known algorithms
for solving linear systems in classical linear algebra.

This chapter does not address the problem of solving linear systems of the form
A x = b in dioids. This actually relates to residuation theory introduced in Chap. 3,
Sect. 8, and involves a concept of generalized pseudo-inverse.

Given a n x n matrix: A = (aj;) with entries in a dioid (E, ®, ®) andb € E" a
given n-vector, we will focus here on the solution of linear systems of the form:

y=y®A®bl (1)

or
z=A®z®Ddb 2

where we denote y ® A the row-vector, the j’ h component of which is:
n
Z Vi @ ajj
i=1

115
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and A ® z the column-vector the i component of which is:
n
24 ®7
=1

(the above sums are to be understood in the sense of @)

Section 2 illustrates the general perspective of the chapter by considering as an
introductory example the case of linear systems on the dioid (R, Min, +) which
corresponds to the shortest path problem in a graph.

By viewing the matrix A as the generalized incidence matrix of an associated
graph G(A), it is shown in Sect. 3 that the successive powers of A and the quasi-
inverse A* of A may be interpreted in terms of path weights of G(A). It will be shown
how the quasi-inverse A* can be used to compute the minimal solution to each of
the equations (1) or (2), and how minimal solutions can be interpreted as solutions
to associated path-finding problems in G(A).

The general algorithms for solving linear systems (1) or (2) are studied in Sect. 4
and 5: iterative methods in Sect. 4, together with an extension to algebras of endo-
morphisms in Sect. 4.4; then, the “direct” methods in Sect. 5. A broad overview
of applications to modeling and solving a huge variety of path-finding problems in
graphs is finally presented in Sect. 6.

2. The Shortest Path Problem as a Solution
to a Linear System in a Dioid

A typical example of a path-finding problem in graphs which can be formulated in
terms of solution to a linear system of type (1) or (2) is the determination of the
shortest paths of fixed origin in a valued directed graph.

Let us consider a directed graph G = [X, U] where the vertices are numbered
1,2,...n, and in which each arc (i, j) is assigned a length a;; € R. Given a vertex
io € X chosen as origin, we seek the lengths yj(j = 1---n) of the shortest paths
between the vertex i, and the other vertices j of the graph.

It is not restrictive to assume that G is a 1-graph, i.e. that, for any ordered pair of
vertices (i, j), there exists at most one arc of the form (i, j). (Indeed, if U contains
several arcs up, uz, ... up of the form (i, j) and of lengths £(uy), £(u2), ... £(up), to
solve the shortest path problem, it is enough to consider that there exists a single arc
(i, j) of length a;; = . l\/llin p{E(uk)} and to ignore all the other arcs).

2.1. The Linear System Associated with the Shortest Path Problem

According to the well known principle of dynamic programming (Bellman 1954,
1958), it is known that the values y; satisfy the following equations (referred to as
“optimality” conditions):
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Vi, =0
Vj#iot yj = Min {yi + ajj}
1eI‘j
where Fj_l = {i/(i,j) € U} is the set of direct predecessors of vertex j in G.
By agreeing to set aj; = +o0 if arc (i, j) does not exist and a;; = 0 (Vi =1, ...n)
the previous relations can be rewritten as:

Yi, =0

Vi £ yj= i_I\I/Iinn {yi + aij}
Assuming, for the sake of simplification, that the lengths aj; are all nonnegative,
we must have yj > 0(¥j = 1---n) and consequently the previous relations can be
further rewritten:

Yi, = Min { 1\1’1111 {yi +aii,}; 0}
i=1,..., n
and, Vj # i,
yj = Min { 1\]/Iin {yi + aij};+oo}
1=1,...,n
Let us then consider the dioid (E, &, ®) where E = RU{+o00} and where the internal
laws @ and ® are defined as:

Va € E,Vb eE:
a @b = Min{a, b}
a®b=a+b

€ = 400 is the neutral element of @ and e = 0 is the neutral element of ®
(see Chap. 8, Sect. 4.7.1). It is then observed that the above relations can be written
in the form of the linear system:

n
Yie = 2. Yi®aij, De
i=1

n
yi=2 vi®a;®e forany j#i,

i=1
that is to say, in matrix notation:
y=y®A®b" (1)

where A denotes the matrix (aij)i:l....n and b the n-vector defined as:
=1 n

bi, =e and, Vj#i, bj=c¢.
It is thus seen that determining the vector y where the components are the lengths of

the shortest paths of origin i, amounts to solving the linear system (1) in the dioid
(E, ®, ®).
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2.2. Bellman’s Algorithm and Connection with Jacobi’s Method

As will be seen in Sects. 4 and 5 of the present chapter, most algorithms for solving
the shortest path problem can be interpreted as variants of known methods in classical
linear algebra.

This is the case, for example, of Bellman’s algorithm (1958) which consists in
starting from y° defined as:

yi, =0,y] =+00 (V) # o)

and then in performing the following computations iteratively:

=0
t+1 .
yj" = Min {y] +a;}

jery!
By using system (1) this algorithm can be expressed in the equivalent form:

{ y=b' (3)
yt-‘rl Zyt®A@bT (4)

where one can recognize the analog to Jacobi’s method in classical linear algebra.
From (3) and (4) we deduce, for an arbitrary integer t > 0:

V=bQUBABA D - - dAYH

e
where I = e ¢ :| is the identity matrix of M, (E).

e
The convergence of Bellman’s algorithm is therefore intimately related to the
convergence of the series [ DA DA’ D - - DAL D ---

2.3. Quasi-Inverse of a Matrix with Elements in a Semiring

It is well known that Bellman’s algorithm converges in at most n — 1 iterations,
in other words that y"~! is the vector of shortest path lengths, if and only if the
graph does not contain a circuit of negative length. In these conditions, we will see
(see Theorem 1 Sect. 3.3) that the series AX) = I ADA?D--- @ Ak converges
in at most n — 1 steps, i.e. that AO=D — A@ — A(+D — . 454 the limit of this
series, denoted A* will be referred to as the quasi-inverse of the matrix A.

Bellman’s algorithm then converges towards y = bT @ A*.

We verify that b ® A* clearly corresponds to a solution of (1) because:

RA*AGD =b @ A*QA®])
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Now, if A* = A®=D_this yields:
A*QAPI=A™ = A0"D — A*
We therefore clearly deduce:
T * __ * T
b" A" =bRA")QADD

We now turn to show that the solution b ® A* provided by Bellman—Jacobi’s
Algorithm is by no means an arbitrary solution to (1).

2.4. Minimality of Bellman—Jacobi Solution

By using the fact that (R, Min, +) is a dioid (i.e. a canonically ordered semiring) let
us show that bT ® A* is the minimal solution to linear system (1).

Let y then be an arbitrary solution of y =y ® A @ bT

We can write:

y=y®A®b'
—(yQABD)RAGD'
=yA’@b @ I8 A)
By transferring the above expression of y into (1) we similarly obtain:
y=y®A'eb' @ (e A AY)
By reiterating the argument, we obtain for any k > 2:
y :y®Ak @bT®A(k_1)
Thus for k > n, this yields:
y=y®A@bT @ A*

By denoting < the canonical order relation of the dioid (R, Min, +) this result shows
that b’ ® A* <y, and this holds for any solution y to (1). bT ® A* is therefore clearly
the minimal solution to (1).

For the shortest path problem (as well as for many other path-finding problems in
graphs, see Sect. 6 below), the problem to be solved is not only a matter of finding
an arbitrary solution of (1) or (2) but the minimal solution.

The example in Fig. 1 illustrates the fact that a non minimal solution to (1) is not
relevant with respect to the shortest path problem (by convention the non represented
arcs of the complete graph have alength +00). The vectory = (0, 1, 1, 1) isasolution
to system (1). Indeed, we verify that we clearly have:

y1 = Min{y; + a1, y2 + az1, y3 + a31, y4 + a41, 0}
y2 = Min{y; + ai2, y2 + ax, y3 + a3, y4 + as, +00}
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Fig. 1 Example of an oriented graph for which we want to determine the lengths of the shortest
paths originating at vertex 1. The vectory = (0, 1, 1, 1) is a solution to system (1), but is not the
solution to the shortest path problem of origin 1 because it is not the minimal solution to (1)

y3 = Min{y| + a3, y2 + a23, y3 + a33, y4 + a43, +00}
y4 = Min{y| + a4, y2 + a4, y3 + a34, y4 + as4, +00}

However, it can be observed that the components of y have nothing to do with the
lengths of the shortest paths originating at vertex 1 in the graph of Fig. 1. Only the
minimal solution (0, 2, 3, 5) to system (1) has components equal to the desired
shortest path lengths. (Remember that 2 < 1,3 < 1,5 < 1, in the sense of the
canonical order relation of the dioid (I@, Min, +)).

3. Quasi-Inverse of a Matrix with Elements in a Semiring
Existence and Properties

3.1. Definitions

The concept of quasi-inverse of an element of E was introduced and studied in
Chap. 3, Sects. 6 and 7. Here, we generalize this concept to the case of matrices
A € M, (E), then we show that the minimal solutions to systems such as (1) or (2)
can be easily deduced from the quasi-inverse A* of A (when the latter exists).
Let A € M, (E) be a square n X n matrix with elements in a semiring (E, @, ®).
For any k € N, denote by A¥ the k™ power of A,i.e. AQ A®--- ® A (k times)
and define the matrices A® by:

AW —TogARA® - @ AK
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e
€ € . . . .
where I = . is the identity matrix of M, (E).
€ .
e
We observe that, in the special case where the operation @ is idempotent,

the following result yields an alternative expression of A®) involving the matrix
A=1®A

Proposition 3.1.1. If the & laws is idempotent, then A% = (I ® A)X

k
Proof. The expansion of (IBA)X gives (IpAX = 1d > Cf(Ar where the sumis to be
r=1

understood in the sense of @ and where C; A" denotes the sum A"@A'®--- @ A'CL

k!
times | C, = ———
rl(k —1)!
the proposition is deduced. O

). Since @ is idempotent we therefore have C; A" = A" and

Definition 3.1.2. (Quasi-inverse of a matrix)
We call quasi-inverse of A € My (E), denoted A*, the limit, when it exists, of the
sequence of matrices A® ask — oo:

A* = lim A®

We will now study sufficient conditions of existence for the matrix A*. These condi-
tions involve the interpretation of the matrices AX and A% in terms of paths of the
graph G(A) associated with the matrix A.

We distinguish between two cases:

— The case where (E, @, ®) is a semiring without being a dioid, i.e. the case where
there is no canonical order relation on E. This means it will not be possible to
use the topologies on ordered sets introduced in Chap. 3 to define the convergence
of the sequence of the matrices A®  In this situation, we will therefore have to
limit ourselves to cases of finite convergence of AX) towards A*.

— The case where (E, ®, ®) is a topological dioid i.e. where E is a (canoni-
cally) ordered set endowed with sup-topology (topology of the upper limit of
nondecreasing sequences, see Chap. 3 Sect. 3).

3.2. Graph Associated with a Matrix. Generalized Adjacency
Matrix and Associated Properties

Let A € M, (E) be a square n x n matrix with entries in E. We define the graph G(A)
associated with A as follows:

— Thesetof vertices of G(A)is {1, 2, ... n} the set of indices of the rows (or columns)
of A;
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— The set of arcs of G(A) is the set of ordered pairs (i, j) corresponding to the terms
a;j of A distinct from ¢ (the neutral element of ). If A contains a diagonal term
a;j #~ ¢, then G(A) contains an arc (i, i) also referred to as a loop.

We observe that the graph G(A) thus defined is a valued graph: each arc (i, j) is
endowed with the value aj; € E (ajj # ¢) of the corresponding term of the matrix A.

Conversely, the matrix A can be considered as the (generalized) adjacency matrix
of the valued graph G(A).

Property 3.2.1 below is the basis for the developments to follow, enabling us to
interpret the coefficients of the matrices AX and A% in terms of paths and circuits
of the associated graph G(A).

For any k € N, let us denote:

. PE the set of paths of G(A) (not necessarily elementary) joining vertex i to vertex
j and containing exactly k arcs;

. Pi(jk) the set of paths of G(A) (not necessarily elementary) joining vertex i to vertex
j and containing at most k arcs.

Moreover, with any path p € PE, composed of the sequence of vertices i, i1,
i, ...ik—1, ik (with ip = i and iy = j), we associate its weight w(pn) = aj i, ®
ai],iz Q- .Q® aik—l,ik

One can then state:

Property 3.2.1. (i) Each term (i, j) of matrix A¥ is equal to the sum of the weights

of the paths of P}}:
ky
(A% =2 waw 5)
[LEPE

(ii) Each term (i, j) of matrix A% is equal to the sum of the weights of the paths of

).
Pij :

A®), = 3w (©)

ij
k
uePi(j )

Proof. This is easily proved by induction on k, taking into account the fact that ¢
is absorbing for multiplication ®, and that the latter is distributive with respect to
addition. O

The paths belonging to PE or Pi(jk) are not necessarily elementary, i.e. can contain
circuits. In the general case where the multiplication ® is not commutative, the weight
of a circuit y passing successively through the vertices iy, iy, . . . ik, i; depends on
the way it is traversed. Thus, if the starting vertex is i; the weight of the circuit is
defined as:

aiip & Ajgiy @ - @ Ay i

if the starting vertex is iz, the weight is defined as:

iy @ Ajyiy @ -+ @ Ay j; @ Ay,
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and these two quantities can be different. One is thus lead to introduce the concept
of pointed circuit.

Definition 3.2.2. (concept of pointed circuit)

We say that we have a pointed circuit of G(A) when we are given a circuit of G(A)
together with a special vertex of this circuit taken as the origin of the circuit. The
weight of the pointed circuity = {ijia, .. .1ix, 11} of origin i is:

W(Y) = ai1i2 & ai2i3 Q- ® aik,i|

Thus to a circuit of G composed of k vertices, we let correspond k pointed circuits.
Each of these pointed circuits can therefore have a different weight. In the case where
multiplication is commutative, all the pointed circuits corresponding to a given circuit
have the same weight and the concept of pointed circuit is not necessary.

We say that a graph G has no p-absorbing circuit if the weight of each pointed
circuit of the graph G is a p-stable element of E. (see Chap. 3 Sect. 7: a € E is
said to be p-stable if and only if a® = a®t) = . where, Vk € N:a® =
edadal®d - @ab).

Property 3.2.1 then becomes:

Property 3.2.3. If G(A) has no p-absorbing circuit, then:
AR) =3 w(w )
(), =%
where the sum extends to the set of paths from i to j containing at most k arcs and

traversing no more than p times successively each pointed circuit of G(A).

Proof. To prove the proposition, it is enough to show that any path traversing more
than p times successively a pointed circuit does not need to be taken into account
in (6). Let us therefore consider a path p from i to j successively taking p + q times
(q > 1) some pointed circuit. Let y,, be this pointed circuit of origin £. The path
may therefore be decomposed into a path p;, from i to ¢, in p 4 q times the circuit
Yi¢> and then a path p; from £ to j; we will denote:

= Wie (Vo) Py
(k) .
Ifp e Pij then each path:
+q—1 )
MrZMiZ(YN)r a ngWlthl‘ZO,l,...,p

also belongs to Pi(jk).
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Let us show that the path p can be absorbed in (6) by the set of paths p' (for
r=0,1,...,p). Indeed:

W) @ Y W) = wlitip) ® W(ye)PH @ w(iy,)

O=r=p

® Z w(kki) ® W)™ @ wingg)

O0<r=<p

hence, taking into account the right and left distributivity of ®:

W@ Y wln)
O0<r=<p
= W(kip) @ Wy ® [e D W(yg) @ D W(ye) @ W(Ya)pH] ® w(Lg)

Then, using the fact that G(A) has no p-absorbing circuit, this yields: w(y, @)(p“) =
w(yp e)(P) and the previous equation becomes:

Wi @ Y wi) = ) wi)

O=r=p O=r=p

We deduce the proposition by applying this property of absorption to all the paths
successively taking more than p times a pointed circuit of G(A). O

A special case, frequently encountered in the examples (see Sect. 6 below), is when
p = 0, i.e. the case where, for every pointed circuit y, we have:

w(y)@e=ce.

Let us denote:

. Pi(jk) (o) the set of elementary paths (not traversing the same vertex twice) in Pi(jk).
* Pjj(0) the set of all elementary paths from i to j.

In this case, we have the following corollary:

Corollary 3.2.4. If G(A) has no 0-absorbing circuit, then:
&)
(A%),= X wo ®)

(k)
uePij 0)

(A®) = 2w ©

1
EP;;(0)
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Proof. (8) is an immediate consequence of (7) taking into account the fact that
p = 0. (9) is then deduced from (8) observing that an elementary path contains at
mostn — | arcs. O

3.3. Conditions for Existence of the Quasi-Inverse A*

In the case where G(A) has no 0-absorbing circuit, one can immediately deduce from
Corollary 3.2.4 of Sect. 3.2:

Theorem 1. (Carré et al. 1971; Gondran 1973)
If G(A) has no 0-absorbing circuit, then the sequence of matrices A® has a limit
A* when k — 00, and this limit is reached fork <n — 1:

A* = lim A(k) — AO=D —_ A _ (10)

k—o00

Furthermore, A* (quasi-inverse of A) satisfies the matrix equations:
A"=TOAQA"=TOA*RA (11)

Proof. The fact that the sequence A% has a limit which is certainly reached for
k = n — 1 follows directly from (8) and (9).
Moreover we have:

IDAQA* =I+AQ(IBAGD - ®A™ )
=AM _ A=D1 _ A%

which proves (11). O

The previous result shows that if the weight of all the circuits of G(A) are O-stable
elements of E, then the matrix A is (n — 1) stable in M, (E).

Remark. Theorem 1 can be generalized to the case of right dioids (resp. left dioids)
where ® is only right-distributive (resp. left-distributive) with respect to é. In this
case, it must be assumed that G has no 0-absorbing circuit on the right (resp. on the
left), i.e. that, for any circuit y, we must have, Va € E: a @ w(y) ® a = a (resp.
ada®w(y =a).

Refer to Exercise 4 at the end of the chapter. ||

Let us now study the case where G(A) has no p-absorbing circuit with p > 1. In this
situation, the assumptions of Property 3.2.3 alone are not sufficient to prove the finite
convergence of A, as the cardinality of the paths involved in (7) cannot be bounded.
We will therefore successively examine two types of additional assumptions:

— The commutativity of multiplication
— The p-nilpotency of the set of entries of matrix A.
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We first consider the case where the multiplication is supposed to be commutative.
Let us denote:

. Pi(jk) (p) the set of paths of Pi(jk) traversing no more than p times each elementary
circuit of G(A).

* Pjj(p) the set of paths from i to j traversing no more than p times each elementary
circuit of G(A).

We observe that the cardinality (number of arcs) of the paths of Pj;(p) is bounded
from above by n — 1 + pnt, where t denotes the total number of elementary circuits
of G(A).

We then have the following theorem:

Theorem 2. (Gondran, 1973)
If G has no p-absorbing circuit and if the multiplication is commutative, then:

(A%), = 2w (12)

(k)
MEPU (p)

1
(™), = X wo (13)
WeP;j(p)
where ny is the maximum number of arcs of the paths of Pj; (p) (np < n — 1 + pnt
where t is the total number of elementary circuits of G(A)).
Furthermore, the sequence of matrices A® has a limit A* when k — oo, and
this limit is reached for k < ny:

A* = lim A® =AM = A(pTD — . (14)

k—+o00
A* (quasi inverse of A) then satisfies the matrix equations (11).

Proof. (12) is deduced directly from Property 3.2.3 since, from the commutativity
of ®, it is possible to consider any circuit as a product of elementary circuits, without
taking into account the order in which these circuits are traversed.

The rest of the theorem is proved in the same way as for Theorem 1. O

The previous result shows that, if the multiplication is commutative and if the
weights of the circuits of G(A) are p-stable elements of E, then the matrix A is n,-
stable in My (E) (with n, < n — 1+ pnt where t is the number of elementary circuits
of G(A)).

Let us consider now the case where ® is not commutative, but where the set of
entries of matrix A is p-nilpotent.

Let F be a subset of E and p an integer > 0. We will say that F is p-nilpotent
if and only if, for any sequence of p 4+ 1 elements (not necessarily all distinct)
ap, ay, a2, .. . ap taken in F, we have:

aQ®a; ®---®ap =¢ (the neutral element of ®)

The following result shows then that, due to p-nilpotency, the commutativity of
multiplication is not required to establish the convergence of the sequence A®).
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Theorem 3. (Minoux, 1976)
If the set F of entries ajj of the matrix A is p-nilpotent, then the matrix A® hasa
limit A* which is reached for k < p:

A*¥ = lim A® = AP — AG+D — .

k—+o00
A* then satisfies the matrix equations (11).

Proof. Tt suffices to observe that all the paths of more than p arcs do not need to be
taken into account in (6). (11) is proved as for Theorem 1. O

Theorem 3 thus shows that, if the set of terms of A is p-nilpotent, then the A matrix
is p-stable. We observe that all the elements of a p-nilpotent set are p-stable: the p-
nilpotency assumption is therefore stronger than that of p-stability. An important class
of problems for which we will have to assume p-nilpotency concerns generalized
path algebras involving endomorphisms (see Sect. 4.4 below). Theorem 3 will be
used there to generalize iterative algorithms to compute quasi-inverses of matrices
of endomorphisms.

3.4. Quasi-Inverse and Solutions of Linear Systems.
Minimality for Dioids

Let us assume that the matrix A has a quasi-inverse A* which satisfies the rela-
tions (11).

The following result shows that A* determines solutions for systems (1) and (2)
of Sect. 1.

Property 3.4.1. Let A € M,(E) and let us assume that its quasi-inverse A* exists
and satisfies:
A*=IAQA*=1IDA*"®A (11

Then:

(i) For any matrix B € E™*"
(minteger | <m < n)
Y =B ® A* € E™*" is a solution to the linear system:

Y=YRA®B (15)

(ii) For any matrix B € E™™ (minteger | <m <n)Z = A*® B € E™™ isa
solution to the linear system:

Z=AR®Z®B (16)

Proof. We obtain (15) with Y = B ® A* by left multiplying (11) by B and (16) with
Z = A* ® B, by right multiplying (11) by B. O
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In the special case where m = 1, the above property shows how to construct, using
A*, solutions to systems of type (1) and (2) introduced in Sect. 1.

Let us consider now the case where (E, @, ®) is a dioid, i.e. where the preorder
canonical relation < is an order relation.

We have seen in Chap. 2, Sect. 3 that this order relation can be extended naturally
to the vectors of E™ and to the matrices of E™*",

The following property then establishes minimality in the sense of this order
relation of the solutions constructed by means of the quasi-inverse.

Property 3.4.2. Let us assume that there exists K € N such that A* = A® =
AKHD 2
If (E, ®, ®) is a dioid endowed with the canonical order relation <, then Y =

B ® A* (resp. Z = A* ® B) is the minimal solution in the set of solutions to (15)
(resp. in the set of solutions to (16)) ordered by the order relation induced by <.

Proof. LetY be an arbitrary solution of (15)
We can write:

Y=BOPBOYRA)K®A
=BRUIDA)DYRA>
and, generally, for any k € N:
Y=BQU®A® -dA " HdYRAF
We therefore have for k > K:
Y=BRA*®Y®A

which shows that B A* <Y
Consequently B ® A* is the minimal solution in the set of solutions to (15).
We would prove, similarly, that A* ® B is the minimal solution to (16). 0O

One thus again finds, in a generalized form, the property of minimality already
encountered in Sect. 2.4 in relation to the shortest path problem in a graph.

For example, taking for B the row-vector bT (viewed as a 1 x n matrix) with all
components ¢ except the component of index i, equal to e, it can be observed that
bT ® A*, which is none other than the row of index i, of A*, is the minimal solution
to the equation:

Yy=yRA®b'

Thus, when E is a dioid, it is equivalent to compute A* or to determine minimal
solutions for each of the n linear system of type (1) obtained successively taking b
equal to the n unitary vectors:

(e, &, s,...e)T
(e, e, e....s)T

(e,s,...,e)T
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4. Iterative Algorithms for Solving Linear Systems

For a given A € M, (E), we have shown in Sect. 3 how solving linear systems of
the type:
y=y®A®b' (D

or
z=A®z®Ddb 2

(and more generally linear matrix systems of type (15) or (16)) reduces to determining
the quasi-inverse A* of A.

The computation of A* can be performed, depending on the case, rowwise,
columnwise or globally.

4.1. Generalized Jacobi Algorithm

Let us assume, to set the ideas, that we wish to determine the first row of the A*
matrix. In other words, we are seeking y = bT @ A* with bT = (e,e,€,...,¢8).
From Sect. 3, we know that y solves the equation (of the “fixed point” type):

y=y®A®b! (1)

Algorithm 1 below can then be seen as the direct analogue to Jacobi’s method, in
classical linear algebra, to solve a system of type (1).

Algorithm 1 (Generalized Jacobi)
Determination of the first row of A*, or proof that A® £ A*

(a) sety® =bl = (e,e,...e); t < O;
(b) Atiteration t, let y* be the current solution. Compute

yt-‘rl =yt®A@bT

Ify = yU the algorithm terminates and y* = bT @ A* (the first row of A*)
Ify £ yand t < K then set t < t + 1 and return to (b).
Ify't! £yt and t = K then interrupt the computation: A* # A®).

Theorem 4. (i) Ifthere exists an integer K such that A* = A®, then the generalized

Jacobi algorithm constructs, in at most K iterations, the first row of A*. In the
opposite case, the algorithm proves in at most K iterations that A* # A®),

(ii) If A* exists and if (E, @, ®) is a topological dioid, then the generalized Jacobi
algorithm generates a nondecreasing and convergent sequence (in the sense of
the sup-topology) towards the first row of A*.
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Proof. Let us first prove (i), i.e. the case when finite convergence occurs.
We have y° = bT hence y! =bT @ 1@ A)
y2 =bT ® I1® A @ A?) and, by induction, Vt € N:

V=b"QUeABA’D---dAH) =b' @AV

which shows that the sequence of the solutions generated by the algorithm is
monotone nondecreasing.

If there exists K € N such that A®) = A* then this yields: yX = bT @ A* =
K+1 _ ..

Consequently, if y¥+1 £ y¥ it is because A* % AK),

Let us now prove (ii), i.e. convergence in topological dioids.

According to the above we have, Vt: y' = bT ® AV Since A* exists, the sequence
A® isnondecreasing and convergent towards A*. Since taking the limit is compatible
with the laws @ and ® (since we are dealing with a topological dioid, see Chap. 3
Sect. 6), we deduce that y' converges to bT ® A*, the first row of A*. O

y

In practice, it is often possible to obtain an upper bound on the number K such
that A®) = A* with additional assumptions. For example:

— In the absence of a 0-absorbing circuit (see Sect. 3, Theorem 1) then K <n — 1;

— If the multiplication ® is commutative and in the absence of a p-absorbing circuit
(see Sect. 3, Theorem 2) then K < n — 1 + pn t, where t is the total number of
elementary circuits of G(A);

— If the set F of the entries of A is p-nilpotent (see Sect. 3, Theorem 3) then K < p.

In the case where the algorithm terminates at iteration t = K with y¥+1 £ yK we
end up at a situation which is inconsistent with the hypotheses. The Jacobi algorithm
can therefore also be considered as a means of algorithmically checking the relevance
of the assumptions used.

The following result states the complexity of Algorithm 1.

Proposition 4.1.1. Assuming that the complexity of each of the operations ® and Q@
is O (1) the generalized Jacobi algorithm has complexity O(Kn?) if all the entries
of the matrix A are distinct from ¢, and O(KM) if M is the number of entries of A
different from e.

Proof. Each iteration requires a matrix-vector product (n® operations @ and ®) and
a sum of two vectors (n operations ®). The complexity is therefore O(Kn?). If the
number of entries of A distinct from ¢ is M < n?, this complexity can be reduced to
O(K.M) by using a compact representation of A. O

In the case of the shortest path problem (E = R U {400}, ® = Min,® = +),
Algorithm 1 is recognized as Bellman’s algorithm (1958).

4.2. Generalized Gauss—Seidel Algorithm

By analogy with the classical version of the Gauss—Seidel algorithm, the idea is to
decompose matrix A by expressing it as the sum of a lower triangular matrix L and
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an upper triangular matrix U. To simplify the presentation, we will first assume that
the diagonal elements of A are all equal to €. We therefore have:

A=U@®L

The basic iteration of the generalized Jacobi algorithm (see Sect. 4.1) then takes
the form:
yt-‘rl sz @yt ® U®yt®L

Thus, for any component j = 1, ... n, the computation of yth is achieved via the

relation:
j—1 n

Y;H = b; @Zyit ® ajj B Z ¥ ® ajj
i=1 i=j+1
During the computation of yj‘“, all the terms y; 1, yot+1, .. yj_1“rl have already
been determined. The idea of the Gauss—Seidel algorithm is then to replace the values

yi' in the first summation by the new values yjt‘H already determined, which leads
to the recurrence:

j—1 n
1 1
yl=he) v ewe ) viey
i=1 i=j+1

or equivalently, in matrix notation:
yt+1 :bT ®yt+1 ®U®yt®L (17)
This gives rise to the following algorithm:

Algorithm 2 (Generalized Gauss—Seidel)
Determination of the first row of A* or proof that A®) £ A*

(a) Setb' = (e,e,---e)T and y° = (e, e, ¢, ---€); t < O;
(b) Atiteration t, let y' be the current solution. Compute: y' satisfying:

yt+1 :bT ®yt+1 ®U®yt®L

Ifyt =y, the algorithm terminates and y' = b @ A* (the first row of A*)
Ify”“l # y'and t < K then, sett <t + 1 and return to (b)

Ify't! £yt and t = K then terminate the computations: A* # A®),

Theorem 5. (i) If there exists K € N such that A = A*, then the generalized
Gauss—Seidel algorithm constructs, in at most K iterations, the first row of A*. In
the opposite case, the algorithm proves, in at most K iterations, that A* # A®),

(ii) If A* exists and if (E, @, ®) is a topological dioid, then the generalized Gauss—
Seidel algorithm generates a nondecreasing and convergent (in the sense of the
Sup-Topology) sequence towards the first row of A*.
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Proof. Let us first prove (i), i.e. the case where finite convergence occurs.
In order to do so, let us consider §' to be the solution obtained from 0 =
(e, g, ...¢e) at the t'" iteration of Jacobi’s method, i.e. by:

j—1 n

~t1 ~ ~

I =be) fHiexye ) o
i=1 i=j+1

Let us recall that, by construction §'+1 > §t.
Let us prove then by induction that, Vt: and Vj =1, ..., n: )A/Jt <y
This relation is true for t = 0. Let us therefore assume it to be true for an arbitrary
t € N and assume that for an arbitrary given j(2 <j < n), foranyi < j— I, we have
S t+l
Yo =Y -
Then we can write, Vj = 1, ..., n:

j—1 n
t+1 t+1
Yi =bj€BZyi ®aij@zyit®aij
i=1 i=j+1

j—1 n
>b@) S eye Y §iea
i=1 i=j+1

-1 n
ij@z§]it®aij@ Z 9it®aij
i=1 i=j+1

t+1

hence the we deduce y;'™" > 9;“. By induction on j we therefore deduce y'*! >

$'*1 which proves the property for t + 1.

Therefore, in the case where the Jacobi algorithm converges finitely, the general-
ized Gauss—Seidel algorithm cannot require more iterations. We deduce (i).

Let us now prove (ii), i.e. convergence in topological dioids. The matrix U being
upper triangular, it is n-nilpotent, i.e. U" = U"! = U2 = ... = ¥ (n x n matrix
where all the entries are equal to €). Then, the quasi-inverse U* of U exists, and is
equal to UMD,

Moreover, because of the form of the iteration (17), we observe that y“rl is a
minimal solution in y of the equation:

y=yU®b ®y'QL

‘We therefore have:
ytH=@p"ey' ®L)® U* (18)

which provides the expression of y'*! in terms of y' only.
One can then interpret (18) as an iteration of the Jacobi type applied to the
equation:
y=bT®U"®y® LU (19)
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By using the proof of Theorem 4, and since y° = (g, ¢, . .., €), we can write, Vt:
Yy=0"eUHeleLeU)eLeU) e & [LeU"

Since A* = (U @ L)* exists, according to Proposition 6.2.5 of Chap. 3, (L ® U*)*
exists and this yields:

UL =U* @ (L® U

The sequence y' generated by the generalized Gauss—Seidel algorithm is therefore
nondecreasing and bounded from above with limit:

b' ® U* ® (L ® U")*
=bT@UedL)*=b' ®A*

which is recognized as the minimal solution to the equationy =y @ A ®@bT. O

Applied to the shortest path problem in a graph, Algorithm 2 is none other than Ford’s
algorithm (1956). In this case, we have finite convergence.

Remark. In the case where the diagonal elements of A are not all equal to € but are
quasi-invertible, the computation of y'*! from y' at each iteration must be modified,
and be carried out according to the following procedure:

forj=1,2,...,n

j—1 n

+1 +1

Y=oy ewe ) view| e
i=1 i=j+1

(where aj"Jf denotes the quasi inverse of the diagonal term a;;). ||

4.3. Generalized Dijkstra Algorithm (“Greedy Algorithm”)
in Some Selective Dioids

We are going to show now that one can obtain an algorithm generally more efficient
than those described in the previous paragraphs by restricting to a special class of
dioids.

We will thus assume, throughout this section, that (E, @, ®) is a selective dioid
in which e (the neutral element of ®) is the largest element (in the sense of the order
relation of the dioid), in other words: Va € E: e @ a = e. The order relation being
compatible with multiplication, we therefore have, in such a dioid:

VaiecE,b>c=>b®e>c®a=b>c®a (20)

(R4 U{+o00}, Min, 4), ([0, 1], Max, x) ({0, 1}, Max, Min), (R + U {400}, Max, Min)
are examples of selective dioids in which e is the largest element.
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Let us recall that, in a dioid where e is the largest element, any element of E is
O-stable. Any matrix A € My (E) is therefore quasi-invertible since G(A) then has
no 0-absorbing circuit (see Theorem 1, Sect. 3.3).

Algorithm 3, described hereafter, uses the following result.

Theorem 6. (Gondran, 1975b)
Let (E, ®, ®) be a selective dioid in which e is the largest element.
Given A € My (E), let us consider the linear system:

Zz=72QA®b 20

where b is a given row-vector with n components and let Z = b @ A* be the minimal
solution to this system. Then there exists i, € [1, n] such that z; | = b;, and this index
i, satisfies:

n
bi, = Y _b; (22)
i=1

Proof. (a) Let i, be defined as satisfying (22). Let us show first of all that there
exists a solution Z to (21) such that z;, = b;,
By setting z;, = b;, the equations (21) are written, for i # i,:

n
7 = Z zj ® aji ® (b ® bio ® a;,) (23)
o
and fori = ig: .
zi, = Y 7 ®aj, Db, (24)

i=1

By denoting A the matrix deduced from A by deleting the row i, and the column
iy, Z the vector deduced from z by deleting the component i,, the relations (23)
are written in the form of the system:

7=7QA®b (25)

where b is the vector with components (b; @ b;, ® aj ;) fori # i,. This system
has Z = b ® A* as minimal solution. Then let 7 be the n- vector such that
zi, = b;, and where the components 7; (i # i,) are those of Z = b ® A*.

By construction, Z satisfies (23). Let us show that it also satisfies (24).

In order to do so, and due to the idempotency of @, it is enough to show that:

Vi #io: by, > 7 ® a;, (26)

According to (22): b
Still using (20), one can also write:

> by, hence, it follows from (20): bi, > b; ® (A*)ij.

[

bi, > b, @ai; ® (A*>

1
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Then, ij being defined, Vj # i,, by the relation:

n

7= Z (bi & bi, @ a,i) ® (A*)ij
iz

we deduce from the above: b;, > Z;

which, by (20), implies (26). Thus, Z defined above solves (21).
(b) It remains to show that Z is the minimal solution to (21).

For any solution z to (21) we have (24) therefore z;, > bj, = Z;,.

Moreover, Z (deduced from z by deleting the component i,) solves
—i@A®b (27)

where b is the vector Wlth components (b; ® zj, ® a; ;) fori # i,.

Since b > z and since b ® A* is the minimal solution to (27) this yields:

R7*>bRA* =17

o

N

>
We deduce z > 7, i.e. the minimality of Z. O

The previous result can be used to determine the matrix A* row by row. For

example, to determine the first row of A*, we will choose b = (e, ¢, ¢, ..., ¢). The
computation of Z = (Al 1 A* LAY n) can then be carried out step by step, as
follows.

We determine an index i, € [1, n] such that:

n
bi, = Z b; (sum to be understood in the sense of @).

By Theorem 6, we deduce the component i, of the desired solution: z;, = bj,.
With this information, one can then reduce the problem to the determination of
the minimal solution to the reduced linear system:

i=70A®b (25)

with, Vi # i,: bi = b; @ bi, ® a;i, and where A is the matrix deduced from A by
deletion of row i, and column i,.

By again applying Theorem 6 to the latter problem, we determine an index i €
[1, n]\{io} satisfying:

ie[1,n]\{io}

and we obtain z;, = bil , and so on.

At each step, we obtain the value of a new component of the solution z and the
dimension of the problem is decreased by one unit. After n steps, the solution vector
is therefore obtained.
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One is thus lead to the following algorithm:

Algorithm 3 (generalized Dijkstra)
Determination of a row of A* corresponding a chosen index t(r € [1, n])

(a) Initialization:

() < e
Set .

nt(i) < ¢ fori e [1,n]\{r}
T={1,2,...,n}

(b) Current step:

(by) Determine an index i € T satisfying:

(i) = Z 1(j) (sum to be understood in the sense of @)
jeT
then set: T <— T\{i}
If T = 0, end of algorithm: the vector (1(1), w(2), ... w(n)) is the row r
of A*.
If T # @ goto (by).
(by) ForalljeT set:

n(j) < 7() @ 7(i) @ ajj

and return to (b).

The following result states the complexity of Algorithm 3.

Proposition 4.3.1. Algorithm 3 requires O(n?) operations @ and O(n?) opera-
tions ®.

Proof. For iteration k where |T| = n — k + 1, the computation of the index i in step
(by) requires n — k + 1 operations @ and the updating of the wt(j) values in step
(b2) requires n — k operations @ and n — k operations ®. The result is deduced by
summing up for k from 1 ton. O

In the special case of the shortest path problem in a graph with all nonnegative
lengths, we find again DIJKSTRA’s classical algorithm (1959).

4.4. Extensions of Iterative Algorithms to Algebras
of Endomorphisms

We are going to show in this section that the iterative algorithms of Sects. 4.1 and 4.2

as well as the generalized Dijkstra Algorithm of Sect. 4.3 (“greedy” algorithm) can

(under appropriate assumptions to be specified) be generalized for the “point wise”

computation of the quasi-inverse ®* of a matrix & = (@ij)@:{,,..,n where the entries
j=IL,..n
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are endomorphisms of a monoid (S, @). As will be seen, this extension opens up the
way to solving new problems, among which a huge variety of “non classical” path-
finding problems in graphs. A typical example concerns the shortest path problem
with time dependent lengths on the arcs, which can be stated as follows. With each
arc (i, j) of a graph G we associate a function ¢j; giving the time tj = ¢;;(tj) of arrival
in j when starting at i at the instant t;.

Starting from vertex 1 at a given instant t;, we want to determine a path reaching
vertex 1 in minimum time. Without special assumptions on the form of the functions
@;j» such a problem does not fit into the framework of the classical model introduced
in Sect. 2. If one analyzes the causes of the difficulty, it can be observed that, in the
classical shortest path problem, the information attached to the vertices and the infor-
mation attached to the arcs of the graph are of the same nature: these are elements of a
same basic set, the dioid (R, Min, +). On the contrary, in the shortest path with time
dependent lengths on the arcs, the information attached to the verticesi € X are times,
i.e. real numbers, whereas the information attached to the arcs are functions: R — R.

Starting then from the idea that a good algebraic model for this type of problem
must take this distinction into account, Minoux (1976, 1977) introduced very general
algebraic structures which will be called algebras of endomorphisms.

Clearly, when such an algebra has the properties of a semiring (resp. of a dioid),
we will refer to of a semiring of endomorphisms (resp. to a dioid of endomorphisms).

4.4.1. Endomorphism Algebra — Definition
An algebra of endomorphisms (of a monoid) is defined as a given quadruple:
(S, H, &, %), where:

— Sisthe ground set, endowed with an internal law @ which induces a commutative
monoid structure with neutral element ¢ (in the case of a path-finding problem,
its elements correspond to the information attached to the vertices of the graph).

— His the set of mappings: S — S, satisfying:

h(a®b) =h(@) @h(b) VheHaeS,bes.
h(e) = ¢ Vh € H.

H is therefore the set of endomorphisms of (S, @) satisfying h(e) = e. The unit
endomorphism will be denoted e: e(a) = a, Va € S.
— The & law on S induces on H an operation also denoted &, defined as:

(hedg)(a)=h(a)dga) VheH,geH,aeSsS.

Observe that @ is an internal law on H. The neutral element of @ in H is the endo-
morphism denoted h® which, with any a € S, associates ¢ € S; we clearly have:

h®* h=h@®h*=h VheH.
— H is moreover endowed with a second law, denoted * defined as:
heH,geH h*xg=goh

where o is the classical product mapping.
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% is therefore an internal, associative law on H which has the unit endomor-
phism e as neutral element.

Furthermore, * is right and left distributive with respect to the @ law. It has h® as
absorbing element because:

(g *h®)(a) =h*(ga)) =¢ VaeS, VgeH.
(h* xg)(a) = g[h’(a)] = g(e) =¢ VaeS, VgeH.

We deduce that (H, @, *) is a semiring.

4.4.2. Quasi-Inverse of a Matrix of Endomorphisms

Given a semiring of endomorphisms (S, H, @, %), let us consider now a n x n matrix:

We now focus on the existence and computation of the guasi-inverse ®*. Since
@ is a matrix of endomorphisms, we will have to make it clear in what sense one
can speak of the computation of ®*.
Let us first of all address the question of existence.
If it is assumed, for example, that all the endomorphisms ¢;; corresponding to the
entries of @ satisfy:
VaeS: a®d (pij(a) =a

in other words that, Vi, j:
ed ¢y = (S

it is then easy to see that the graph G associated with ® has no 0-absorbing circuit,
which implies the existence of the matrix ®* = ((p?})@:l ..... n quasi-inverse of ® (see
Theorem 1 Sect. 3.3). j=1,...n

Let us observe, however, that, as opposed to the classical case dealt with above,
the fact that ®* exists does not necessarily guarantee that the computation of ®* can
be performed explicitly and efficiently. Indeed, the entries (pi*j are endomorphisms,
therefore mappings: S — S, which, apart from special cases, can only be exactly
known through the set of images of all the elements of S. Thus, from the point of
view of computation and information storage this poses a problem whenever (and
this is the most frequent case) |S| = +oo.

Moreover, in many applications:

— Either each endomorphism ¢;; (each entry of the ® matrix) is only known by its
effect on each element of S;

— Or the product of two endomorphisms ¢;; * ;. is known only by its effect on
each element of S.

Indeed, the algorithms to be described in Sect. 4.4.4 will be limited to efficiently
computing each endomorphism (pgg point-wise, i.e. they will compute (pi*j(a) for a
given arbitrary a € S.
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We first provide below a few typical examples of problems that can be modeled
as the point-wise computation of the elements of ®*, quasi-inverse of a matrix of
endomorphisms ®.

4.4.3. Some Examples

Example 1. Shortest path with time dependent lengths on the arcs (see Chap. 1,
Sect. 6.2.)

We will take here S = R, @ = Min, e = +o00. The set H will be the set of
endomorphisms h of S satisfying h(+00) = +o0. Since here & = Min, the condition
of endomorphism amounts to:

h(Minf{t, t'}) = Min{h(t), h(t')}

which is equivalent to requiring that the functions h: R — R be nondecreasing.

With each arc (i, j) of the graph we associate ¢; € H having the following
meaning:

ti = ¢j (t;) is the instant of arrival at the vertex j when starting from i at the instant
tj through arc (i, j).

If one starts from vertex ip chosen as the origin at the instant ty, one wishes to
determine, for every vertex j # ip, an optimum path in order to arrive in j as early as
possible. The aim therefore is to determine all the values ‘Pi*(,, i (to) which correspond
to the row ig of the quasi-inverse ®*.

Example 2. Shortest path with discounting (see Chap. 1, Sect. 6.2.)

With each arc (i, j) of a graph G, we associate a length which depends, in a path,
on the number of arcs previously taken. If we interpret, for example, the transversal
of the arc (i, j) as corresponding to an annual investment program, the cost of the arc
(i, j)is ¢/ (1 + 1! if t is the number of arcs previously taken by the path, that is to
say, the year of the expenditure cj; (T is a given parameter referred to as the discount
rate). For every arc (i, j) the value Cjj, assumed to be given, therefore represents the
amount of the investment corresponding to the arc (i, j) assuming that this is the first
arc of the path to be determined.

We seek the shortest path with discounting from a given vertex 1 to each of the
other vertices.

If T is the number of time intervals under consideration, we will take for S the

set of (T 4 1)-vectors with components in Ry U {+o0}. If a = (ag, ay,...,ar)
and b = (bg,by,...,br), we defined = a d b = (dp,dy,...,dr) by setting
d¢ = min (a, by), for all t from O to T. € = (400, ..., 4+00). Then we define the
endomorphism gj; as:
¢j(@) =b
by = 400
ith Cij t=1,...,T
W b =a—1 + . ( )

(1+ !
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We observe that such endomorphisms are T-nilpotent (see Sect. 3.3) and the matrix
®* therefore exists (as a consequence of Theorem 3, Sect. 3.3).
The initial state of the vertex 1 being taken as equal to « = (0, +o00, 400, ...,
+00), the problem is reduced to the determination of (p’fj () forj=2,3,...,n.
The shortest path with discounting between 1 and j has the value

Example 3. Shortest path with time constraints

With each arc (i, j) of a graph G, we associate:

— aduration dj; > 0 measuring the transit time on arc (i, j),
— a set of intervals Vy; C [0, +-o00[ representing the set of instants of possible
departure from vertex i towards vertex j using arc (i, j).

With each vertex i, we associate a set of intervals W; C [0, +-o0[ representing the
set of instants where parking is authorized in vertex i.

The problem is to determine the shortest path joining two specified vertices x and
y (in the sense of the transit time) compatible with the time constraints specified by
the Vj; (on the arcs) and the W; (on the vertices).

The information associated with a vertex i is the set E; of the instants of possible
arrival in i from the origin x. An element of S will therefore be a set of intervals
C [0, +oo[. We define on S the operation & (union of two sets of intervals) by:

a@b={t/t caorteb} Va,beSs.

The empty set ¢ is the neutral element of @. To define the endomorphisms ¢;;, we
define the transition between i and j in several steps:

— If E; corresponds to the set of instants of possible arrival in i, then the set D; of
the instants of possible departure from i will be:

Di =E; LW,

where the operation _L is defined as follows:

If B = {[ocl,oc’l], [, 5] .. [ ]}
Wi={[B1: 8] [B20B5] - [ By B4 ]
then:
Di =y, V)] ®[v2 2] @ [vp, y{,]
where, for k from 1 to p:
[, o ] if o & W;

/
Yk, Ykl = . .
[ k] [ock, BJ’] if of € [Bj, BJ’] for some j;
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— The set of instants of possible departure from i towards j using arc (i, j) will
be then:
D; NV

— Let us define on S an external operation T (translation) as:
aeS, t1eRy, 1Ta={t+1/te€al.
The set of instants of possible arrival in j from i through arc (i, j) will therefore be:
d; T(D; NVj).
Finally we define ¢j; as:
¢;i(E)) = djj T[(EiLW;) N Vjj].

It is easily checked that ¢;; is an endomorphism of (S, ®).

We observe that the endomorphism ¢ is entirely determined by the triple
(Wi, Vjj, djj) but the product of two such endomorphisms will not generally cor-
respond to such a triple.

One can then show that for some p € N deduced from the problem data, the set
of endomorphisms ;; is a p-nilpotent set (see Exercise 1 at the end of the chapter),
which implies the existence of A* (Theorem 3, Sect. 3.3).

The minimum time to reach 'y will be then the minimum element of Ey = (p;y (Ex).

4.4.4. A Few Solution Algorithms (Minoux, 1976)

We now turn to show how the classical Jacobi, Gauss—Seidel (see Sects. 4.1 and 4.2)
and Greedy algorithms (Sect. 4.3) can be generalized to the problem of (point-wise)
computation of the quasi-inverse ®* of a matrix of endomorphisms ®. Here we will
focus on paths of origin 1 for example, i.e. on the (point-wise) computation of the
first row of ®*.

The generalization of the Jacobi algorithm readily leads to the following.

Algorithm 1’ (Generalized Jacobi algorithm)

(a) Initialization of the states of the various vertices. E(l) is the initial state of vertex 1.
EJQ «~¢eVj=2,....,n. k<«0.
(b) Repeat (current iteration)

k< k+1;
n
Bk =3 g (Ei“l) @ EY
i=1

n

k-1

Ef = Z] @i (B )
1=

While (3 i such that: EX # E*~1)
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(c¢) When the iterations terminate, the current state of each vertex i is the desired
result: B; = ¢ i(E(l))

If we have ®®) = ®* (Theorem 1, 2 or 3), then the previous algorithm converges
in at most K steps.

When @ is idempotent, the previous algorithm can be improved by transforming
it into an algorithm of the Gauss—Seidel type to obtain Algorithm 2" below.

Algorithm 2" (Generalized Gauss—Seidel algorithm)
(Case where @ is idempotent)

(a) Initialization of the states of the various vertices: B4 = E(l) initial state of vertex 1.
E, < ¢ for i=2,...,n; k< 0.

Test < FALSE.
(b) Repeat (current iteration)
k < k + 1; Test < FALSE;
For (any arcu = (i, j) € U such that E; # ¢) proceed as follows:
Compute E{' = E; ® ¢ij (Ei);
If(Ej/ # Ej) then
Test < TRUE;
Endif
Ej < Ej{;
Endfor
While (Test = TRUE)
(c) When the iterations terminate, the state of each vertex i is the desired result
Ei = ¢} (B

Just as in algorithm 1/, if A®) = A*, then algorithm 2’ converges in at most K
iterations.

We are now going to make an improvement to algorithm 2’, still in the case where
@ is idempotent. A vertex i will be referred to as labelled at iteration k if its state E;
was modified by this iteration. A vertex i will be referred to as examined at iteration
k if for all the vertices j € I'j, we have carried out the transformations:

El < Ej @ ¢;(Ey)
Ej < EJ/

We then observe that it is unnecessary in algorithm 2’ to examine, at iteration k, a
vertex i examined at some iteration £ < k and not labelled since then.
Indeed, at iteration £, we calculated:

2 _nl 1
Ef =E; & ¢;(E;)
for all j € I'j, and thus at iteration k, the state of j can be written in full generality:

E =E @ ¢;(E)) ®F
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(F; is the contribution of the new labellings which have taken place between iteration
1 and iteration k from vertices other than i).
Since, in iteration k, the state of i is still E;!, the labelling of j will give:

E} =E @ ¢;(B}) =E] @ ¢;(B) 8 Fj ® ¢;(E}) = F;

since @ is idempotent. This is true Vj € I'j and the property thus follows.
Taking this remark into account, and denoting at the current step, the set of labelled
vertices by X5, we obtain the generalized Moore algorithm.

Algorithm 2" (Generalized Moore algorithm)
(Case where @ is idempotent)

(a) Initialization: Eq < E(I)
Ei < ¢ for 1=2,...n
Xy <« {1}; k < 0;
(b) Repeat (current iteration)
k< k+1;
Select an arbitrary vertex i € X,.
Set: Xy < Xo\{i},
For (j running through T';) do:
compute EJ’ = E; @ ¢;i(Ep)
If (EJT # E)), then:
Xo < X U j}
Endif
Ej <« EJ/
Endfor
While (X5 # )
(c) When the iterations terminate, the state of each vertex i is the desired result:
Ei = ¢} ; (ED).

Let us now assume that there exists on S a total preorder relation! denoted o,
compatible with @, and such that:

@jj(a) oca Vi, j (26)

We observe that a relation of this kind is not necessarily antisymmetrical: a o< b and
b o a does not necessarily imply a = b.
In the case of the shortest path with discounting (see Sect. 4.4.3 above), the
preorder relation will be defined as:
a = (ap,ay,...,ar) « b = (bg,by,...,br) if and only if: .IXIinT{ai} <
i=0,...,

! Let us recall that a total preorder relation is a binary relation o reflexive (a o a), transitive
(a xb,boc= aac)andsuch that: Va,b € S = a o« b or b o< a. It is compatible with & if,
Va,b,c € S,wehave:axb=a®cxbdc.
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In the case of the shortest path with time constraints (see Sect. 4.4.3 above), the
preorder relation will be:

E « F < min{t/t € E} < min{t/t € F}.

It is clear that these two relations are not antisymmetrical.

In the case of the shortest path with time dependent lengths on the arcs, the
preorder relation will be the usual order relation defined on R.

Now, the total preorder relation together with (26) will be used to remove the
indetermination existing with regard to which vertex of X, should be selected in
algorithm 2”. This leads to the following algorithm which generalizes Algorithm 3
of Sect. 4.3 (“greedy” algorithm).

Algorithm 3’ (Generalized Dijkstra Algorithm)
(Case where @ is idempotent and where there exists a total preorder relation
onS).

(a) Initialization: Ey < EY,
Ei < efori=2,...,n.
X <« @; Xy < {1}; k < 0.
(b) Repeat (current iteration)
k< k+1;
Select r € Xy such that:
E; « E;, Vi € X».
If (r ¢ X1) then
X1 < X1 U{r}
Xy < Xo\{r}
Endif
If (X1 # X) then
For (j running through T'y) do:
Compute Ej' # E; @ ¢, (Er)
If (Ei # E;) then:
Xy «— X U{j}
Endif
Endfor
Endif
While (X2 # 0) or (X1 # X))
(c) When the iterations terminate, the state of each vertex i is the desired result:
E; = ¢} ;(E).

The finite convergence of Algorithm 3’ follows from that of Algorithm 2”. Indeed,
it only differs from the previous one by:

— A selection rule for the node to be examined;
— An additional stopping criterion.
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Clearly, the selection rule of r does not influence the convergence. Moreover, an addi-
tional stopping criterion can only reduce the number of iterations; hence Algorithm 3’
will be preferred whenever the required properties are present.

To show that Algorithm 3" indeed achieves a minimal label E; for every vertex j,
itis enough to check that E; is minimal in S when r is transferred for the first time to
X (see proof in Exercise 2).

In the special case where « is a total order relation (this is the case for example
for the shortest path problem with time dependent lengths on the arcs), it will always
hold true that X N X, = @ (see proof in Exercise 2).

Each vertex is then examined once at step (b) and the maximum time taken by
Algorithm 3’ is then O (N2) assuming that each computation of E; & @i (E,) takes
place in time O (1). Algorithm 3’ then appears as a generalization of Dijkstra’s
Algorithm or of algorithm 3 of Sect. 4.3 (greedy algorithm).

5. Direct Algorithms: Generalized Gauss—-Jordan Method
and Variations

In this section, we generalize the classical computation of the inverse of a matrix via
Gaussian elimination to the computation of the quasi-inverse of a matrix A € My(E)
in a semiring or in a dioid, when this quasi-inverse exists.

We know then (see Sect. 3.4) that the quasi-inverse A* satisfies the linear system
(11) and that, moreover, if (E, ®, ®) is a dioid, A* is the minimal solution to the
matrix systems:

Y=Y®ADI (28)

and
7Z=AQZI 29)

where Y = (yjj) € My(E)andZ = (z;j) € My(E) denote, ineach case, the (unknown)
matrix to be determined. I denotes the identity matrix of My, (E).

5.1. Generalized Gauss—Jordan Method: Principle

We will describe the generalized Gauss—Jordan method by considering system (28)':
Y=Y®A®B (28)

where B = (bj;) € My(E) is a given arbitrary matrix.

We will assume that A* exists, therefore, implying that (28) has a minimal
solution B ® A*

Note that we will be able to obtain similar formulas to solve the system:

Z=ARZOB 29y
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In the sequel, it will be assumed that (E, @, ®) is a topological dioid; we recall
that in such a dioid, any nondecreasing sequence bounded from above has a limit
(see Chap. 3, Sect. 6).

As will be seen, this assumption will enable to show that at each step, the method
calculates expressions leading to minimal solutions. In the case where (E, @, ®) is
not a dioid, but only a semiring, the method will possibly yield a solution to (28)’
which does not necessarily have the property of minimality.

In the special case where B = 1 (the identity matrix of My(E)) and where
(E, ®, ®) is a dioid, the generalized Gauss—Jordan method therefore yields the
minimal solution to (28) i.e. the quasi-inverse A* of A.

The first equation of (28)" is written:

n
yii =Y11®311@ZY1j®aj1@b11 (30)
j=2

Since (E, &, ®) is a topological dioid we deduce that the entry aj; has a quasi-
inverse aj; (see Chap. 3, Proposition 6.2.6) and consequently from (30) we obtain
the expression of yy; in terms of the other variables yj (j = 2, ...n):

yi1 = ZYU ®aj; @ aj; ® by Qaj;
j=2

We proceed similarly with all the other equations of (28)" corresponding to the first
column of Y. We therefore have, foranyi=1,...,n:

n
Vil = ¥i1 ® a1 & Zyu ® aj; ® by
i=2

which, by using a;, enables one to express y;j in terms of the other variables y;; (j =
..n):
n
Yil = ZYij ® aj; @ af; ® by ®aj, (3D
j=2

Once the expressions of yj; (i = 1...n) givenby (31) are obtained, one can substitute
them in the other equations of system (28)’, which gives, for i arbitrary and k > 2:

n
Yik = Z Yij ® ajk @ bik
=1

n
=y @ ak & Z Yij ® ajk @ bix
=2
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By using (31), the above expression takes the form:

n
Vik = ZYij ® (aj1 ® aj; ® ajx @ ajk) S bi; ® aj; ® a @ bik (32)
i=2

Let us denote Y!!! the matrix deduced from Y by replacing all the entries in the first
column by ¢ and let us introduce the square n x n matrices

Al = (ai[jl]> and B = (bi[jl]>

defined foranyj=1---nandk =1---nas:

aj[l] =ajk a1 ® a]"l ® ajx (33)

and |
bl = by @by ®af; ®ap (34)

It can be observed that the equations (31), which define the first column of Y can
also be written:

Ty117] [ _[1]7] . [1]7]
yn an by
yal (1 Bl
0] Ay 21
=Ye|  |e| (35)
[1] [1]
LYn1_ [ 1 _bnl _

Indeed, fori = 1, ... n, the expression of y;; given by (35) reads:
n
1 1
Yil = ZYij ® aj[l] @ bi[ll
=2

n
= ZYij ® (aj1 @ aj1 ® aj; ®ay) by S by ®aj; ®ay
=2

Now, since a]"l is the quasi-inverse of ajj, we have that:
aj; @aj®aj; ®aj =aj; ®(® aj; aj) =aj aj

and similarly:
b ®bj1 ® aj; ®aj =bj; aj]
from which we can write:
n
Vil = ZYij ® aj; @ a]; ® by ®aj,
j=2

which is exactly expression (31).
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The relations (32) and (35) therefore show that after elimination of the variables
yi1 (i=1---n), system (28)’ takes the form:

Y = vyl ® Alll D B! (36)
Moreover (33) and (34) can be written in matrix terms:
Al = A g@mt!! (37)

and
Bl =B @ M!"! (38)

where the matrix MI!] € M, (E) is the transformation matrix defined as:

al, aj;®ap aj;®a3 . . . aj}®an
e e e L. e
M[l] _ € € €
) ) . .. e

i.e. the matrix deduced from the identity matrix of M, (E) by replacing the entries in
the first row by:
[1]
my = aj
1 .
mEjJ =a];®a;j(=2,...,n)

(for the entries in the first column of Alll, (33) yields: aj[ll] =2 ®(edaj; ®ay) =

aj] ® aj;; in the same way (34) yields bj[lll =bj ®aj))

By analogy with the classical Gauss—Jordan method, we will say that (36) is
deduced from (28)’ via a pivot operation on the first row and the first column (the
entry ajj is referred to as the pivot element).

Itis now easy to see that the elimination technique explained above can be iterated:
since A™ exists, aglz] is quasi-invertible (see remark below) and the element aglz] can
be used as a pivot element to eliminate all the variables of the second column of Y.
By denoting Y!?! the matrix deduced from Y!!! by replacing all the terms of the
second column with &, the system obtained at the second iteration reads:

Y = Y2 g A2l g B2
where

AlZl = Alll o M2
B2l = B!l @ M2
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MI2! being the matrix deduced from the identity matrix I by replacing the second
row by:

22 = (a )*
1.
my! = (a)))* ®ay! (G #2)
Remark. The fact that the existence of A* implies that a2 | has a quasi-inverse can

be derived as follows.

e ajl a . .
Consider A = an a12 corresponding to the first two rows and columns. Since
21 422

A* exists, we know (from Proposition 6.2.6 in Chapter 3) that Ahasa quasi-inverse
A* which solves the 2 x 2 system:

ujp up upr u| o xv o le €
= RA®
uz;p U2 uz;p U2 e ¢

carrying out on the above system a pivot operation with pivot element a;; yields the
relation

up =up @ (a1 ®aj; ®ap dayn)de
=un® aglz] De

For the solution uy = (7\*) the above implies, Vk € N:

22°

(k)
[ 1
up =un ® <322]> 2/ (agz])

(k)

1

(a£2] ) = up.
i ®

Thus the sequence <a22 ) is nondecreasing and bounded from above in a topolog-

hence:

ical dioid, hence the existence of <a212]> follows. ||

In a general way, the matrices AKXl and BIX! are defined recursively as:

Al —A BB (39)
and,Vk =1,2,....n

A[k] — A[kfl] ®M[k] (40)

Bkl — BIk—11 g MIk] (41)

with MIXI deduced from I by replacing the row k by:

mE; = (ag )" (42)

k—1] k—1]

= (ay ) ® A 0§#K (43)
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*
(The fact that (aEf]]) exists is obtained along the same line as in the above remark,

considering the principal submatrix induced by the first k rows and columns and
carrying out k—1 pivot operations).
We then have:

Theorem 7. Let A € My (E) where (E, @, Q) is a topological dioid. It is assumed
that A has a quasi-inverse A*.
Then Y = B™ obtained by (39)—~(43) is the minimal solution to the system

Y=Y®A®B (28
In the special case where B = BI% =1, then B is the quasi-inverse A* of A.

Proof. All the intermediate operations performed in applying the recurrence relations
(39)-(43) comply with each equation of ((28)"). The matrix Y = B! obtained at the
n'" iteration is therefore clearly a solution.

The fact that it is indeed a minimal solution can be easily proved by induction as
follows.

LetY = (¥ij) be an arbitrary solution to (28'). At iteration I, Y therefore satisfies:

Vi=1...n:

n
yil =yii ®an @ Y yjj ®aj @by (44)
=2

Y is therefore a solution to (44)
Thus yj; solves:

n
yil =yii ®an @ Y _ ¥ ®aj @by
j=2
and consequently:
n
yit > Z}_’ij ®aj by | ®aj,
j=2

This shows that Y satisfies system (36) obtained at the end of the first iteration with
the inequality, in other words that:

Y>7"oAllgpll =" gAllgB oM
There therefore exists a matrix H1 € M, (E) such that Y satisfies
Y=Y"oaAllgBgM! g@H! (45)

The second iteration, corresponding to the elimination of all the variables yi,
performed on system (45) would lead, similarly, to showing that Y satisfies:

Y > T2 o A2 g (B oM g H[”> & M2
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There therefore exists a matrix HI2! € M, (E) such that:
Y=Y"eal e (BoM" o ") @M @ H!

One can therefore deduce, by induction, the existence of matrices HUT g2l . glnl
such that: Y = Y @ A @ (((---(BeM @ HM) ... MP o H?) © - - -)
Ml g H[n])
£e €
g
Since YIM = we deduce

e €
Y>BoMlgM? & ... MM = B

This proves that B[ is a minimal solution to (28). O
5.2. Generalized Gauss—Jordan Method: Algorithms

Letus consider here the case where B = 1. Applying the induction formulae (39)—(43)
we then construct the quasi-inverse A* of A.
We have, in this case:

BM —A* =M gM? ... MM
and:

A —AoM! gMP? ... @ MM
= A ®BM
=AQ®A"
=AT

It is seen that to compute A" = A* we just have to use the induction formula (40).
A* is then directly deduced from AT by: A* =1 AT,

Since M only depends on AX~11 this remark shows that one can compute A*
by only working on each iteration with a single matrix A,

We then have:

Algorithm 4 (Generalized Gauss—Jordan)
Computation of the matrices AT and A*

(a) Set Al = A
(b) Fork = 1,2, ...n successively do:

k] _ ( [k=11\*,
e = (akk ) ;

Fori=1...n



152 4 Solving Linear Systems in Dioids

Forj=1...n
If(i#korj#Xk)do:
(k] [k—1] [k—1] [k] [k—1]
4 <y Bay By ®ay
Endfor
Endfor

Endfor
(c) At the end of step (b) we obtain AT = A", A* is then deduced by:

A* = Al @ 1.

The following result states the complexity of Algorithm 4.

Proposition 5.2.1. Algorithm 4 requires n computations of the quasi-inverse of an
element, and O(n?) operations @ and Q.

*
Proof. Each iteration requires the computation of (al[(ll(:l]) (quasi-inverse of the

pivot element) and O (n?) operations @ and ®. From this the result follows. 0O

A special case of interest is the one where the graph G(A) does not contain a

0-absorbing circuit. In this case, al[(ll((_l] is a O-stable element (see chap. 3 Sect. 7)

therefore
k] _ ( k—11\* _
AGx = %k =¢€

Algorithm 4 then specializes as follows:

Algorithm 4’ Computation of A™ and A* in the case where G(A) does not contain
a 0-absorbing circuit
(a) Al = A
(b) Fork=1...n
Fori=1...n

Forj=1...n
(k] [k—1] [k—1] [k—1],
aij <« aij D ay ® akj ;
Endfor
Endfor

Endfor
(c) AT = Al gnd A* =T Al

In the case of the shortest path problem in a graph without negative length circuits
(® = Min, ® = +) algorithm 4’ is none other than Floyd’s algorithm (1962).

5.3. Generalized “Escalator” Method

A being a n x n matrix with elements in a dioid E, for any k € [1,...,n] let us
denote A(xy the sub-matrix of A formed by the first k rows and the first k columns of
A. With this notation this yields: A = Ay,
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The principle of the “escalator” method is to determine (A;)* from (Aq))* =
aj;; then (Ag;3))* from (A3))*, and so on, until one obtains A* = (Ay,))* from
(Ap—1)™.

To implement this recursion in the form of an algorithm, we will use the formula
of quasi-inversion by blocks given by the following result.

Proposition 5.3.1. Let (E, &, ®) be a dioid and U € My (E)(k > 2) a k x k matrix
assumed to be partitioned into blocks in the form:

U U
U=
|:U21 Uzz}

with Uyy € My_1(E) and where:

Uiz has dimensions (k — 1) x 1, Uy has dimensions 1 x (k—1) and Uy, € E. It is
assumed that the sub-matrix Uy} is quasi-invertible with quasi-inverse U}, that the
entry Ua; is quasi-invertible in E, and that the element p = Uy ® U’fl QUi ®Upx
is quasi-invertible in E.

Then U is quasi-invertible in Mg (E) and U* = |:X11 Xlz] is given by the
Xo1 X2
Jformulae:
X =U;; @U@ Upep" ®Uy ®Uj (46)
Xip=U}; ®@Up @ pn* 47)
Xo1 =" @ Uy @ U, (48)
X =p* = (U @ Uj; ® U @ Unp)* (49)

Proof. Let us show the existence of a minimal solution to the matrix equations:

X=U®X®I (50)
X=XoU®I 51)

where X € My (E) can be partitioned into blocks:

X1 X2
X =
[le Xzz}

(50) implies, in particular:

X2=Un® X ® U ®Xn (52)
Xn=U1 X120 Un®Xnde (53)
Since Uy is quasi-invertible, (52) has a minimal solution in X;, for any value of

X72, which reads:
Xp=U],@Up®X,,
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By using this relation, (53) is written:
Xn=U®U};@UndUn) ®@Xnde

or, equivalently:
Xn=n @Xn Pe

| being assumed to be quasi-invertible, the equation above has a minimal solution
which reads:
Xy = p* (49)

from which we deduce:
Xp=U;@Upeun" 47

Similarly (51) leads to the four relations:

X1 =X1®Un &X2® Uy & Ik (54
Xo1 =X21 ® U & X22 ® Ugy (35)
X2=X11 09U ® X2 ® U (56)
Xn=X1QU2®X»nQUxnde (57)

By using (47), (54) is rewritten:
Xin=X1®U®U];@Upepn* ® Uy @Ik

and, since Uy is quasi-invertible, the latter equation has a minimal solution in X1,
which is written:

Xin=U;,9Upnoun*®@Uy &Ik_1) QUj,
=Uf,® U}, @ Upp @ n* ® Uz ® U, (46)

Finally, by using (49) and the quasi-invertibility of Uy, through (55) one obtains the
minimal solution in X»1:

Xo1 =p* @ Uy ® Uj, (48)

We have thus obtained the expressions (46)—(49) by exploiting two of the relations
resulting from (50) and two of the relations resulting from (51). It remains to verify
that X thus obtained satisfies for example the two other relations (56) and (57)
deduced from (51). The expression X1 ® Uz @ X2 ® Uss is written:

U0 @Unon Uy @Ul)@UneUf; ® U@ u* ® U
=U5;®@Un o U;;®Unep) ® Uy ® U, ®Up & Uxp)
=U,0Un@CEdpn" opn)

=U};,®@Upepn”

= X2 according to (47)
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The expression Xz1 ® Uiz @ Xop ® Uno @ e is written

W @Uy @ Uj; @U@ p” Uy de

=pu*® Uy @ U, @U@ Uxn) de

=pn*® n @e=pn* =Xy according to (49).
X given by (46)—(49) therefore clearly satisfies (51).

Furthermore, by construction, it is clearly a minimal solution. We deduce that U
is quasi-invertible with U* = X. O

To determine the quasi-inverse of a matrix A (assumed to be quasi-invertible) one
can then deduce directly from Proposition 5.3.1 the following general algorithm.

Algorithm 5 (generalized “escalator” method)
Determination of A* for A € My, (E) assumed to be quasi-invertible.
Set A?‘l} =aj;
Fork=2,...,ndo:

where:

* Vk_1 is the column-vector formed by the k — 1 first entries of the k"
column of A.

o Wy_1 is the row-vector formed by the k — 1 first entries of the k' row
of A.

Compute:

R = (Wk—1 ® Afx_1) ® Vk—1 © a)”

Vk—1 = Af_1) ® Vk—1 (58)

Wk—1 = Wk—1 ® Ay, (59)
then deduce:

|
Aikk_l] D V-1 @ W ® Wk—1 [ Vi—1 @ u*
A}, =
{k} - = === === — =
W ® Wik—1 ! Ty
Endfor

At the end of the iterations, we obtain A* = A?‘n}.

Let us observe that in the expression of A?k} the vectors Vi1 @ W* and u* Q w1
deduced from (58) and (59) correspond to (47) and (48) respectively. Moreover, the
expression Afkfl} P Vk_1 ® L™ ® wi_; can be rewritten:

A1y @ Af_y ® V-1 @ " @ Wk @ Ay

which is none other than relation (46).
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Proposition 5.3.2. Algorithm 5 requires O(n3) operations ® and ®, as well as n
computations of the quasi-inverse of an element of E.

Proof. On the whole, the algorithm performs a total of n computations of the quasi-
inverse of an element of E. Moreover, at each iteration k the algorithm performs on
matrices of order k — 1 and vectors of dimension k — 1:

— Three matrix-vector multiplications requiring © (k*) operations @ and ®;

— A scalar product of two vectors requiring O (k) operations @ and ®;

— A product of a column-vector- (Vx_1) by a row-vector (W* ® wy_1) followed by
a sum of two matrices, which requires O (k?) operations @ and ®.

The result is deduced by summation on k from2ton. 0O

A interesting special case is the one where the graph G(A), associated with matrix
A, has no 0-absorbing circuit.

In this case at each iteration of Algorithm 5, we have p* = e, and Algorithm 5
can be reformulated in the following simplified form:

Algorithm 5’ Computation of A* starting from A by the generalized “escalator”
method (case where G(A) has no 0-absorbing circuit).

ar] < €7

Fork =2tondo:

(a) agx <— e
(b) Fori=1,...,k—1:
k—1
aj g < Zai*j ® 3j ;
j=1
k—1
i < Zak,j ® aji;
=1
Endfor

(c) Fori=1,...,k—1
Forj=1,...,k—1
ajj < ajj D ajk @ ay;j;
Endfor

Endfor
Endfor

In the case of the shortest path problem (& = Min, ® = +) algorithm 5’ is
recognized as Dantzig’s algorithm (1966).

6. Examples of Application: An Overview of Path-finding
Problems in Graphs

In this section we discuss some interesting examples of applications of the compu-
tation of the quasi-inverse of a matrix related to path-finding problems in graphs.
Table 1 on the following page summarizes the main features of these examples.
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6.1. Problems of Existence and Connectivity

To solve existence problems, we will use classical Boolean algebra, i.e. the structure:
E={0,1}, ®&=max, ®=min, &€=0 and e=1.
For a given graph G = [X, U], the matrix A is defined as:
aj=1 if (i,j) €U, a;=0 otherwise.
By interpreting the results of Sect. 3, we then obtain the following properties:

— There exists a path containing k arcs between i and j, if and only if (Ak)ij =1.

— There exists a path taking at most k arcs between i and j, if and only if (A® )ij = 1.

— Foranya € E,e®a = max(l,a) = | = e, therefore any circuit is O-stable; from
this we deduce (theorem 1) the existence of A*, which can be interpreted as the
incidence matrix of the transitive closure of the graph G.

6.2. Path Enumeration Problems

To solve enumeration problems, we typically have to take for E the power set of
some associated set, with set union as addition @.

To be more specific, suppose we want to enumerate all the elementary paths of a
graph (Kaufmann and Malgrange, 1963).

Given a graph G = [X, U], let X* be the set of ordered sequences of elements of
X ={1,2...,n} satisfying a given property P. Each element of X* will be referred
to as a path. Here we require that the paths be elementary (property P).

The empty set ¢ will be considered as an element of X*. We will take as ground
set E the power set of X*, i.e. E = P(X¥).

The @ law is taken as the set union, hence € = (J. The ® law will be the so-called
Latin multiplication defined as:

e u® =0 Xu YueS
o if Uy = (uai) with uai € X*
ug = (uﬁj) with ugj € X*
then:
Uy ® ug = {(ugi @ ugj)}
with:
if  uy = (o, ... ix)
and ug, = (jij2, .- .J1)
- (i1, 02, .00 ik, J2, 3305 000 i) AT ik =1
Uy, ® ug; = and if this sequence satisfies property P
< otherwise
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The neutral element for ® is the set formed of all the individual elements of X,
ie.e = X.

With each arc (i, j) we associate a;; = {i, j} € E.

By interpreting the results of Sect. 3, we deduce the following properties:

- (Ak)ij represents the set of elementary paths between i and j containing exactly
k arcs.

— The weight of any circuit is equal to ¢, therefore there is no zero-absorbing circuit.
We deduce (Theorem 1) the existence of A* = A®—D

- (A™! )ij represents the set of all Hamiltonian paths between i and j.

6.3. The Maximum Capacity Path Problem and the Minimum
Spanning Tree Problem

Here we consider the following lattice (doubly idempotent dioid):
E=R; U {400}, &=max, ®=min, &¢=0 and e = 4o0.

With each arc (i, j), we associate its capacity a;; > 0. The capacity represents
the maximum flow which can be sent on arc (i, j). The problem is to find a path p
fromi to j: (i,i1,12,...,1k, ), say such that o(n) = Min{a;;,, aj, i, . .., @ j} iS
maximized. The quantity o() is also referred to as the inf-section of the path . By
interpreting the results of Sect. 3, we deduce the following properties:

— The maximum capacity of a path containing k arcs between i and j is (Ak)ij.

— Forany a € E,e @ a = max(+4o00,a) = 400 = e, therefore there is no zero-
absorbing circuit. We deduce (Theorem 1) the existence of A* = AC=D,

— The maximum capacity of a path between i and j is (A*);;.

A problem closely related to the above concerns the search of a path p minimizing
the sup-section 6(n) = Max{a; ;,, aj, i,, aj,j}. In the search for a path minimizing
5(p), the dioid (R, Min, Max) will be considered.

From a classical result (Hu, 1961) in the symmetric case (i.e.: aj; = aj; for all i, ),
the minimum spanning tree of a graph provides the set of optimal paths minimizing
the sup-section for all pairs of nodes.

6.4. Minimum Cardinality Paths

Here we consider the following structure:
E=NU{+o00}, ®&=min, ® =+, =400 and e=0.

With each arc (i, j), we associate ajj = 1.
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By interpreting the results of Sect. 3, we obtain the following properties:

- (Ak)ij = k if there exists a path taking k arcs fromi to j, (A¥) j = oo otherwise.

— Foranya € E,e @ a = min(0, a) = 0 = e, therefore there is no zero-absorbing
circuit. We deduce (Theorem 1) the existence of A* = A1

— (A¥);; represents the number of arcs in the minimum cardinality path between i

and j.

We observe that the resulting matrix A* contains the relevant information required
to determine the centre, radius, diameter, etc. of a graph.

6.5. The Shortest Path Problem

For this example, which has already been extensively discussed (see Sect. 2 above),
we take:

E=RU{+0o0}, ®&=min, ® =+, e=-+00 and e=0.

With each arc (i, j), we associate its length aj;.
By interpreting the results of Sect. 3, we obtain the following properties:

- (Ak)ij represents the length of the shortest path between i and j taking k arcs.

— If a is nonnegative, e @ a = min(0, a) = 0 = e and a is O-regular. Therefore if
there does not exist a negative length circuit, A* exists (Theorem 1) and (A*)ij
correspond to the length of the shortest path between i and j.

6.6. Maximum Reliability Path

E={a/0<a<l1}, @=max, ®=x, e=0 and e=1.

With each arc (i, j) we associate the probability 0 < p;; < 1 of being able to pass from
i to j. The problem is, given two arbitrary vertices i, and j,, to find the probability
of the path from i, to j, which is the most likely to exist. (We assume independence
of the random events attached to the various arcs).

By interpreting the results of Sect. 3, we obtain the following properties:

— The maximum reliability of a path taking k arcs between i and j is (Ak)ij.

— Foranya € E,e @ a = max(l, a) = 1 = e, therefore there is no zero-absorbing
circuit. We deduce (Theorem 1) the existence of A* = A@—D,

— The maximum reliability of a path between i and j is (A*);;.

6.7. Multicriteria Path Problems

For the various optimization problems addressed in the previous sub-sections
(6.3—-6.6) one can define a multicriteria version of the problem which we formulate
here in the case of the shortest path problem (one can define an equivalent formulation
for the other optimization problems of Sects. 6.3-6.6).
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Given a directed graph G = [X, U], with each arc (i, j), we associate p lengths
Vilj,V%,...,Vg,...vg,with,‘v’kz I,...,p:

vEeR:R U {4-o0}.

Avector v € RP is said to be efficient with respect to a subset F of IRP if there does
not exist in F a vector v/ # v which has all its components smaller than or equal
to the corresponding components of v. The problem is then to find all the efficient
paths between two arbitrarily fixed vertices 1 and j, of G. We will therefore take for
E: P(RP), the power set of RRP. The operations @ and ® will be defined as follows:

if uy={uy)} with uy €RP and ug={ug)} with ug eRP
then:

Uy @ ug = set of efficient vectors of uy U ug
uy ® ug = set of efficient vectors in the set of vectors of the form ugy, + ug;.

It is easily verified that these two laws endow E with a dioid structure having
neutral elements:
e = (+00)? and e = (0)P.

By interpreting the results of Sect. 3, we then obtain the following properties:

- (Ak)ij represents the set of values of the efficient paths from i to j taking exactly
k arcs. .

— For any v € RP where all the components are positive, we have e & v = e and
v is O-regular. Therefore, if there does not exist a circuit of negative length with
respect to each of the p valuations of the graph, we deduce from Theorem 1 the
existence of A* = A1,

— Inthis case, (A¥);; represents the set of values of the efficient paths between i and
jin G.

One can generalize the multicriteria problems thus defined in many ways. For exam-

ple, one can consider multicriteria problems mixing various criteria such as capacity,

length, reliability of a path, etc.

More generally, considering a partial order relation on a set T and an operation
endowing T with a commutative monoid structure compatible with the order relation,
one will be able to determine in E = P(T) the efficient paths which correspond to
the minimal paths in the sense of the order relation.

6.8. The K'" Shortest Path Problem

For the various optimization problems discussed in Sects. 6.3—6.6., one can also seek
to determine the k best paths between two given vertices i and j.

We consider here the case of the search for the k shortest paths (similar models
for the other optimization problems of Sects. 6.3—6.6 could easily be defined).
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Let us denote R = R U {400} and let E be the cone of R¥ defined as follows:
u=(up,up,...,u,...,ux) € E

if and only if, for any i, u; € Rand:u; <up... < u.

With each arc (i, j), we associate the k-tuple vij = (jj, +00, +00, ..., +00) € E
where [;; represents the length of the arc (i, j).

In the case where a multigraph is being considered, there could exist several arcs
from i to j. One then associates with arc (i, j) the vector vj; where the components
correspond to the lengths of the k smallest lengths of the arcs from i to j ordered
according to nondecreasing values (and completed if necessary by components equal
to 4-00).

The operation @ is the operation Min (see Chap. 8, Sect. 1.3.1) defined as
follows

if uy = (ug, Ugy, ..., U ) With ug € R
ug = (ugl,ugz, ...,up ) with ug € R
then:
uy @ ug =uy = (uyl,uyz,...,uyk)
where the components of u, are the k smallest terms of (ugy;, Ug,, - . ., Ug, Up,
ug,, ..., ug,)) ordered according to non-decreasing values.

The operation ® is the operation g() (see Chap. 8, Sect. 1.1.5) defined as:
Uy ® ug =uy, = (uyl,uyz,...,uyk)

where the components of u, are the k smallest terms of the form ug; + ug; with
i=1,...,kandj=1,...,k

These two laws endow E with a dioid structure with neutral elements: £ = (+oo)k
and e = (0, +00, +00, ..., +00,) (see Chap. 8, Sect. 4.3.1).

Note that the operation @ is not idempotent. For example if u = (2, 3, 4, 4) then
udu=(2,273,3) #u.

Concerning computational complexity issues, it is easy to show that the operation
@ requires k comparisons and that the operation ® can be implemented with k log, k
comparisons and ordinary additions.

By interpreting the results of Sect. 3, we then deduce the following properties:

— (AP);; represents the values of the k shortest paths from i to j traversing exactly
p arcs.
- (A(P))i, j represents the values of the k shortest paths between i and j traversing at
most p arcs.
(Observe that the k shortest paths thus obtained are not all necessarily
elementary).
— Ifu € E has all its components nonnegative, then u is (k — 1) stable (see Chap. 3
Sect. 7). Therefore if the graph does not contain a circuit of negative length,
the weight of each circuit is (k — 1) stable and since the multiplication & is
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commutative, we deduce from Theorem 2 of the present chapter the existence
of A* = A®-1) Here nx_; denotes the maximum number of arcs in a path
traversing each elementary circuit of G(A) no more than k-1 times (see Sect. 3.3,
Theorem 2).

— (A¥);j represents the values of the k best paths from i to j if there is no negative
length circuit in the graph.

6.9. The Network Reliability Problem

Let G=[X, U] be a directed graph. With each arc (i, j) € U, we associate the
Boolean variable yj;, and the probability pj; of the existence of arc (i, j). Assuming
that the random variables associated with the various arcs are independent, we wish
to determine the probability that two arbitrary given vertices i, and j, are linked by
a path.

We will take for E the set of polynomials with entries in Z, idempotent for ordinary
multiplication (therefore these are polynomials in Boolean variables); addition is
taken as the symmetrical difference (a & b = a + b — ab), and multiplication is just
ordinary multiplication. We therefore have e = 0 and e = 1.

Let us quickly verify that these two laws endow E with a dioid structure. Two
properties are not straight forward: the closure of @ and the distributivity of ® with
respect to @. Let us first check the closure of @: if P € E and Q € E, we have PZ2="P
and Q% = Q; then:

P®Q?=(P+Q—P Q=P+ Q +P*Q? + 2PQ — 2P?Q — 2PQ?
=P+Q+PQ+2PQ—-2PQ-2PQ=P+Q—-PQ=P&Q.

Let us then check the distributivity of ®:

P® (Q®R) =P(Q+R — QR) = PQ + PR — PQR = PQ + PR — PQ - PR
= PQ & PR.

Each polynomial P in E will be represented by its reduced form, i.e. such that each
monomial of P be of degree at most 1 with respect to each Boolean variable yj;.
By interpreting the results of Sect. 3, we then obtain:

- (Ak)ij is a polynomial in y, denoted (Ak)ij (y), such that (Ak)ij (p) represents the
probability that j is linked to i by a path of length k;

— (AM);(p) is a polynomial representing the probability that j is linked to i by a
path of length at most k;

— Forany P € E,e ®P = 1 + P — P = e, therefore there is no zero-absorbing
circuit. We deduce (Theorem 1) the existence of A* = A®—D;

— (A™)jj is a polynomial in p such that (A*);;(p) represents the probability that j is
linked to i.
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6.10. The w-Optimal Path Problem

For all optimization problems in Sects. 6.3—6.6 one can search for the set of n-optimal
paths (i.e. optimal to within n) between two given vertices i and j.

We consider here the case of the search for the n-shortest path, leaving it to
the reader to extend this model to the other optimization problems addressed in
Sects. 6.3-6.6.

Let us denote R = R U {+o00} and let E be the set of nondecreasing sequences of
elements of R defined as follows:

u=(up,...,4...,uq) € E ifand only if:

q=>1l,y eRandul <w<=<..=<uy<=<--=<ugandug < u; +n where nisa
given positive constant.

n = 0 will correspond to the problem of determining the set of optimal paths.

With each arc (i, j), we associate the sequence (consisting of a single term) vy; =
(l;j) € E, where [;; represents the length of arc (i, ).

In the case where the graph under consideration is a multigraph, several arcs from
i to j could exist. We then associate with the pair (i, j) the sequence vj; of the lengths
of the arcs from i to j with length deviating by at most n from the length of the
shortest arc from i to j.

The operation @ is the operation Min(<y) (see Chap. 8, Sect. 1.3.2) defined as
follows:

if ug=(uy) €E
ug = (ugj) e E

then: uy @ ug = u, where u,, represents the ordered sequence of the terms of the
sequences (uy,;) and (ugj) smaller than or equal to min (ug,, ug,) + .

<

The operation ® is the operation (:II]) (see Chap. 8, Sect. 1.1.6) defined as: uy ®
ug = uy, where u, represents the ordered sequence of the terms of the form ug; + ug,
smaller than or equal to uy, + ug, + 1.

We verify (see Chap. 8, Sect. 4.3.2) that these two laws endow E with a dioid
structure with ¢ = (+00) (the sequence formed of a single term equal to +00) and
e = (0) (the sequence formed of a single term equal to 0).

By interpreting the results of Sect. 3, we obtain the following properties:

- (Ak)ij represents the lengths of the paths from i to j taking k arcs and having a
length deviating by at most v from that of the shortest path from i to j taking k
arcs. (Let us observe, as previously, that the paths thus obtained are not necessarily
elementary).

Ifu € E is such that u; > 0, then u is p-stable with p = [n/u;], see Chap. 3
Sect. 7.
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Therefore if the graph does not contain a circuit of length negative or zero, the
value of each circuit is p-stable (with p = integer rounding of [n/the length of the
shortest circuit]) and since the multiplication ® is commutative, we deduce from
Theorem 2 the existence of A* = AM),

— (A¥);j represents the lengths of the n-shortest paths from i to j if there does not
exist a circuit of negative or zero length in the graph.

Let us finally discuss a few additional examples related to specific applications.

6.11. The Multiplier Effect in Economy

Let us consider Leontief’s model of global balance by sectors (Leontief 1963). Each
of the industrial sectors j = 1,2, ..., n of an economy is associated with a type of
product.

Let A = (ajj) be the matrix of the technical coefficients (or “input-output” coef-
ficients): ajj units of product i are required to manufacture a unit quantity of product
in sector j.

If d = (d) is the vector representing the final demand, the production x must
satisfy the equation:

x=Ax+d

therefore
x=0—-A)""d=04+A+A%+...)d=A%

A* is the quasi-inverse of the matrix A (transitive closure). A similar regularization
is observed in the multiplier effect of investment according to Keynes.

The underlying algebraic structure in this example here is (R, +, x), the field of
real numbers endowed with the standard operations of addition and multiplication.

6.12. Markov Chains and the Theory of Potential

Let us consider a Markov chain having transient states T and a recurrent class C,.
Then if x; is the probability of being absorbed in the class C,, when starting from
state j, the vector X = (xj)jeT must verify the equation:

X=Qx+r

where Q is the restriction of the transition matrix P of the Markov chain to transient
states T and where, Vj € T:
=) Pik

keCy,

Then x = Q*r where Q* is the so-called matrix of potentials.
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The underlying algebraic structure here is ([0, 1], +, x).

A more complex case is that of semi-Markovian processes. If x;;(t) is the prob-
ability of being in state i at time t knowing that we were in state j at time 0, the
matrix

x(t) = (xjj(t)) satisfies the equations.

Xjj(D) = Z agj (1) * Xk (£) + 83;bj (1)

k=1

where * corresponds to the convolution product of two functions, aj; (t) corresponds
to the joint probability of leaving state j in the interval [0, t] and of passing to state
iin a single transition, /-b;(t) corresponds to the unconditional distribution function
of the time in state i.

Therefore:

x(t) = bt) x L+ A(t) + A%(t) + - --) = b(t) * A*(1).

The underlying algebraic structure here is ((LYR)T, +, *) and the matrix A*(t) is
the so-called potential function.

6.13. Fuzzy Graphs and Relations

It is said that we have the graph of a fuzzy relation whenever we are given a graph
G valued on a set E, set on which we have defined two laws @ and ® corresponding
respectively to set union and to set intersection. We associate with each arc (i, j) of G
a value represented by a given element a;; € E. In many cases (see Table 2) (E, ©, ®)
is a dioid, and the closure of the fuzzy relation is the matrix A*, the quasi-inverse of
the matrix A = (a;j).

For an extensive presentation of fuzzy systems and possibility theory, see for
example Dubois and Prade (1980, 1987). For the extension to fuzzy integrals, see
Sugeno (1977) who extends Choquet’s capacity theory (1953). A survey of connec-
tions between dioids and fuzzy set theory can be found in Gondran and Minoux
(2007).

Table 2 Examples of dioids associated with fuzzy relations

E D & € e
[0, 1] Max Min 0 1
[0, 1] Max X 0 1
Distributive lattice ~ Sup Inf Smallest element ~ Largest element

P[0, 11) U n ) [0, 1]
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6.14. The Algebraic Structure of Hierarchical Clustering

Let us consider n objects. It is said that we have a dissimilarity index on these objects
if we have assigned to each pair (i, j) a number d;; € R which will be all the larger
that the objects i and j are dissimilar (d;; = 0 if and only if i is identical to j).

This index is referred to as an ultrametric distance if it satisfies the triangular
ultrametric inequality, i.e. if and only if, Vi, j, k:

dij < max{dix, dyj}
Considering the dioid (E, &, ®) = (@% min, max), we can state:

Proposition 6.14.1. A matrix A > 0 with zero diagonal corresponds to an ultramet-
ric distance distance if and only if we have, in the dioid (R4, min, max):

A=A’
Proof. Indeed, A will represent an ultrametric distance if and only if Vi, j, k:
ajj < ajk ® A
therefore, since a; = 0, if and only if Vi, j:

®
ajj = Hgn(aik ® ayj) = Zajk ®a. O
k

A classification tree corresponds to a nested set of partitions of the set of objects (for
an example, refer to Chap. 6, Sect. 6.1).

One can then show (see for example Benzecri (1974)) that there in a one-to-one
correspondence between ultrametrics and their associated indexed classification trees
(or indexed hierarchical clustering).

To construct a classification tree of n objects from a given dissimilarity matrix D,
we therefore have to approximate the dissimilarity index by an ultrametric distance.
There are many ways of constructing such an approximation. Let us consider lower
ultrametric distances, i.e. such that:

A<D

where A is a matrix corresponding to an ultrametric. We will say that A is the matrix
associated with a lower ultrametric distance.

Proposition 6.14.2. (Gondran, 1976a,b)
The set of lower ultrametric distances has a largest element D*, called sub-
dominant ultrametric distance, which satisfies:

Df=D"! —ptr—p"t! —...
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Proof. Any lower ultrametric distance A satisfies, by definition, A < D, hence we
deduce A¥ < DX for any k.

Now according to Theorem 1, in the dioid (R, Min, Max), the sequence DX
converges as soon as k = n — 1 towards:

D* — D]‘l*l — Dﬂ — Dl'l+1 —
Abeing an ultrametric distance, this yields, according to Proposition 6.14.1: Ak = A.
We deduce for any A, A < D*.
Since:
(D*)2 — D2n—2 — Dn—l — D*
D* corresponds to an ultrametric which is therefore larger than any other
ultrametric. O

Thus, through algebraic means, we find again a property well known in classification
theory (see for example Benzecri, 1974).

Further properties of this algebraic structure in clustering, will be investigated
in Chap. 6 Sect. 6.1, where the levels of a hierarchical clustering are interpreted in
terms of eigenvalues and eigenvectors of the dissimilarity matrix on the dioid (R,
Min, Max).

Exercises

Exercise 1. p-nilpotency for the shortest path problem with time constraints
Consider again the definitions in Example 3 of Sect. 4.4.3.
Let us define on S the following total preorder relation:

E < F & min{t/t € E) < min{t/t € F).
We will denote H' the set of given endomorphisms, i.e.:
H' = {¢;/(i.]) € U}
and we set: dy;in = min{d;j/(i, j) € U}.
(1) Show that for any ¢;; € H’ and for any E € S, the following holds:
¢;;(E) = dmin TE.

(2) Let tmax be the largest of the coefficients involved in V;j and W;.
Show that one can always assume tyax < +00.

Let p = [tmax/dmin |
Show then that Vhy, hy, ..., h, e H":
h(E) = (hjohyo---0 hp)(E) >t . TE.
Deduce the p-nilpotency of the endomorphisms of H'.
[Answers: see Minoux (1976)].
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Exercise 2. Convergence of Algorithm 3’ of Sect. 4.4.4

(1) Show that E is minimal as soon as r is transferred into X;.
(2) Show that in the case where the total preorder relation is a total order relation,
we always have X| N X, = (.

[Answers: see Minoux (1976)].

Exercise 3. Constrained shortest path problem

Let G = [X, U] be a directed graph where each arc u € U is endowed with two
numbers /, and oy, (e.g. [, will be a distance, and o, a transit time). Let Q be the set
of all the elementary paths between two particular vertices s and t. For p, a given real
number, let Q' C Q be the subset of paths T satisfying the additional constraint:

a(m) = ) oy <P

ueT

We wish to solve the shortest path problem with constraint between s and t:

P): Min { ¢ = lug .
()neb“f{(”) > }

uem

It is assumed that for any circuit i of G we have:
I(w) >0 and a(pn) > 0.

(1) Provide an algorithm to test whether Q" # @. Assuming this condition fulfilled,
show that an optimal solution to (P) is necessarily an elementary path.

(2) A possible approach to problem (P) consists in associating with each vertex j € X
alist L; of vj pairs of real numbers

o} =Ll(my), 0] =a(my), for v=1,....9

Clearly, all the oj“ satisfy: GJV <B
If v{ dominates vy, i.e. if
V]

p.

: 5p}’2 and o' <o?

J J
then v, can be eliminated from the list: we obtain a reduced list. A list that can
no longer be reduced is said to be irreducible.

Let £ be the set of all the finite irreducible lists endowed with the law of
internal composition @ defined as:

Lie L, e L= L ®L, =reduced union of the lists L; and L;.

This law is idempotent, and the zero element is the empty list: ¢ = .
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With each arc u = (i, j) of G we associate the endomorphism ®ij of (L, ®)
where L; = ¢;i(Li) is defined as:

LJ:<pJ\),(7;)) V:l,...,\_)j
L; is the reduced list formed by all the pairs (p:’ + Ly, 0] + ocu) such that

Gi\)"'au <.

If F is the set of endomorphisms of £, show that (£, F, @, o) is an algebra
of endomorphisms on £. Show next that one can use a Generalized Dijkstra’s
Algorithm on this structure to solve the problem (P).

State precisely this algorithm, and show that one can deduce (by limiting the
size of the lists) a family of approximate methods.

[Answers: see Minoux (1975, 1976)].

Exercise 4. Right dioid and shortest path with gains or losses
Let G = [X, U] be a directed graph on which a given type of product circulates.
With each arc u = (i, j) € U two numbers are associated:

* cjj representing the unit transportation cost of the product between i and j.

e mjj > O representing the loss coefficient (if mj; < 1) or gain (if m;; > 1) of the
product during transport from i to j; in other words, if q; is the quantity of product
available in i, the quantity available in j after traversing arc (i, j) is myj q;.

Let us consider two arbitrary vertices i € X and j € X and p € Pj; a path joining
these two vertices:

W= {Go. iDG1.i2). ... (po12 i)} (with i=io and j=ip).

Let us denote c () the transport cost of a product unit between i and j via the path
i, and m () the overall gain (or loss) coefficient along the path .
These quantities are defined by induction as follows:
fp=0:c() =0 m() =1
If p is a path between i and j and ' = @ U {(j, k)} a path between i and k, then

c(n) = c() + m(cjk
m(p') = m(jL) - mjk

The shortest path problem with gains (or losses) is to determine the path of min-
imum unit cost between two given vertices i and j, in other words to minimize the

i S0 . ito i
ratio 5 on the set Pj; of paths p fromi to j.

(1) We consider the set E = R x (R4\{0}) endowed with the operations ¢ and ®
defined as follows:
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8

C . / . ’
( >1f <&, orif & =% and m = Max{m, m’}

()2 () - GB“ e

> orif £ =% and m’ = Max{m, m’}
c I ¢ + mc¢’
() e (o) = (o)

’ m m
It will be observed that ® is not commutative and only right distributive with
respect to @.
Verify that (E, @, ®) is a right dioid. We will denote ¢ and e the neutral
elements of & and ®, respectively.
(2) The incidence matrix A of G is the N x N matrix (N = |X]) defined as:

Blo

Blo

ay= () if GheU
aj =¢ if (,))¢U
aj;=e Vie X

The weight w () of an arbitrary path w € Py, = {@o, 1), (i1,12) ...
(ip—1, ip)} is defined as the product (in this order):

W) = ajp i, @i i, @ - Qaj_,j,
By using only right distributivity of ® with respect to @, show that we

indeed have:
(%) = > waw

1]
nepj

(A(k))i,j _ Z w(iL)

k
wep))’

and:

(3) Gis said to have no right 0-absorbing circuit if, for every elementary circuit y of
G, wehave,Vac E:a®a®w (y) =a.
G being assumed to have no right 0-absorbing circuit, show that the following

holds:
(Ak>1j: Z W)
T ek
and
(A=) = 3 wan
) nep;j (0)

(where P}} (0) is the set of elementary paths with exactly k arcs and Py; (0) the
set of elementary paths between i and j).
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Deduce from the above:

ACD — jim A® = A*
k—o0

where A* satisfies:
A*¥=A" QA®I

(4) Show that, when some cjj can be < 0, G has no right 0-absorbing circuit if and
only if any circuit y satisfies ¢ (y) > 0 and m (y) = 1.

When all the cjj are > 0, show that G has no right 0-absorbing circuit, if and
only any circuit y satisfies m (y) < 1.

(5) Verify then that the generalized algorithms of Jacobi, Gauss—Seidel and Gauss
Jordan (see Sect. 4.1, 4.2 and 5 of Chap. 4) can be used to solve the shortest path
problem with gains (or losses) in a graph without right O-absorbing circuit.

(6) Taking into account the fact that @ is selective and, under the additional assump-
tion that e = (V) is the largest element of E (Va € E: a @ e = ¢), show that the
generalized Dijkstra Algorithm (see Sect. 4.3) also applies.

Verify that the above assumptions are satisfied when, for every arc (i, j) of G:

Cijzo

O<mij§1.

[Answers: see Charnes and Raike (1966), Bako (1974), Gondran (1976b)].



Chapter 5

Linear Dependence and Independence
in Semi-Modules and Moduloids

1. Introduction

The present chapter is devoted to problems of linear dependence and independence
in semi-modules (and moduloids). The semi-module structure (resp. the moduloid
structure) is the one which arises naturally in the properties of sets of vectors with
entries in a semiring (resp. in adioid). Thus, they turn out to be analogues for algebraic
structures on semirings and dioids to the concept of a module for rings.

Section 2 introduces the main basic notions such as morphisms of semi-modules,
definitions of linear dependence and independence, generating families and bases in
semi-modules. As opposed to the classical case, it will be shown that, in many cases,
when a semi-module has a basis, it is unique.

Section 3 is then devoted to studying the links between the bideterminant of a
matrix and the concepts of linear dependence and independence previously intro-
duced. Several classical results of linear algebra over vector fields are generalized
here to semi-modules and moduloids, in particular those related to selective-invertible
dioids and MAX-MIN dioids.

2. Semi-Modules and Moduloids

The concept of semi-module generalizes that of module when the reference set is a
semiring instead of a ring.

2.1. Definitions

Definition 2.1.1. (semi-module)
Let (E, ®, ®) be a commutative semiring where ¢ and e denote the neutral
elements of ® and ®, respectively. We refer to as a semi-module on E a set M
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174 5 Linear Dependence and Independence in Semi-Modules and Moduloids

endowed with an internal law [ and an external law 1 satisfying the following
conditions:

(a) M, O0) is a commutative monoid where the neutral element is denoted 0;
(b) L is an external law on M which, with any '\ € E, x € M associates . L x € M
satisfying:

(b1) ¥\ € E,V(x,y) € M%:
MLxOy)=0Lx) OO Ly)
(b2)V(n, pn) € B2V, x € M:
o wlx=0hLlx)O@ELx)
(b3)V(h, ) e B2V, x e M
AL(plx) =0 ® p)Lx
(b4) Vx € M,

elx=x
elx=0

(b5)ViheE *A10=0

When the reference set (E, @, ®) is a non-commutative semiring, it is necessary to
distinguish between the concept of left semi-module (where the operation _L repre-
sents the multiplication on the left of a vector by a scalar) and the concept of right
semi-module (where the operation L represents the multiplication on the right of a
vector by a scalar). When ® is commutative, the concepts of left semi-module and
right semi-module coincide.

The following definition corresponds to the generalization of the concept of
module when the reference set is a dioid instead of a ring.

Definition 2.1.2. (moduloid)
A semi-module on E is referred to as a moduloid when (E, @, ®) is a dioid and
M, O) is a canonically ordered commutative monoid.

Example 2.1.3. (E, @, ®) being a semiring, let us consider E", the set of n-vectors
with components on E endowed with the operations [J and _L defined as:

X = (Xi=1,..n Y = (Yi)i=1,..n

xOy =2z = (z)i=1,..n WhereViiz; =x; @y
reE Alx=u=(ui=1,..n

where, Vi: u; = N\ ® Xx;.

It is easily verified that the set (E",[J, 1) thus defined is a semi-module.
According to common practice regarding modules on Z and vector fields on R,
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the law [J (addition of vectors) introduced above, will be denoted @ and the external
law L (left multiplication of a vector by a scalar) will be denoted ®.

Let us also observe that, in reference to this classical example, the elements of a
semi-module M are referred to as vectors. ||

Example 2.1.4. Let us consider again Example 2.1.3. above, but now assuming that
(E, &) isadioid. Then (E", [J) is canonically ordered and (E", [J, L) is amoduloid. ||

Example 2.1.5. Let (M, @) be a commutative monoid, with neutral element &, and
let us consider the dioid (N, +, x) (see Chap. 8, Sect. 4.4.1).

Let us define the external law _L operating on the elements of N by:

Vne NVXx e ,nLx =x®x P ... D x (n times) with the convention that
OLlx=c.

It is easily verified that (M, @, L) is a semi-module on (N, +, x). If (M, @) is
canonically ordered, it is recognized as a moduloid. ||

Example 2.1.6. Let (E, @, ®) be a commutative semiring, and A € M, (E) a square
n x n matrix with entries in E. Let A € E and V € E" such that:

AQV=rAQV

(V is said to be an eigenvector of A for the eigenvalue \).
The set V), of all the eigenvectors of A for the eigenvalue . € E is a semi-module.
Indeed, VV € Vi, W € V), (a, B) € E%:

ARQRVEPBRIW)=O@ONRIVOPRIN QW
=2@RVEBRIW)

Hence we deduce thata @ VOB QW € V.
Chapter 6 will be devoted to the detailed study of eigen-semi-modules or eigen-
moduloids associated with matrices. ||

2.2. Morphisms of Semi-Modules or Moduloids. Endomorphisms

Definition 2.2.1. Let U and V be two semi-modules on the same semiring (E, ®, ®).
The internal laws are denoted 0 and L1 respectively and the external laws 1 and 1’
respectively. We call morphism of semi-modules from U to V any mapping ¢: U — V
satisfying the following conditions:

(HVx,y) e U?  oxOy) = ¢x) T gy)
(i) VL, x) e Ex U: (A Lx) =X L o(x)

A morphism of semi-modules from U to itself is referred to as an endomorphism
(of a semi-module).

When the reference set is a dioid we refer to morphisms or endomorphisms of
moduloids.

According to common practice, morphisms of semi-modules can also be referred
to as linear mappings.
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2.3. Sub-Semi-Module. Quotient Semi-Module

Definition 2.3.1. (sub-semi-module)

Let (M, O, L) be a semi-module on a semiring (E, ®, ®). We refer to as a sub-
semi-module of M any subset M’ C M containing 0 and stable for the laws induced
byand L.

Definition 2.3.2. (quotient semi-module)
Let M, O, 1) be a semi-module on E, M', (1, 1) a sub-semi-module of M and
M/M'’ the quotient set of M with respect to the equivalence relation R defined as:

XNy < I(u,v) e M?
such that: xOu=yUOv

M/M' is referred to as the quotient semi-module of M by M.

It is easily verified that the equivalence relation ) is compatible with the laws [J
and L of M. Indeed:

xiMy; & xi0uy =y dvy with uyyeM,vieM
x2Rys & x,0uy =y, 0vy with wueM,voeM

hence we deduce (x1 O x2) R (y; Oys) since uy Juy € M and vi Ovy € M.
Moreover, for . € E,

xNy <& xOu=y0Ov with ueM,veM
hence we deduce:
OALx)ONLuy=0Ly)OMWLvV)

which shows that (A Lx) W (A Ly) sincehx LueM andx LveM

It follows from the above that the canonical surjection ¢ (which, to any element x
of M, lets correspond its equivalence class in M/M') is a morphism of semi-modules
(or: linear mapping).

2.4. Generated Sub-Semi-Module. Generating Family
of a (Sub-) Semi-Module

Definition 2.4.1. (sub-semi-module generated by a family of elements)

Let (M, O, 1) be a semi-module on E and X = (Xj)ic1 an arbitrary non-empty
family (whether finite or infinite) of elements of M. We call a sub-semi-module
generated by X, denoted Sp(X), the smallest sub-semi-module of M containing X.
If Sp(X) = M, X is said to be a generating family (or: generator) of M.
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We easily prove:

Proposition 2.4.2. Ler M, O, 1) be a semi-module on E and X = (X{)ier an
arbitrary non-empty family (whether finite or infinite) of elements of M.
Then Sp(X) is the set Y of all the elements y € M of the form:

y =) NLx (1)

jel

(summation in the sense of 1) where J C L is a finite subset of indices and, V, j € ],
i € E.
]

Proof. Clearly Y, the set of y’s obtained by (1), is a semi-module, the axioms (a)
and (bl) — (b5) being satisfied. This set contains X (to obtain X; it suffices to take
J = {i} and )\; = e) and O the neutral element of M (for that it suffices to take arbitrary
ieland]J = {i} N = ¢). Y is therefore a sub-semi-module of M containing X and
consequently Sp(X) € Y.

Moreover, it can be observed that any sub-semi-module of M containing X =
(Xj)ier contains all the linear combinations of the x;’s. Therefore

Y € Sp(X)

We deduce that Y = Sp(X) and Y is the smallest sub-semi-module of M contain-
ing X. O

2.5. Concept of Linear Dependence and Independence
in Semi-Modules

In this section we propose a definition of the concepts of linear dependence and
independence in semi-modules, which constitutes an extension of the corresponding
concepts in standard linear algebra. Links with alternative definitions suggested by
other authors, will also be mentioned.

Let us consider an arbitrary non-empty family (whether finite or infinite) X =
(Xj)ier of elements in a semi-module (M, [, L).

For any subset of indices J C I we will denote Xj the sub-family of X restricted
to the elements xj, j € J, and Sp(Xj) the sub-semi-module generated by Xj.

Definition 2.5.1. The family X = (Xj)ie1 is said to be dependent if and only if, there
exist two finite disjoint subsets of indices Iy C 1 and 1y C 1 together with values
i € E\{e} (i € I} UIp), such that:

Z)\iJ_XiZZ)\iJ_Xi 2)

i€ly i€ely
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A family which is not dependent will be said to be independent, this property being
expressed by the condition:

Vi, cL V.Lh cLlinh =0:

3)
Sp(X1;) N Sp(Xy,) = {0}

It follows directly from the previous definition that any sub-family of an independent
family is independent.

The concept of dependence in semi-modules as defined by (2) was introduced and
studied by Gondran and Minoux (1977, 1978, 1984).

Remark: concepts of redundant and quasi-redundant families

Alternative concepts related to dependence and independence in semi-modules
have been studied by other authors (Cuninghame-Green 1979; Cohen et al. 1985;
Moller 1987; Wagneur 1991) who proposed them as possible definitions of depen-
dence and independence. Nonetheless, these concepts correspond to much stronger
notions of dependence than (2), which limits the range of applications (e.g. they would
not make it possible to obtain the equivalent of our Theorem 2 Sect. 3.4 below). This
is why, in what follows, we have chosen to give these concepts different names.

We will say that the family X = (X;)ie1 1S redundant if and only if there exists
ielandI; C 1@ ¢1;) such that:

X € Sp(Xy,) 4

In the opposite case, the family X will be said to be non-redundant.
We will say that the family X = (Xj)ie is quasi-redundant if and only if there
existsi € I, L, € E\{e} and I} C I (i ¢ I;) such that:

N Lxie Sp(Xy,) (5)

In the opposite case, X will be said to be non-quasi-redundant.

The concept of quasi-redundancy (corresponding to (5)) was proposed as a
definition of dependence by Wagneur (1991) and the concepts of redundancy and non-
redundancy corresponding to (4) were introduced and studied first by Cuninghame-
Green (1979), then by Cohen et al. (1985), Moller (1987) and Wagneur (1991).

It is easy to see that for a family X = (Xj)jer of elements in a semi-module,
independence in the sense of Definition 2.5.1. implies non-quasi-redundancy, which
implies non-redundancy (see Exercise 1). Moreover, when (E, ®) has a group
structure, then the concepts of redundancy and quasi-redundancy coincide. ||

Definition 2.5.2. We refer to as a basis of a semi-module (M, 1, L) an independent
generating family.

We are going to show that, under specific conditions, if a semi-module (M, [, L)
has a basis, the latter is unique.
In order to do so let us first introduce the concept of reducibility.
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Definition 2.5.3. Let (M, [, L) be a semi-module on (E, ®, ).

Given a set of vectors V = (Vix),k € K, with Vx € M(VK), it is said that a
vector X € M is reducible on Sp(V) if and only if there exists y # x and z # X,y €
Sp(V),z € Sp(V) such that: x =yUz.

In the opposite case, x will be said to be irreducible.

Remark: x reducible on Sp(V) = x € Sp(V) ||
As an immediate consequence of this definition, we have the following property.

Property 2.5.4. If x is irreducible on Sp(V) then one (and only one) of the two fol-
lowing conditions is satisfied:
(@) x ¢ Sp(V)
(i) x =yUz withy € Sp(V) and z € Sp(V)
=S y=Xxo0rz=x

We can now establish:

Proposition 2.5.5. Let (E, @, ®) be a dioid. € and e denoting the neutral elements
for ® and ® respectively, it is assumed thata @b = e = a = e or b = e (observe
that this assumption holds in selective dioids).

Let (M, U, L) be a moduloid on E, canonically ordered by [1. We denote  the
canonical order relation on M.

It is assumed moreover that foru € M,v e M, x e Ewithv #uandv # 0

v=AlvOu=rN=ce (seeremark2.5.6 below)

Under the above assumptions, if X = (Xi)ie1 is an independent family of elements of
M (with x; # 0,V,1 € 1), then ¥j € 1, xj is irreducible on Sp(X).

Proof. Clearly, for all j € 1, xj € Sp(X). We thus have to prove 2.5.4 (ii).
Let us assume that x; = y [0z with y € Sp(X) and z € Sp(X). Observe that this
implies:

y & xj and z o x;. Now:

y € Sp(X) =
AN €E\{e}, 3 CcLy = Z N; Lx; (summation in the sense of []).
iel
Similarly
z € Sp(X) =
I €E\feh,Ih Cclz=) p; Lx

ieh
By agreeing to set \j = ¢ fori € Ix\I; and p; = ¢ fori € I1\I, we therefore have:

Xj = Z (M @) Lx

i€l Ul
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Letus observe that, necessarily, j € I; U I, (otherwise the hypothesis of independence
would be contradicted). Consequently:

Xj = (N @lkj)J-Xj O Z (M @ui) 1x;

iel; UL
i#j
with % & My # e By setting A = A @ I andu = Y (M @l*i) Lx e
ieliUl
i#]
Sp(X\{xj}), we obtain:
Xj = rL Xj Ou (6)

with u € Sp(X\{x;}).

We have Xj # 0, and, because of the independence, we must have Xj # u, hence
X # ¢ follows. The hypotheses of Proposition 2.5.5 then imply A = e.

Since N = X @ Ij, we must have either )j = e, or By =e.

Let us assume for example Aj = e.

Then y is rewritten:

y = Xj O Z N Lx;
ieh\{j}

hence one can deduce: x; o y and, given that o is an order relation, this implies
y = X;.

In %he case where B =e, we would similarly deduce that z = x;.

We deduce the irreducibility of x; [J.

Remark 2.5.6. The assumption:

v=xlvOu N e
v#u, v£0 o

is satisfied in many moduloids, in particular those associated with selective-invertible
or selective-cancellative dioids.

For instance, let us consider a moduloid in which the elements are n-component
vectors on (E, @, ®) with the usual laws.

Xii=1..n U (V)i=1..n = Xi @ ¥i)izi..n
AL (Xpi=1.n = (A ® X{)i=1..n

€
0=

€

The hypothesis v # u implies that there exists i such that v; # u;, and the relation
v=xLlvuimplies: vi = A Q v; @ u;.
Necessarily in this case v; # €. (vi = ¢ would imply u; = ¢ and contradict

Vi # Uj).
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Similarly, A # €. If @ is selective, then we have v; = A ® v; with vj # €.
Consequently, if (E, ®) is a group or a cancellative monoid, one can simplify with
vi # ¢, which implies k. =e. ||

Proposition 2.5.7. Assume that the assumptions of Proposition 2.5.5 hold and, more-
over, that: a € EEbe Ea®b =e = a = e and b = e (see Remark 2.5.8 below)
Then, if M, U, L) has a basis, it is unique.

Proof. We use the property of irreducibility of the elements of a basis (Proposi-
tion 2.5.5).

Consider X = (Xj)ierand Y = (yj)jeJ two bases of M.

Vx; € X this yields:

Xj = Z i Lyj
jel

But Sp(X) = Sp(Y) =M.

The independence of X implies that, V; € I, x; is irreducible on Sp(X), therefore
irreducible on Sp(Y). Consequently: there exists j € J such that:

x,-:ujiJ_yj for M}GE and y; €Y.

In the same way, we prove that y; = 611 1 x for 611 € Eand x¢ € X.
Hence x; = uji. ® GIJ( L xx and since X is an independent family, necessarily i = k
and (in view of the assumptions of Proposition 2.5.5) }L} ® 611 =e.

We deduce u} =-eand 911 = ¢, which shows that: x; = yj.
Thus, for any x; € X, one can find y; € Y such that x; = y;. We deduce X =Y,
which proves uniqueness. [J

Remark 2.5.8. The assumption a ® b = e = a = e and b = e is satisfied in
particular: (1) in dioids for which e is the greatest element and where: a® b < a and
a®b < b; (2) when ® is selective (a®b =e¢ = a=ce¢orb=e¢ = a =eand
b=e). |

3. Bideterminant and Linear Independence

In this section we discuss links between linear dependence and independence, and
the concept of bideterminant for square matrices with elements in a semiring or a
dioid. Thus, in a much more general framework, extensions to various known results
of classical linear algebra will be obtained.

It is interesting to observe that, given that (E, @) is not a group, the proofs are
very different from those known in classical linear algebra and generally require the
use of combinatorial arguments and graph theoretical properties. In particular, the
graph G(A) associated with a matrix A € M, (E) will play an essential role.
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3.1. Permanent, Bideterminant and Alternating Linear Mappings

Given a matrix A € My(E), A = (ajj)i=1..n, and o a permutation of {1, ..., n}, we
j=L.n

refer to as the weight of o, denoted w(o), the element of E defined as:
W(0) = al,5(1) ® 22,52) ® ... ® an,o(n)
We recall (see Chap. 2, Sect. 4.2) that the bideterminant of A is the pair

det™(A)
AA) = (det‘(A))
(&)
where: det™(A) = Z w(0o)
oePert (n)
D
det™(A) = Z w(o)

oePer™ (n)

Per*(n) (resp. Per ™ (n)) denoting the set of permutations of {1, . .., n} with signature

+1 (resp. with signature —1). Since sign(c_l) = sign (0), it can be observed that A

and AT (the transposed matrix of A) have the same bideterminant: A(AT) = A(A)
The permanent of A is defined as:

®
Perm(A) = det™ (A) @ det (A) = Y w(o)

oePer(n)

Observe that if one multiplies a column (a row) j by %; € E (\j # ¢), the permanent
is then multiplied by ;.

As opposed to the case of standard linear algebra, the permanent of a matrix
in a semiring or a dioid can often be efficiently computed and have interesting
combinatorial interpretations, as the following examples show:

Example 3.1.1. (The permanent and the assignment problem)
E=RU{+o0}, ® = min, ® = +.

The permanent of a matrix A € M, (E) can be obtained in this case by solving the
classical assignment problem.

Indeed, the weight of an arbitrary permutation o is the sum (in the sense of ordinary
addition on the reals) of the terms of the matrix A corresponding to the permutation
o and, since & = Min, the value of the permanent corresponds to the weight of
the permutation of minimum weight, i.e. to the optimal solution of the assignment
problem: how to select one and only one term of the matrix in each row and in each
column while minimizing the sum of the selected terms. The assignment problem is
a classical problem of graph theory which is solved efficiently (in polynomial time)
by the so-called “Hungarian algorithm” or network flow algorithms (see for example
Gondran and Minoux 1995, chap. 5; Ahuja, Magnanti and Orlin, 1993). ||
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Example 3.1.2. (Permanent and bottleneck assignment)
E = R U {+00}, ® = min, ® = max.

The permanent of a matrix A € My (E) can be obtained in this case by solving a
“bottleneck” assignment problem.

Indeed, the weight of an arbitrary permutation o is then the largest value of the
terms of the matrix A corresponding to the permutation. The value of the permanent
therefore corresponds to the permutation for which the largest of the terms covered
by the permutation is the smallest possible. Like the classical assignment problem,
the “bottleneck” assignment problem is solved efficiently (in polynomial time) by
network flow algorithms (see for example Gondran and Minoux 1995, chap. 5; Ahuja,
Magnanti and Orlin 1993). ||

Definition 3.1.3. (Alternating linear mapping)

. oo 2 L
Given x',x%,...x™ n vectors of E®, an application f: E™ — E? is said to be an

alternating linear mapping if and only if the mapping:

f(xl,xz,...,x">=

fi (xl, X2, ..., x“)

i) (xl,xz, ...,x“)
is such that:

o ) and t, are linear mappings: E" — E

e (st = ()

det™(A)

Proposition 3.1.4. The bideterminant A(A) = < det—(A)

) is an alternating linear
mapping.
Proof. 1t readily follows from the fact that one transposition changes the sign of a

permutation. 0O

As for the determinant in standard linear algebra, one can establish a formula of
expansion of the bideterminant with respect to a row or a column of the matrix.

For a matrix A € M, (E) let us denote Aji the n x n matrix obtained (from A) by
replacing all the terms of the ith row and the jth column by ¢ (neutral element of &)
except the term a;; which is replaced by e (neutral element of ®)

i

n m|—.

m
m
Ly
m
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Given the linearity of the mappings det™(A) and det™ (A), one can then write
(expansion with respect to the ith row):

n
dett(A) =) ay @ det™t (A])
j=1
n .
det™(A) = ) ajj ® det™(A])
j=1

or equivalently, in vector notation:

n
AA) =) a;j ® AA)
j=1
An analogous formula would clearly be obtained by expanding with respect to a

given column.
From the above, we easily deduce:

Property 3.1.5. If the matrix A € M, (E) has a column (or a row) with all entries
equal to ¢ (neutral element of @) then det™ (A) = det™ (A) =«.

Proof. Perform the expansion of the bideterminant with respect to the column (with
respect to the row) and use the fact that ¢ is absorbing for ®. O

The converse of Property 3.1.5, is false as can be clearly seen from the following

example:
A eMs(S) (n=4)

1 2 3 4
I [x|efe]e
2 |x|e|e|e
3 le [x|e|e
4 e e |x|x

Only the terms marked by a cross are different from e. We clearly have: Aj(A) =
A2(A) = ¢, but there exists an entry different from ¢ in each row and each column.

3.2. Bideterminant of Matrices with Linearly Dependent Rows
or Columns: General Results

In this section, we study generalizations of the property, well known in standard
linear algebra, stating that if the columns of a matrix are linearly dependent, then its
determinant is zero. For the various concepts of independence introduced in Sect. 2.5,
a generalized version of this property will be shown to hold, expressed here by the
equality of the two terms of the bideterminant.
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Let us state first the following elementary property:

Property 3.2.1. Let (E, &, ®) be a semiring, and consider a matrix A € My (E). If
the matrix A has two identical columns (or rows) then:

det™(A) = det™(A)

Proof. For j = 1...n, let us denote Al the j™ column of A and let us assume for
example that A’ = AJ withi # j. Given that the bideterminant A(A) is a alternating
linear mapping this yields:

. 4 N
A(A]’A2“”A1’“_AJ’“.An):(det (A)>

det™ (A)
and: Gt (A
AL A2 AL AL LAY = <d2:+ EA§>
Since Al = Al this implies clearly:
det™(A) = det™(A). O

Proposition 3.2.2. Let (E, @, ®) be a semiring, A € My, (E) and let us assume that
the columns of A form a redundant family of E" (see Sect. 2.5).

Then det™(A) = det™(A).

Proof. Since the columns A, A2, .. A" form a redundant family, there exists a
column, A! say, which is a linear combination of the others. We therefore have:

n

| .

A = E )\.j®AJ
=2

withhj e E(G=2... n)
By using the linearity of the bideterminant:

n
AA) =) 2@ AN, A2 A AT LAY
=2

Using Property 3.2.1, for any j = 2,...n we obtain: dett(Al, A2, ... A" =
det™ (A, A2, ... A from which we can deduce: dett(A) = det™(A). O

Proposition 3.2.3. Let (E, @, ®) be a semiring, A € My, (E) and let us assume that
the columns (the rows) of A form a quasi-redundant family of elements of E".
Then:

(i) There exists o € E, a # ¢, such that:

a ®detT(A) = a ® det™ (A).
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(ii) If (E, @, ®) is such that all the elements of E\{e} are cancellative for ®, then
det™(A) = det™(A)

Proof. The quasi-redundancy of the family of columns A', ... A" implies the
existence of acolumn of A, e.g. A!, and of a subset of indices J C {2, ...n} such that:

Sp(A") N Sp(A’)
€

contains a vector different from 0 =

€

This vector is necessarily of the form a ® A! with o € E\{e} and there exists
A € E(j € J) such that:

a®A' =) " A
jel

The columns of matrix A’ = (a4 ® Al A2, ... A™) therefore form a redundant family,
thus, according to Proposition 3.2.2, we have: det™ (A’) = det™ (A").

Hence: a ® det(A) = a ® det™ (A) which proves (i). (ii) is then immediately
deduced. O

Letus now study the case where the columns of the matrix A are linearly dependent
in the sense of Definition 2.5.1.

We first establish an initial result modulo quite restrictive assumptions (regu-
larity of the elements of E for & and ®) to obtain the equality of the two terms
of the bideterminant. Thereafter, we will investigate other types of less restrictive
assumptions.

Proposition 3.2.4. Let us assume that (E, &, ®) is a semiring such that all the
elements of E are cancellative for @ and all the elements of E\{e} are cancellative
for ®

If the columns of A € My (E) are linearly dependent, then:

det™(A) = det™ (A).

Proof. Since the columns of A are linearly dependent, there existI; C {I,...n} and
ILLc{l,...n}, I} #0,1, # 0,1} NI, = @ such that:

dyeA=)"1eAl

jeh jeb

with \; € E\{e} forj e [; Ul
It is not restrictive to assume that 1 € I;. Let A’ be the matrix deduced from A by
replacing the column A! by }° % ® AJ.
jel
~The matrix A is such that its first column is a linear combination of other columns,
Al for j € I,. According to Proposition 3.2.2, we therefore have:
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det™(A") = det™(A")
Moreover, by using the linearity of the bideterminant, we can write:
dett(A)=n @det™(A)@ Y n@dett (Al A% Al A"
jel\{1}
and:

det™ (A') = M @ det ™ (A) ® Z A ®@det™ (Al A% L AT LU AT
jeln{1)

Since, Vj € Ji\{1},detT(Al, A%, .. Al,...A") = det™ (A, A% .. Al,...A")
(see Property 3.2.1) and that any element is cancellative for &, we deduce that:

M @ dett(A) =N @ det™ (A)
Since % # ¢ is cancellative for ®, this implies: det™ (A) = det™ (A). O

There exist however many examples of semirings and dioids for which the assump-
tions of Proposition 3.2.4 do not hold. We study in the following section the links
between linear dependence and bideterminant for the sub-class of selective dioids.

3.3. Bideterminant of Matrices with Linearly Dependent Rows
or Columns: The Case of Selective Dioids

In this section, it will be assumed that (E, @, ®) is a selective dioid, i.e. that the
operation @ is such that, Va € E, Vb € E:

ad®b=aorb

We recall that, in this case, the canonical preorder relation < is a total order
relation. (see Chap. 1, Sect. 3.4).

LetA e M, (E),I = {1, 2, ...n}bethe set of indices of the rows,J = {1, 2, ...n}
the set of indices of the columns, and let us consider a dependence relation among
the columns, of the form:

ES I

jel jelh

with]1 20 b #0 I1iN),=0

We observe that one can always assume that A does not have a column (or a
row) with all entries equal to €. (Indeed, if that was the case, one would immediately
deduce det™ (A) = ¢ = det™ (A), see Sect. 3.1, Property 3.1.5).
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Sincea@®b =aorb (Va € E, Vb € E), for any row i of A, we will have:

aj () = Z a;j for some index j; (i) € J;
jeh

Similarly:
i jy (i) = Z a;j for some index j,(i) € I»
j€h

Let us consider now the bipartite graph E (equality graph) where the set of vertices
is: X U'Y with:

X ={X1,...., Xn} (corresponding to the set of rows)
Y ={y1,y2,...,¥n} (corresponding to the set of columns)

and where there exists an edge (x;, y;) if and only if
i=h@® or j=j@.

Example 3.3.1. Let the following 5 x 5 matrix (where we have marked with a cross
the terms ji (i) and j2(i) for every row 1i).

1 X X
2 X X
3 X X
4 X X
5 X X
) S —
], I,

The corresponding equality graph G is shown in Fig. 1. ||

We observe that the graph G is not necessarily connected (as in Example 3.3.1
above where the vertex y4 is isolated).

We will denote: Y1 = {yj/j € J1} and Y2 = {yj/j € I2}.

Let us consider the complete bipartite graph G(A) constructed on the sets of
vertices X and Y. Each arc (xj, yj) of G(A) corresponds to a term a;j of the matrix A,
and conversely.

With any permutation o of {1, 2, . .., n} one can associate one and only one perfect
matching (see Berge, 1970) of G(A) and conversely (one-to-one correspondence).

Given two permutations o1, 03 of {1, ..., n}, K; and K the corresponding (per-
fect) matchings of G(A), the set of edges (K\K3) U (K;\K;) forms a partial graph
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Fig. 1 Example of an equality graph associated with a dependence relation

of G(A) where each connected component is an even elementary cycle alternating
in K; and K> (see Berge 1970; Lemma p. 118).

Denote vy, v,, ..., ¥, these connected components having cardinalities: |y;| =
2q1, lval =292, -+ - Vel = 24

Now, consider the permutation o = o, Iy o1.

To each cycle y;(i = 1...r) there corresponds a cycle p; of G(o) (the graph
associated with the permutation o, see Chap. 2 Sect. 4) of cardinality:

y.
|Mi|=|_21|21

(the cycles of G(o) which do not correspond to a cycle y; are loops, of cardinality 1).
The parity of o is therefore the parity of:

Z(ml|—1)—z<|y‘| —1)

o1 and o3 are of opposite parity if and only if the permutation ¢ is odd, i.e. if and only
if the associated graph G(o) contains an odd number of circuits of even cardinality.
We deduce:

Lemma 3.3.2. A necessary and sufficient condition for o = o, Y0 61 1o be odd (i.e.
for o1 and o7 to have opposite parities) is that, in G(A), the partial graph generated
by (Ki\K2) U (K2\K}) contains an odd number of cycles of cardinality multiple
of 4.
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One can then state:

Theorem 1. (Gondran and Minoux, 1977)

Let (E, @, ®) be a selective dioid (i.e. in which the @ law satisfies a® b = a
orb, Vae E,Vb € E) and let A € M, (E).

If the columns of A satisfy a dependence relation of the form:

ISP
jeh j€h

with:J1 @ andJ, #0. 11N Ty =0,
then: dett(A) = det™ (A).

Proof. Let ¢ be a permutation of {1, ..., n} such that:

w(0) = I1 j o(i) = perm(A) = det™ (A) @ det™ (A)
1

(product in the sense of ®)
We observe that we have:

w(o) = Max {w(m)}
mePer(n)

where the maximum is taken in the sense of the (total) order relation of the dioid
(E, @, ®). (In other words, ¢ is an optimal solution to a problem of the “assignment”
type. See Examples 3.1.1 and 3.1.2 above).

Let us consider the equality graph G and add to G the edges of the matching K of
G(A) associated with the permutation o. We obtain the graph G'.

Let us consider in G’ the following path construction.

We start from a vertex yg, in Yi(k; € J1); y, is the endpoint of an edge in K
and let x;, be the other endpoint.

There exists an edge of G incident to xj, and having as its other endpoint yy, €
Yao(ky = ja(i1)). Observe that, necessarily, the edge (xj,, yk,) is not in K. (since
k1 € J] and k2 € Jz).

When one is in yy,, there exists an edge of K incident to yy, . Let x;, be the other
endpoint. Necessarily X;, # x;,. And soon. ..

At some stage, we have constructed a sequence of vertices of G’

Ykl s Xil ) YkZ, Xi2, cee Xip,1 ) Ykp

We thus reach yy, right after visiting x;,_, using an edge ¢ K. Moreover, kp € J if
pisodd, k, € Jo if p is even.

Then there exists an edge of K incident to yy, and let x;, be the other endpoint.
Necessarily x;, # Xi,_, since (xip_1 . Yk,) ¢ K.

From x; there exists an edge of G incident to Xi, and such that the other endpoint
is yk,,, withyx,,, € Yoify, € Yyandyx,, € Yy if yg, € Yo. Necessarily,
(Xi,, Yipi,) € K.

We can therefore see that this path construction can be pursued indefinitely. There-
fore, in a finite number of steps, one necessarily finds oneself back at a vertex already
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visited, and this vertex can only be one of the yy,. One has then detected a cycle y of
G’ and y contains as many vertices of Y| as of Y;. Let q be this number. It is seen
that:
Iyl = 4q.

Moreover, when one runs through the cycle y, one alternatively traverses edges which
are in K and edges which are not in K.

Consider then the matching K’ obtained from K by replacing the edges of K Ny
by the edges of y\K: K’ = (K\y) U (y\K).

Let o’ be the permutation associated with K’. According to Lemma 3.3.2., ¢ and
o’ have opposite parity.

Moreover, each term a; 4 is replaced in the permutation ¢’ by a term of greater
or equal weight: indeed: aj,y i) = aj,q(;) for any i such that o(i) ¢ J; U J, and

aj,o (1) > aj,q(j) for o(i) € J; UJ; because: aj,q) = Max {a j}
jehuly

We therefore have:
w(o) > w(o).

But since o was chosen as a permutation of maximum weight and since > is a total
order relation, this necessarily yields:

w(o’) = w(o) and consequently, if one had for example: w(o) = det™ (A) then
w(0o’) = det™ (A). From all this we can deduces det™(A) = det™ (A).

(Observe that the cycle y exhibited in the above proof is not necessarily unique)

O

Corollary 3.3.3. (i) In a selective dioid (E, ®, ®), if A € My(E) has linearly
dependent columns, then there exists o € E\{e} such that « ® det™(A) =
o ®det (A)

(ii) If, moreover, any element of E\{e} is regular for ® (case of selective-regular

dioids) then: det™ (A) = det™ (A).
Proof. By hypothesis, there exists J; and Jo (Jy NJa = @) and \j # e (j € J1 UJo)

such that: ) _
dyeAl=>" 1Al
jeh i€l

Let us consider the matrix A = (Al, R An) such that:

Al :)\j®Aj’ jeliuly,
A=Al Vj¢J Ul

Letusset:a = I A\
jel Ul

We obtain: det™(A) = a ® dett(A)
det™(A) = a ® det™ (A)
Matrix A therefore satisfies the assumptions of Theorem 1, hence: det™ (A) =
det™ (A) and the first part of the corollary is deduced.

If a # ¢ is regular, we deduce the second part of the corollary: dett(A) =
det™(A). O
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3.4. Bideterminant and Linear Independence
in Selective-Invertible Dioids

Selective-invertible dioids form an interesting sub-class of dioids which Corol-
lary 3.3.3 of Sect. 3.3 applies to: for a matrix A with linearly dependent columns,
the two terms of the bideterminant are equal. In this paragraph, we prove a con-
verse of this result: if A is a matrix with entries in a commutative selective-invertible
dioid satisfying det™(A) = det™ (A), then one can construct a linear dependence
relation involving the columns of A (see Theorem 2 below). Throughout this sec-
tion, we therefore consider that @ is selective and that (E, ®) is a commutative
group. Let us observe that, in this case, the canonical preorder on E is a total
order (this property is used in the sequel). As in Sect.3.3, for a given matrix
A € M,(E), the weight w(o) of a permutation of {1,2,...,n} is defined as the
product w(o) = aj o(1) ®a2,6(2) ® - - - ® an,o(n). We begin by establishing two useful
preliminary results.

Lemma 3.4.1. Let 6; € Per (n) and oo € Per™(n) be two permutations of

{1,2,...,n} of opposite parities such that:
= = = M
wion) =w(o) = Y w(o) Max (w())
oePer(n)

(maximum taken in the sense of the total order relation of the dioid).
There exists then an even permutation 5o € Pert (n) such that:

(i) w(o2) = w(02)

(ii) The permutations o and 63 only differ by a cycle in G(A), in other words the
graph associated with 6, Yoo only contains one even circuit of length > 2
and loops.

Proof. Letus consider the complete bipartite graph G(A) and K| and Kj the (perfect)
matchings of G(A) associated with the permutations oy and o;. We recall that X
denotes the set of vertices of G(A) corresponding to the rows of A, and Y, the set of
vertices corresponding to the columns of A.

Since o and o, are of opposite parities, the partial graph of G(A) induced by
(K1\K2) U (K»\K/) contains at least one connected component which is a cycle p
of cardinality multiple of 4: || = 4q.

Let X' C X be the set of vertices x; (rows) belonging to ., and Y’ C Y the set of
vertices yj (columns) belonging to . Let us set:

X' =X\X" Y'=Y\Y.
Observe that:
IX'|=2q [Y'|=2q and |u|=[X|+]Y|

Let us consider the partial graph G of G(A) induced by K; U K, (corresponding to
the set of elements of the matrix appearing in at least one of the two permutations
01 Or 02). | is a connected component of G.
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The permutation o1 may then be decomposed into two one-to-one correspon-
dences 0}: X' — Y and o}: X" — Y".
We denote o1 = (0, 0f) and similarly o, = (0, o)
According to Lemma 3.3.2., o} and ¢/, have opposite parities.
Let us show that:
w(o}) = w(oh)

We can write: w(o1) = w(d}) ® w(o))
w(02) = W(0h) ® W(o5)

If one had, for example:
w(o)) < w(o))

then the permutation:

o = (0}, o) would have a weight w(G) > w(o), in contradiction with the fact
that oy is of maximum weight.

Similarly we cannot have: w(o}) > w(d5).

Consequently, w(c’l) = w(c’z) (because > is a total order relation).

The desired permutation 65 is thus

o2 = (0),0)). O

Lemma 3.4.2. Leto| € Per™ (n) and oy € Per™ (n) be two permutations of maximum
weight w(o1) = w(o2) and let us denote K| and K; the associated matchings of
G(A). We assume:

— That a; 5, (i) = Gi,0y(0) fgri =1,2,...,n

— That the partial graph G induced by (K{\K2) U (K»\K) is connected and formed
by a cycle w of cardinality 4q (q integer) possibly with pendent arborescences of
even cardinality.

Then for any X; € W and for any yx € .
Ak = 30i(0) = A,0,()

Proof. The proof is given by contradiction, assuming that there exists x; € p and
yk € W such that:
Ak > Qi () = Ai,00()

and then showing that we can exhibit a permutation ¢* such that
w(o™) > w(o1) = w(02).

It is easy to see (refer to Fig. 2) that there exists a perfect matching for the vertices
of L using the edge (xj, yx) and such that the other edges all belong to p (indeed,
the cardinalities of the two paths between a row i and a column k on the cycle
are odd).
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c [ /

—xi O/CC’ Xj
/ C / C
Yk
. Ve / . I /
Yk
o———o

/ c / c

[ ="row" ! = "row"

¢ = "column" ¢ = "column"

(5a) Cycle u (5b) Perfect matching

Fig. 2 Illustration of the proof of Lemma 3.4.2

There therefore exists a perfect matching for the vertices of G using the edge

(xi, yx) and such that the other edges all belong to G (the even pendent arborescences
do not create any problem).
Let o™* be the permutation corresponding to this perfect matching.
We then have:
ik = Aj,o*(i) > d,0q() = d,02(0)

and for any £ = {1...n}\{i}

AL,0%(0) = A,01(6) = AL,05(0)

We deduce:
w(o™) > w(o1) = w(o2)

which contradicts the optimality of 01 and of 55. O

(Remark: above we have used the fact that, in a selective-invertible dioid, for any
cFeonecanwrite:a<b=a®c<b®c.

Indeed, < is compatible with the law ® therefore:a <b=a®c <b®c.

But we cannot have equality because ¢ # ebeingregular,a @ c=b®c =a=D>b
which is contrary to the hypothesis. Therefore: a ® ¢ <b ® c).

We can then state:

Theorem 2. (Gondran and Minoux, 1977)
Let (E, @, ®) be a commutative selective-invertible dioid and A € M, (E).

If  dett(A) = det™ (A)

then the columns of A (and similarly the rows of A) are linearly dependent. In other
words, there exist J1 and Jo(J1 # 0, o # ¥, J1 N o = ) and coefficients \; € E\{g}
(forj € J1 UJa) such that:

dDyeA=)"reAl (7

jeh j€l
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Proof. (1) Since @ is selective, there exist two permutations o1 and o, with opposite
parities, such that:

wo) =w() = Y w(o)= Max {w(o))
sePer(n) oePer(n)

We observe that the permutations o1 and o, remain optimal when one or several

columns AJ of A are multiplied by Aj(%j # €).

From Lemma 3.4.1 one can assume that o7 differs from o only by one even cycle.
(2) If one uses a cross (x) to represent the elements a;; of the matrix A such that

j = o01()orj = 02(i) and after a possible rearrangement of the rows and columns,

we obtain a configuration such as the one shown below:

Y' Y"

x'|2a X X

X"

Let us then consider the sub-matrix A" of A formed by the 2q first lines (X'), the
2q first columns (Y’) and by the elements marked by a cross (the other elements
of A’ being ¢). In the example below, the cycle p of Lemma 3.4.1 successively
encounters Xi, yi, X2, Y2, X3, y3, X4, Y4, X1 (its cardinality is |ju| = 8).

Y1 Y2 Y3 Y4
X1 | an € € a4

X2| 421 a2 € €

X3 € ajzn ass €

X411 € € 43 A44
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Let us try and determine A, A2, A3, ha € E\{e} and the sets J; and J, C

{1,2,...,2q} so that we have, for the matrix A’:
D NRA =) @A (8)
jGJ] j€J2

We can choose one of the \; values arbitrarily (since ® is invertible), e.g. A} = e.
We construct the sets J; and J,, by running through the cycle pu while placing
the columns (vertices y) successively encountered alternatively in J; and in Js.

Thus, in the example, starting from x; we arrive at y; which we assign to J;;
then from x, we arrive at y, which we assign to J; then from x3 we arrive at y3
which we assign to Jy; finally from x4 we arrive at y4 which we assign to J,. We
therefore obtain: J| = {1, 3} J2 = {2, 4}. The ), values are then determined
so as to satisfy the relation (8). If Ay = e, we must necessarily have:

M ®aj =hg®ayy hence: g =aj @ (as) !
then M ®as =Ar3®ay; hence: h3 =)y ®au® (ag3)”
then N3 ®azz=hAr®azgy hence: M =MQay;z® (a32)_1

Since w(o)) = w(0)) we obtain aj] ® a2 ® 233 ® ags = a4 @ a2 ® a3 @ a43
and we check that the second relation:

A ®axp =N ®ag

is automatically satisfied.
The above readily generalizes to the case where p has a cardinality || = 4q
with arbitrary q(q > 1).
(3) Denote A;g the sub-matrix of A induced by the subset of rows X’ and the subset

of columns Y’. Now, let us multiply each column j of AY by the value ) thus
determined. We obtain a matrix A = (aj;) of dimensions (2q x 2q) such that:

Vi: @i 6,¢) = 3j,0,G) With o1() €J; and o02() € Js.

By this transformation an optimal permutation remains optimal, o1 and o3
therefore remain permutations of maximum weight.
Let us now prove that we clearly have:

D A=) A
jeh j€h

In order to do so, it suffices to observe that in view of Lemma 3.4.2., any term

ajj of A is less than or equal to 8i.015) = A0y
(4) Let us now return to the initial matrix A.
For every row x; € X", therefore fori =2q + 1, ..., n, let:

b_;na{,( alj®>» Z%@)\]
yieY’
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&)

Let us then show that there exists n — 2q coefficients \; associated with the
columns of Y” (and the rows of X”) such that, Vx; € X”:

i @ A = Z aj ® A D b; 9
Y cY”
j#i
System (9) is equivalent to the system:

M= a®a;' @K@ a;' @b Vx e X' (10)
ijY”
j#i
Since the identity permutation is an optimal permutation for the matrix A;g; it
follows that the graph associated with the matrix (a; ®a;; ! )iex has all its circuits
jey”

of weight smaller than or equal to e. This property remains true if one replaces

all the diagonal terms of this matrix by ¢, i.e. for the matrix of system (10).
Then, according to Theorem 1 of Chap. 4, the matrix of system (10) is quasi-

invertible and system (10) has a smallest solution A.

With the values \ thus determined, we have, Vx; € X”:

a4 ® hj = Z%’@M (1)
yj€Y
J#
For every i = 2q + 1, ... n, there therefore exists an index (i) # i such that:

aji ® A = i) @ hg() = Z ajj ® A (12)
yieY
j#i
Let us denote G the partial graph of G(A) defined as follows:

- VxjeX, (i contains the two edges of the cycle | incident to X;.
- Vx; € X, G contains the two edges (x;, y;) and (x;, y(p(i)).

Since G has as many edges as vertices, each of its connected components contains
exactly one elementary cycle and possibly pendent arborescences. Let us show
that it is not restrictive to assume that G is connected.

If G is not connected, it contains a connected component 7 having all its
vertices in X" UY”.
For any x; € 7 we cannot have the strict inequality.

aii @ N = 2j 1) ® hggi) > Z ajj ® N (13)

Yj €Y

Vi¢T
Indeed, if (13) is satisfied Vx; € 7, then it would be possible to reduce all the \j
values, for y; € 7, while satisfying (9), which would contradict the fact that A
is the minimal solution to (9).



198

5 Linear Dependence and Independence in Semi-Modules and Moduloids
Consequently, there exists x; € 7 and yx ¢ 7 such that:
aji @ N = 2 g(i) ® hg) = ajk ® Ak

One can then replace in G the edge (Xi, ¥4a)) by (xi, yk), which reduces by one
unit the connectivity number of G.If necessary, the previous reasoning will be
repeated as long as the connectivity condition is not satisfied, to obtain in a finite
number of steps a connected graph G. -

Figure 4b shows the (connected) graph G corresponding to the matrix of
Fig. 4a where, in each row, the crosses correspond to the terms a;; and a; ;) of
relation (12).

(a) i [ va [ vs [va|vs|ve]|yr]vs]vo]vio
X1 | x| x
Xl X2 X X
X3 X | x
X4 | x X
X5 X X
X6 X X
X" X7 X X
Xg X X
X9 X X
X10 X X
YV YU

X10 ’?6\0
(J1) Y10

Fig. 4 An example illustrating equation (12) in the proof of Theorem 2

Yo (J1)
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(6)

@)

Since each vertex of G associated with a row has degree exactly 2, it can be
observed that:

— The pendent arborescences of G are necessarily attached to  in vertices
yj € Y’ (columns);

— The pendent vertices (i.e. those having degree 1) of these pendent arbores-
cence are necessarily vertices y; € Y” (columns).

The columns of Y” can then easily be assigned either to J; or to J, by proceeding
as follows.

Each pendent arborescence is run through starting from its vertex of attach-
ment to p, which already belongs either to Ji, or to Jo. Between this vertex
and each pendent vertex, the vertices y;j are alternatively assigned to J; and J>.
Thus, for the example of Fig. 4b (where we already know that J; = {1, 3} and
J» = {2, 4}) running through the branch attached to y3, column 8 is added to J,
and columns 6 and 10 to J;.

We finally obtain:

J1=1{1,3,6,7,9,10} J»=1{2,4,5,8}

With the values ; and the sets J; and J, resulting from the above, we satisfy the
relations:
Vi=1,2,...2q:

dooap®@n= Y a®) (14)
jehny’ jehny’
andVi=2q+1...n:
D ai®h=) aj® (15)
jeh j€h

It remains to check that the relation:
Vi=1,...2q:

Ya@n =) 4@k (16)
jeh jela

is satisfied and to do so, we are going to show that:
Vx; € X' and yx € Y”:
Max {3 = Max ja;; > 3
ielny’ tai} iehny’ (i} >
This will be obtained through an argument similar to the one used in the proof

of Lemma 3.4.2. Let us assume that for x; € X’ and yx € Y”, we have that
ajx > 5.161 i) = f_lic2(i)~ The edge (xj, yx) joins a vertex X; € | to a vertex yx ¢ [L.



200 5 Linear Dependence and Independence in Semi-Modules and Moduloids

OO~ Y1

~

X4 /
x| / \'w
1 HE
1 1

Y2
+ X3
- —
’ y_;\
X
D Xs
v

1
I

< -
X10 6

~o,

Y10

Fig. 5 Illustration of part 7 of the proof of Theorem 2

Lety; € i be the point of attachment of the arborescent branch of G containing
yk. We construct a perfect matching of G U {(x;, yx)} by selecting:

—  All the edges of the maximum matching of | leaving x; and y; unsaturated,

—  The maximum matching of the chain L joining y;j and yy leaving the vertex
yk unsaturated;

—  The edge (xi, yk);

— All the edges of the form (x;, y;) for all the vertices i not belonging to ., nor
to L.

Let 6™ be the permutation corresponding to this perfect matching (Fig. 5 illus-
trates the matching obtained on the example of Fig. 4, taking x; = x3 and
Yk = Y6)-

We then have ajx = a; o+(i) > aj,6,¢) = 3i,0, () and, VI € {1, ..., n}\{i}:

A o1y = A,6,(1) = AL,05(])

hence we deduce w(c™) > w(o1) = w(o2), which contradicts the optimality of
o1 and of o5.
Thus relation (16) is deduced and the theorem is proven. O

A direct consequence of this result and of Corollary 3.3.3 is the characterization
of singular matrices on commutative selective-invertible dioids:

Corollary 3.4.3. Let (E,®,®) be a commutative selective-invertible dioid.
A € My (E) is singular if and only if det™ (A) = det™ (A).

3.5. Bideterminant and Linear Independence in Max-Min
or Min-Max Dioids

In this section we investigate properties of the bideterminant for another important
sub-class of dioids, namely MAX-MIN dioids (or MIN-MAX dioids). This sub-class
belongs to the intersection of doubly selective dioids and distributive lattices.
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A MAX-MIN dioid is therefore a selective dioid (E, @, ®) with the additional
property:
Va e E,Vb € E: a ® b = Min{a, b}
(the minimum above is to be understood in the sense of the total order relation
deriving from the law @ on E).

It is therefore seen that a MAX-MIN dioid can be defined more directly from a
totally ordered set E endowed with the laws @ and ® as follows:

Vae E,b e E:a@®b=Max{a, b}
a ® b = Min{a, b}

It is also observed that it is a special type of doubly selective dioid. The definition of
a MIN-MAX dioid is analogous, with the roles of MIN and MAX interchanged.
In the literature, MAX-MIN or MIN-MAX dioids have also been investigated
under the names of “Minimax algebras” (Cuninghame-Geene, 1979) or “Bottleneck
algebras” (see e.g. Cechldrova, 1992, Cechlarova & Plavka, 1996).

The following example shows that, for a matrix A with elements in a MAX-MIN
dioid (E, &, ®), the existence of a relation of linear dependence of the form:

doN@AI=) A
jeh j€l

(withJy #¥,J2 #0,J1 NJa =@ and \j # ¢ for j € J; U J2) does not necessarily
imply det™ (A) = det™ (A).

Example 3.5.1. On the dioid (R4, Max, Min) let us consider the matrix:

4
A=11
1

W W =
B -

For hp = 2 and A3 = 2 we clearly have the dependence relation:

MRIAT=Mm QA=

[N NS

However it can be observed that: det™(A) = 3 (the weight of the even permutation
o of maximum weight defined as: 6(1) = 1; 6(2) = 2; 6(3) = 3), and: det™ (A) =2
(the weight of the odd permutation ¢’ of maximum weight defined as: o’(1) =
I; 6/(2) =3;0'(3) =2).

We therefore have in this example, det™(A) # det™(A), despite the linear
dependence of the columns. ||

It will be observed that the situation highlighted in the previous example can be
explained by the fact that the coefficients h, and k3 were chosen too small.
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More generally, if Al and AKX are two arbitrary distinct columns where all the
terms are > 0, by choosing ); and h satisfying.

0<Nj=N= 1an {Min{ai,j; ai,k}}

then this yields: QAJ = M ®AK, even for an arbitrary matrix such that det™ (A) #
det™ (A).

The following result shows that choosing all the ; > perm(A) in the dependence
relation is sufficient to guarantee the equality of the two terms of the bideterminant.

Property 3.5.2. Let (E, &, ®) be a MAX-MIN dioid and A € M (E).
If the columns of A satisfy a linear dependence relation of the form:

YoueA =) 4eA

jeh j€h
with, Vj: \j > perm(A) = det™(A) @ det™ (A) then det™ (A) = det™ (A).

[_’}_"oof. Let A. = (Al, A2, ... An) be the matrix such that Al = Al ifj ¢ J; UJy, and
Al = N RAifjel Uls.
By using the Corollary 3.3.3. of Sect. 3.3, we obtain:
dett(A) = a @ detT(A)
det ™ (A) = a @ det™ (A)

with det™ (A) = det*(/_%) and o = l_[ Aj (product in the sense of ®).
jehuly
The condition:

a= Min {%j} > perm(A) = Max{det " (A), det ~(A)}
jeliuly

then implies:

o ® det™ (A) = det™(A)
o ®det” (A) =det” (A)

which yields the desired result. O

Let us now study the converse of the previous property.

The example below shows that, as opposed to the case of selective-invertible
dioids (see Sect. 3.4) det™ (A) = det™ (A) does not necessarily imply the existence
of a relation of linear dependence of the form

DA =) 3ye Al (17)

jeh j€h
with,  Vj, \j > perm(A) (18)
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Example 3.5.3. In the dioid (R, Max, Min) let us consider the matrix
2 1 0
A=1|1 2 2
1 2 2

which satisfies det™ (A) = det™ (A) = 2 and perm(A) = 2. ' '
It can be observed that, forany j =1, ..., 3,if \j > 2, then }; ® Al =A)
Consequently, if there exists a dependence relation satisfying (17) and (18), it is

necessarily of the form
Y-y w

j€h jeh
withJ] 0, J, 20,11 NJy = 0.
We easily observe for our example that this is impossible if [J1| = |[J2] = 1
(because the three columns of A are distinct) and also impossible if |J;| = 1 and

|J2| = 2 (because, in the first row, none of the coefficients is equal to the maximum
of the two others). ||

From the previous example, it is seen that in a MAX-MIN dioid the singularity of a
matrix A € My, (E) cannot be characterized by the equality det™ (A) = det™ (A).
We now proceed to show that for matrices A € M, (E) satisfying an additional
condition, referred to as non-degeneracy, it is nonetheless possible to characterize
singularity of matrices in MAX-MIN dioids in terms of coloration of hypergraphs.

Definition 3.5.4. A € M, (E) is said to be non-degenerate if there does not exist a
row i containing two terms aj; and ajx such that a;j = ajx < perm(A)

Remark. We observe that the non-degeneracy of a matrix can be checked in poly-
nomial time since the computation of perm(A) can be reduced to a “Max-Min” or
“bottleneck” assignment problem. (refer to Example 3.1.2) ||

For non-degenerate matrices, we can state the following property.

Property 3.5.5. Let A € M, (E) be a non-degenerate matrix on a MAX-MIN dioid
(E, ®, ®).

If there exists a dependence relation implying a subset of columns of A, then
there exists a complete dependence relation, i.e. one in which all the columns of A
are involved.

Proof. Let us assume that there exists a dependence relation of the form
dneAI=)" 1A
jEJ] j€J2

with]y #0, 1o #0 I1NJy =¥, 11Ul #J ={1,...,n},and \j > perm(A), Vj €
J1Uls.
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By multiplying both sides of the above relation by X = perm(A) and by observing
that for %; > perm(A) A ® Xj = \ we obtain:

Viel={1,2,...,n}

D k@ay=) A®a=v

jeh j€la

We necessarily have v; < . Indeed, if for i € I, we have that: v; < 1, this implies
that there exists j; € J; and jo € J, such that:

ajj = ajj, = Vi <A

which implies a contradiction with the non degeneracy assumption. .
We therefore have, Vi € I: v = \ and consequently by setting xjf =\ (for any
jed

J/l =] J/z =J\J; we have the relation:

Viel ) Meaj=) Noaj
jen jel,

which is a complete dependence relation on the set of columns of A. O
Let us now introduce the concept of the skeleton-hypergraph of a given matrix A:

Definition 3.5.6. Let A € M, (E) and . = perm(A).
We refer to as the skeleton-hypergraph of A the hypergraph H(A) = [J, S(A)]
having J = {1, ..., n} as set of vertices and where the set of edges is:

S(A) = {S1(A), S2(A), ... Sa(A)}
where, Vi€l Si(A) = {j/ ®aj = L} = {j/a;j > perm(A)}.

In H(A), each edge corresponds to a row of A, and contains at least one vertex.
Indeed, since h = perm(A), there exists at least one permutation ¢ of {1, ...,n}
such that:

w(0) = a1,6(1) ®22,6(2) ® - .- ® an,gm) = M

Which implies that, ¥i € I: aj 56 > M hence . ® ai o = M which shows that
o(i) € Si(A).

The chromatic number of a hypergraph H (see Berge, 1970) is the minimum
number of colors required to color the vertices of H so that for every edge having
at least two vertices, all the vertices do not have the same color. A hypergraph with
chromatic number 2 is said to be bicolorable. One can then state the following
characterization of non-degenerate singular matrices in a MAX-MIN dioid:

Theorem 3. (Minoux, 1982)

Let (E, @, ®) be a MAX-MIN dioid. A necessary and sufficient condition for a
non-degenerate matrix A € My (E) to be singular is that the skeleton-hypergraph
H(A) satisfies the two conditions:
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(i) Each edge of H(A) has at least two vertices
(ii) H(A) is bicolorable.

Proof. (a) For A € M,(E) with A = perm(A), let us denote A= (ajj) the matrix

(b)

where the coefficients are: .
ajj = A ® ajj
Clearly, A is non-degenerate if and only if A is non-degenerate.
Consequently, using Property 3.5.5 a non-degenerate matrix A € My(E) is

singular (has a subset of dependent columns) if and only if there exists J; and
J», such that:

jeh Jel

with (19)
hW#0, L#0:11N)hh=0

JWUul, =1

Let us now assume that A is singular. (19) then shows that each edge of H(A)
contains at least two vertices, one in J; and one in J,. Moreover, by attributing
a color to the vertices of H(A) corresponding to the columns j € J; and another
color to the vertices of H(A) corresponding to the columns j € J, we obtain a
bicoloring of H(A).

Conversely, let us assume that H(A) is bicolorable and that each edge contains
at least two vertices. This means that ] = {I,...,n} can be partitioned into
J1 # @ (the set of vertices having color 1) and J, # @ (the set of vertices having
color 2), so that each row 1 of A contains at least two terms ajj, and ayj, equal to
x with j; € Jj and jo € Js.

We therefore have a complete dependence relation of the form (19) for the
columns of A, and this shows that A is singular. O

The problem of 2-colorability of a hypergraph being NP-complete (see Garey and
Johnson, 1979, Appendix A3, p. 221), Theorem 3 therefore shows that testing the
singularity of a (non-degenerate) matrix in a MAX-MIN dioid is a difficult prob-
lem. If, moreover, we recall that the computation of the permanent in such a dioid
is easy (it reduces to solving a “bottleneck™ assignment problem, see Sect. 3.1,
Example 3.1.2), one can observe a notable difference from the point of view of com-
putation, with standard algebra (where checking singularity of a matrix can be done
in polynomial time, whereas computing the permanent is difficult).

Exercises

Exercise 1. Let X = (Xj)ie1 be a family of elements in a semi-module (M, [J, L) on
(E, &, ®).
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(a) Show that if X is independent, then it is non-quasi-redundant.

(b) Show that if X is non-quasi-redundant, then it is non-redundant.

(c) Show that if (E, ®) has a group structure, the concepts of non-redundancy and
non-quasi-redundancy are equivalent.

Exercise 2. Let (E, @, ®) be the dioid (N, Max, x) withe =0,e = 1,and M = E2,
the set of vectors with two components on E.
For N > 1 integer, let us define:

() 5 (2) = - (e()-0

Show that the family X = [X, X2, Xx3] is non-redundant but that it is quasi-
redundant.

Exercise 3. Let M = E*, the set of vectors with four components on (R, Max, x)
and let us consider X = [X1, X2, X3, X4] where:

1 1 0 0
1 0 1 0
X1 = 0 X2 = 1 X3 = 0 X4 = 1
0 0 1 1

Show that this family is non-quasi-redundant but not independent (in the sense of
Definition 2.5.1).

Exercise 4. Show that the result of Proposition 2.5.5 remains valid, under the same
assumptions, for non-redundant families X = (Xj)ier or similarly for non-quasi-
redundant families.

Deduce that if (M, [, L) has a non-redundant generating family (resp. non-quasi-
redundant), then the latter is unique.

[Indication: verify that the proofs of Propositions 2.5.5 and 2.5.7 apply].



Chapter 6

Eigenvalues and Eigenvectors
of Endomorphisms

1. Introduction

The celebrated Perron-Frobenius theorem, which applies to real nonnegative matri-
ces, may be viewed as the first result stating the existence of an eigenvalue and
associated eigenvector on matrices with coefficients in the dioid (R4, +, x). Indeed,
it asserts that such a matrix has an eigenvalue in this dioid, with an associated eigen-
vector having all components in the dioid; moreover, it establishes a special property
for this eigenvalue, as compared with the other eigenvalues on the field of complex
numbers: it is actually the one having the largest modulus.

The importance of this largest eigenvalue is well-known as it is often related
to stability issues for dynamical systems (Lyapounov coefficient), or to asymptotic
behavior of systems (see, e.g. Exercise 2 at the end of this chapter).

The present chapter is devoted to the characterization of eigenvalues and eigen-
vectors for endomorphisms of semi-modules and of moduloids in finite dimensions.
Extension to functional operators in infinite dimensions will be studied in Exercise 3
of this chapter (for Max+ dioids) and in Chap. 7, Sect. 4 (for Min—-Max dioids).

Conditions guaranteeing the existence of eigenvalues and eigenvectors are studied
in Sect. 2. These conditions involve the quasi-inverse A* of the matrix A associated
with the endomorphism under consideration.

In Sect. 3, we present for various classes of idempotent dioids, results character-
izing the eigen-semi-module associated with a given eigenvalue.

Section 4 focuses on the important special case of dioids with multiplicative
group structure. An analogue to the classical Perron—Frobenius theorem is obtained
for a subclass of selective-invertible dioids. Section 5 investigates the links between
eigenvalues and the characteristic bipolynomial of a matrix.

A number of noteworthy applications of eigenvalues and eigenvectors in dioids
are presented in detail in Sects. 6 and 7: hierarchical clustering, preference analysis,
theory of linear dynamical systems in the dioid (R U {—o0}, Max, +). An interesting
application to the Ising model in statistical Physics is also presented in Exercise 2.

207
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2. Existence of Eigenvalues and Eigenvectors: General Results

Let (E, @, ®) be a semiring (where ¢ is the zero element and e the unit element) and
denote M = E" the semi-module formed by the set of vectors with n components in
E. The internal operation of M is the operation @ defined as:

X1 Y1 X1 D y1
X2 y2

el . | =
Xn Yn Xp @D Yn

and the external operation, denoted ®, is defined as:

X1 A ® X
VieEa® || =|"®®
Xn N ® Xp

Leth: M — M be an endomorphism of M. Since any vector x € M can be written as:
X=X Qe ®x2@e2® ... xn ey (Where, Vj =1, ...n, ¢ denotes the vector
whose jth component is e and all the other components €) it is seen than h is perfectly
defined by specifying the n vectors h(ey), h(e2)...h(e,), or, equivalently, by the
matrix A = (aij)izlmn with columns h(e;), ...h(e,).
j=l.n
X1
Thus we can write, Vx = | ~ | e M\:h(x) = A®x

Xn
where the product of the matrix A € M, (E) by the vector x € M is defined by:

n
Vi: (A ®X); = Zaij ® Xj
=1

(where the sum above is in terms of the operation @ of the semiring). Therefore, for
finite dimensional semi-modules, there is a one-to-one correspondence between the
endomorphisms and n X n square matrices with coefficients in E.
Now, given a matrix A € My, (E) (i.e. an endomorphism of E"), we say that . € E
€
€
is an eigenvalue of A if there exists V. € E", V # | - | such that:

AQRV=rAQV

V is referred to as the eigenvector of A for the eigenvalue \.
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If the operation ® is commutative, it is easily checked that the set of eigenvectors
of A for a given eigenvalue ), denoted V (), is a sub-semi-module of E" called
eigen-semi-module. If the operation ® is not commutative, then V(\) is a right
sub-semi-module, in other words, YVa € E,B € E,V € V(\) W € V(\):

VRadWeBe V).

Property 2.1. Assuming that the operation ® is idempotent and commutative, if V
is an eigenvector of A for the eigenvalue e, then A ® V is an eigenvector of A for the
eigenvalue h.

Proof. Wehave AQV =V

thuss AQ (A ®V)=AQ(AR®YV)
=AQ®V
=\®V
=A2®@(O®V) O

We recall (see Chap. 4, Sect. 3.2) that the graph G(A) associated with a matrix
A € M, (E) is the directed graph having X = {1, 2, ...n} as its vertex set, and where
(i,j) is an arc if and only if aj; # €. For every arc (i,]) in G(A), the coefficient aj; is
called the weight of arc (i, j).

For k € N, we will denote A the kth power of A and:

A=A A’ ... AK

When the matrices AX! have a limit as k — oo, this limit will be denoted A+ and
we define A* = 1@ AT (I denotes the identity matrix in M, (E)). It is easily seen
that the matrices A* and A™ satisfy:

ARA*=A*@A =AT (1)
We also recall that the term (i, i) of A™ can be expressed as:

[ATlii= > w )

Y€eP;

where P;; denotes the set of circuits of cardinality >1 containing node i in G(A) and
w(y) the weight of circuit y € P;; (see Chap. 4, Property 3.2.1).

(f y = {(i1, 12), (i2,13), . .. (ix, 1)} then: w(y) = a1, Rai,,i; ® ... @ aj,i;)

We recall that, if ® is not commutative, the weight of a circuit depends on which
node is chosen as the starting node to traverse the circuit and we need to refer to the
notion of pointed circuit (see Chap. 4, Sect. 3.2). In this case, P;; in (2) will denote
the set of pointed circuits having i as starting node.
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Below, we denote [AT]" and [A*]! the i column of matrices AT and A*
respectively. We can then state:

Theorem 1. (Gondran and Minoux 1977)
Assuming that A* exists (note that in this case the existence of AT = A ® A*
follows) then the two following conditions are equivalent:

(i) Ywy |erer=[> wy|er 3)

vePj vePj
forso_mei € [l,n]and\ € E.‘
(ii) [AT]' @ \ (together with [A*]' @ \) is an eigenvector of A for the eigenvalue e.

Proof. Let us show that (i) = (ii)
From (1) we get:

[AT] = A®[A*]
=A® ('@ [AT])

where [1]! denotes the ith column of the identity matrix L.
From condition (3) we can write:

AT ®@r=I'®[AT]) @2
=[AT]®x

from which (1) implies that [A*T]' ® » = [A*]' ® X is an eigenvector of A for the
eigenvalue e.

Now we show that (ii) = (i).

Assume that [A*]' ® \ is an eigenvector of A for the eigenvalue e.

Thus:

AQIAT ®r=[A"T®)% )
= ([T @ [A*]) @
Since A ® A* = At we deduce from (4):
AT @r=[ATT @
which then implies that:
AT @r= (I ®ATH @)
For the ith component, the above equality implies:
ATi®@r=2®[AT]i ®\
which is none other than (3). O

Several interesting results will now be deduced from this theorem.
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Corollary 2.2. If A* exists and if there exists . € E and a pointed circuit y origina-
ting at i such that:

W) QUnodw=w(y un

then [A*]! @ W is an eigenvector of A for the eigenvalue e.

Proof. We need simply observe that in view of the assumptions of Corollary 2.2,
relation (3) is satisfied. O

Theorem 1 and Corollary 2.2 will often be used in the special situation where A = e
orp =e.

Corollary 2.3. If A* exists and if I® A = A, then all columns of A* are eigenvectors
of A for the eigenvalue e.

Proof. Tt follows directly from Corollary 2.2 taking . = e and w(y) = aj;. O

Corollary 2.4 below is a consequence of Theorem 1 in the case where (E, ®) is a
group (the inverse of an element ) € E for ® being denoted .~ 1).

Corollary 2.4. (i) If (E, ®) is a group, if .~ ® A)* exists and if:

1 * 1 *
(x* ®A>H®e=<)ﬁ ®A>H ®)
1,1 1,1
then (W' ® A)*]! is an eigenvector of A for the eigenvalue .
(ii) If, furthermore, ® is commutative, then condition (5) can be replaced by:
vl vl
dowmenh ee=) wyenh 6)

veP;i YEPj;

where |y| denotes the number of arcs of circuit y and where Pj; denotes the set
of circuits of G(A) containing i.

Proof. (i) Relation (5) shows that Theorem 1 applies to the matrix 21 ® A and
that, as a result, [()\_1 ® A)*]i is an eigenvector of 21 ® A for the eigenvalue
e. It follows that this vector is also an eigenvector of A for the eigenvalue .

(ii) In the case where ® is commutative, the weight of a circuit y of G()\’1 ® A)
is none other than w(y) ® O HY! where w(y) is the weight of this circuit in
G(A). O

The following result concerns another important special case, in which both opera-
tions @ and ® are idempotent.

Corollary 2.5. Assume that @ and @ are both idempotent, that A™ exists, and define
n € E as:

w=[AYhi= ) wy (7)

Y€EP;i

Then [A*]' ® W is an eigenvector of A for the eigenvalue e.
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Proof. Since @ and ® are idempotent, we have w? @ p = p2 and, p being defined
by (7), we observe that relation (3) is satisfied with h = ; the result then follows
from Theorem 1. 0O

In the case where, in addition to the idempotency of & and ®, we assume the
commutativity of ®, the existence of A™ is guaranteed and we obtain the following
corollary.

Corollary 2.6. If & is idempotent, ® idempotent and commutative, then:

(i) AT and A* exist:
(ii) by setting:
w=[A%]i= ) wy

vePji
forany » € E,x @ i ® [A*]' is an eigenvector of A for the eigenvalue .

Proof. (i) Inthe case where @ and ® are idempotent, any element a € E is 1-stable
and has a quasi-inverse a* = e @ a (see Sect. 7 in Chap. 3). If, furthermore, the
law ® is commutative, according to Theorem 2 of Chap. 4, any square matrix A
has a quasi-inverse A*: the existence of A™ and A* is therefore guaranteed.

(ii) By applying Corollary 2.5 we immediately deduce that [A*]' @ i = p ® [A*]!
is an eigenvector of A for the eigenvalue e. It then follows from Property 2.1,
that VA € E, X ® p ® [A*]' is an eigenvector of A for the eigenvalue . O

3. Eigenvalues and Eigenvectors in Idempotent Dioids:
Characterization of Eigenmoduloids

In this section we will present a number of results characterizing eigen-semi-modules
V(\) associated with eigenvalues .

All these results will be obtained by assuming that @ is either idempotent or
selective, in other words, correspond to cases where (E, @, ®) are dioids (either
idempotent or selective). The eigen-semi-modules under consideration in this section
are therefore moduloids.

We start by studying V(e). Thereafter we will show how results for V(\), for
arbitrary X, can be deduced.

Lemma 3.1. Let (E, @, ®) be an idempotent dioid and A € My, (E) having the eigen-
value e, and such that A* exists with A* = AP = 1A D...P AP for some integer
peN

Then: VeVe) = V=A"QV

Proof. We can write:
V=V
ARQV=V
A’®@V=AQV=V

AK@V=AQV=V
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for any k € N. It follows that: I D A D ... ARV =AM @V = V and
consequently if A* = A® for p € N, we deduce:

A*®@V=V. O

The previous result thus shows that, when the reference set is an idempotent dioid (and
even more so in the case of a selective dioid), any vector of }V(e) is alinear combination
of the columns of A*. Nevertheless, the columns of A* do not necessarily belong to
V(e) themselves (see Theorem 1 of Sect. 2 and its corollaries).

With the stronger assumption of selectivity for €@, we now show that the set of
vectors of the form [A*]' ® i; which belong to V(e) form a generator for V(e).

Theorem 2. (Gondran and Minoux 1977)

Let (E, ®, ®) be a selective dioid and A € My (E) having the eigenvalue e and
such that A* exists with A* = AP, for some integer p € N.

Then there exists a subset {i1, 1z, ..., ik} of {1, 2, ..., n} and coefficients Wi, €
E(k = 1...K) such that

K
Veve =V=> [A]"®u,
k=1

with, Vk: [A*]* @ ;€ V(e)

Proof. & is idempotent, thus V= A* ® V from Lemma 3.1 and consequently:
n .
v=> (AT eV (8)
i=1
Moreover, since V € V(e):
n
Vi=1,...n: Zaij@)Vj:Vi
j=1

Since @ is selective, with every indexi € {1, ...n} we canassociate anindex j = ¢(i)
such that: aj o) ® Vi) = Vi (if several indices j exist such that aj; ® V; = Vj, we
arbitrarily choose one of these indices for ¢(i)).

The partial graph H of G(A), formed by the subset of arcs of the form (i, ¢(i))
fori = 1,...n, contains n vertices and n arcs. Its cyclomatic number is therefore
equal to its connectivity number. Moreover, as any vertex of H has an out-degree
exactly equal to 1, each connected component of H contains a unique circuit. Let us
denote H!, H2, ... HX the connected components of H, and, for k € {1, ...K}, let
us denote y* the circuit contained in H¥. Any vertex i € HX either belongs to y* or
is connected to y* by a unique path originating at i and terminating at j € y*.

Let us assume that yk has vertex set {if, iz, .. .ig}.
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We have:
aji, ® Vi, = Vi,
aj5i; ® Vi; = Vi,

ajgi; ® Vi) = Vi,
thus we deduce, for any vertex i of y* (for example i = i)
W) ® Vi = V;
We can thus write:
W) ®VieVi=Vi=wi) eV

We then observe that, as a result, the assumptions of Theorem 1 are satisfied with
, = Vj, which implies: '
[A*]' ® Vi € V(e)

Let us now consider an arbitrary vertex j of H*, j ¢ yX, and show that, in expression
(8), the term [A*} ® Vj is absorbed by the term [A*]' ® V; (i € y¥).
In HX there exists a unique path Tj; joining j to i. On each arc (s, t) of this path
we have the relation:
ast ® Ve = Vg

thus we deduce:
w(mji) ® Vi = V;

We can thus write:
[A*T @ Vj @ [A*] ® Vi = [[A*] @ w(mj) ® [A*T]®V;

w(mji) comes into play in the term (j, i) of the matrix A", where r is the number of
arcs of the path mj;. From the elementary property: A* @ A* ® A" = A* (which
follows from the idempotency of @) we deduce that:

[A*P @ w(m;) ® [A*] = [A*]!
which shows that:
AT @ Vi@ AT ® V) = [A*] ® V;

As aresult, it is enough in expression (8) to retain a unique term of the form [A*]ik ®

Vi, withig € yk, for each connected component HX of H, and we have:

K .
V=> AT ®V,
k=1

and [A*]* ® Vi, € V(e) fork = 1...K, which proves the theorem. O
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We can deduce from Theorem 2 the following consequences.

Corollary 3.2. Let (E, @, ®) be a selective-invertible dioid and A € My (E) such
that A* exists with A* = AP (p € N)

Then, if e is an eigenvalue of A, V(e) is the (right) moduloid generated by those
columns of A* which are eigenvectors of A for e.

Proof. According to Theorem 2, if V € V(e), then V has the form:
V=Y (AT @

with, Vk, [A*]* ® Ik € V(e) (sum on a subset of indices from {1, 2, ..., n}).
Since (E, ®) is a group, iy # € has an inverse for ® and:
A ®[A* ] ® py = [A*]X ® i shows (via right-multiplication by (j )~ ') that
we also have [A*]X € V(e)
Hence, Corollary 3.2 follows. O

In Corollary 3.3 and Theorem 3 below, we will assume that @ is selective, that ® is
idempotent and that e is the greatest element of E. Then, we know that the set E is
totally ordered by the canonical order relation and it is easy to see that:

Vae E,b e E,a®b = Min{a, b} 9)
Indeed, we have:

a@bda=a®(bde)=a
a®bdb=(@Pe)®b=D>

which impliesa @ b<aanda®b <b
If now we assume a > b, we have:
a @ b = a and we can write:

a®b=(adb)®b=axbdb

thus we deduce a ® b > b and (by the antisymmetry of >) a ® b = b. Similarly:
a<b=a®b=a.

Corollary 3.3. Let (E, @, ®) be a selective dioid for which:

— the ® law is idempotent;
— e is the greatest element (i.e.Ya € E,e @ a =¢e)

Let A € My (E) having e as an eigenvalue. Then A* exists and V(e) is the (right)
moduloid generated by the set of vectors of the form [AT]' ® w; (fori = 1...n)
where, Vi:  pi= Y. w(y) =[AT]i;

Y€Pii
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Proof. In view of the assumptions, for any pointed circuit y of G(A) we have:
w(y)@e=e

which shows that G(A) is without 0-absorbing circuit.

According to Theorem 1 of Chap. 4, we deduce the existence of A* (note that
here we do not assume the commutativity of ®). Furthermore, A* = A=,

According to Corollary 2.5, the vectors [A]i QWi (withp; = [A+]i,i) are elements
of V(e).

Let us now apply Theorem 2: any vector V € V(e) can be written as:

V=Y AT @ (10)

with [A*]F ® ai € V(e).
(Sum on a subset of indices from {1, 2, ..., n}).
According to Theorem 1, ay satisfies (3) in other words:

Mg ® ag D ax = Py & ok
Moreover:

Mg @ ax © o = (g De) ® ax
=k (because py e =e)

Thus, we have: i, ® ax = ax and (10) can be rewritten:
V=) (AT ®w) ®a

This shows that the set of vectors of the form [A*]' ® w;(i = 1, ...n) is a generator
of V(e). O

According to Corollary 3.3, the set of distinct vectors of the form [A*] ® [A+]i,i
is a generator of 1V (e). The following result is fundamental, because, under the same
assumptions, it shows that it is a minimal generator, and that it is unique.

Theorem 3. Let (E, @, ®) be a selective dioid for which the ® law is idempotent
and where e is the greatest element. Let A € My (E) having e as eigenvalue.

Then A* exists and G = U {V‘}, the set of distinct vectors of the form Vi =

i=l..n

[A*] ® [A*]i; (fori=1,...n), is the only minimal generator of V(e).

Proof. The existence of A* and the fact that Vl(i = 1,...,n) form a generator of
V(e) follow from Corollary 3.3.

Let us show, therefore, that G is a minimal generator and that it is unique. Let
us proceed by contradiction and assume that there exists another minimal generator
G = kUK {Wk} of V(e) composed of vectors WX, k running through a finite set of

S
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.. —i .. . .
indices K. Some vectors V' can coincide with vectors of G’, however there necessarily

exists at least one index i such as: V' # WK for all k € K. Since G’ is a generator of

V(e), there exist coefficients y, € E such that:

V=Y wWEey,
kekK

The component i of V' is [AT]
(Indeed, we have:

i,i

[A*]i,i ® [A+]i,i =(e®[AT])® [A+]i,i = [A+]1,

since e is the greatest element of E).
As @ is selective, there exists an index k’ € K such that:

_1 k/
V= [A+]i,i =W, ® v
As WK ¢ V(e), from Lemma 3.1, it can be expressed as:

n
wE =3 [aT @ wF
j=1
thus we deduce: ) ) )
W > [A*] @ WF
Since, according to (12), W%‘/ > [AT]. .,
we deduce: / - i
W= (AT 0[], = 7

Furthermore, from relation (11) we can write:
Vi > Wk, X Yk’
and furthermore, by noting that (from (12)) v > [AT];;:

Vizwhe [AT ]

an

12)

(13)

(14)

Now multiplying (13) by [A™]; ; and noting that, as a result of the idempotency of ®:

Ve [AT]i = v

we obtain: ) .
W QAT =V
The inequalities (14) and (15) then imply:

V=wKg [A*]is

(15)

(16)
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The above reasoning shows that, for any vector V' not coinciding with one of the

vectors WX, there exists an index k’ € K such that the vectors V' and WX’ satisfy
(16) (in other words are ‘“colinear”).

Furthermore, as the set of Wk (k € K) was assumed to be minimal, _it cannot
contain any vector W'(t € K) which does not correspond to one of the V' (indeed,
in this case, a generator strictly smaller in the sense of inclusion would be obtained
by eliminating the vector W').

From the above we deduce that the sets G and G’ are in one-to-one correspondence.
For any k € K, let us denote a(k) = i, the index of the vector V corresponding to
WK, Thus we have, Vk € K:

k) k)

K _ k * =
WK =V or W'® [A ]a(k),d(k) =V ’

In all cases, we thus have:

Sa(k
wk > Va( ) for any k.
This shows that, among all minimal generators (in the sense of inclusion) in one-

to-one correspondence with G = U Vv ], G is the one which contains the least
i=1..n

vectors (in the sense of the order relation on the vectors of E"). G is therefore the
unique minimal generator with this property. O

Let us note that Theorem 3 above generalizes a result obtained by Gondran
(19764a,b) for the special case of the dioid (R, Min, Max).

In Chap. 7, Sect. 6.4, an extension of Theorem 3 to infinite dimensions (functional
semi-modules) will be found for the case where the basic dioid is (R Min, Max)
(see also Gondran and Minoux 1997, 1998).

The following results characterize V(\) for A # e in the case of selective dioids
with idempotent multiplication.

Lemma 3.4. Let (E, @, ®) be a dioid with @ commutative and assuming e to be the
greatest element of E(WVa € E:e @ a =e). Let A € M (E).
Then A* exists, and if '\ € E is an eigenvalue of A:

VeV =V=A*QV
Proof. By using the commutativity of ®, A ® V = A ® V implies, Yk € N:
Akev=rkegVv
Since e is the greatest element of E, we have: e & A & 2 @...d N\ = e thus, Vk:
IA®A’®..dAH RV =V

As A® — A* assoonask > n — 1 (see Chap. 4, Theorem 1) we deduce the
result. O
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We can then state:

Corollary 3.5. (Gondran and Minoux 1977)
Let (E, ®, ®) be a selective dioid for which:

— the ® law is idempotent and commutative;
— e is the greatest element (i.e.Va € E:e @ a =¢)

Let A € My (E). Then:
(i) A* exists and any \ € E is an eigenvalue of A;

K .
(i) VeVh) = V=>) [A'Tx@r®
k=1
with K < n and ¥k: [A*]* @ L ® ;€ V(1)
with w;, = [AT]i i
Proof. (i) follows directly from Corollary 2.6. Let us therefore prove (ii).
The assumptions of Lemma 3.1 being satisfied, we have: V = A* @ V =

n .
YA ®V;
i=1
On the other hand, we have:

n
Vi=1..n: > aj®@Vj=1®YV;
i=1

As in the proof of Theorem 2, we can construct the partial graph H of G(A) whose
arcs have the form (i, ¢(i)) where, Vi =1, ...n:

A o) @ Vi) =1L ® Vi (13)

Each connected component H* contains a circuit y*. By writing the relations (13)
along the circuit y¥, and by taking into account the fact that ® is idempotent, we
obtain for i € yX:

W) ®Vi=1eV;

We can then write:

W) OROVi®r®Vi=wi)oreV;

thus we deduce, from Corollary 1, that: [A*]' ® . ® V; € V(e)

We then note that we also have [A*]'\@ . QV; € V(\) (indeed, ® being idempotent
and commutative, AQU = Uimplies: AQ(AQU) = A\QARU = AQU = MU,
which shows that U € V(e) = A ® U € V(\)).

As in the proof of Theorem 2 we also show that any term of the form [A*} @ X ®
V; (j #1,j € H¥) is absorbed by [A*]' ® A ® V.
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Then by choosing a vertex iy, € y* in each connected component H of H, we can

write, denoting by K the connectivity number of H:

V=
k

K
[A*]* @ x ® Vj

=1

with, Vk, [A*]ik ® N ® Vi € V(\), which proves (ii). O

4. Eigenvalues and Eigenvectors in Dioids with Multiplicative
Group Structure

In this section we will investigate the special case, which is important for applications,
of dioids (E, &, ®) for which (E, ®) is a group.

For matrices with entries in such dioids, we will see that well-known proper-
ties of irreducible matrices with positive entries in ordinary algebra will thus be
found again. We will then use these properties to establish an analogue to the classi-
cal Perron—Frobenius theorem for matrices with entries in some selective-invertible
dioids.

We recall that a matrix A € My (IRy) is said to be irreducible if and only if the
associated graph G(A) is strongly connected. In classical linear algebra, the Perron—
Frobenius theorem is stated as:

Theorem. (Perron, Frobenius) Let A € My (R4) be an irreducible matrix and p(A)
its spectral radius (the modulus of the eigenvalue having the largest modulus). Then
p(A) is an eigenvalue of A, and the associated eigenspace is generated by an eigen-
vector whose components are all positive.

For a proof and further discussion of this theorem, see Exercise 1.
In the case of dioids featuring multiplicative group structure we start Sect. 4.1 by
establishing a few preliminary results.

4.1. Eigenvalues and Eigenvectors: General Properties

Lemma 4.1.1. Let (E, B, ®) be a dioid. Then:
a®b=e=a=b=c¢ (14)
If furthermore, (E, ®) is a group, then:

a®b=¢e=a=¢or b=¢ (15)
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Proof. Equation (14) follows from Proposition 3.4.8 of Chap. 1.

Let us now assume that (E, ®) is a group and thata ® b = «.

Let us show that a # e and b # ¢ is impossible. If a # ¢, then a~!, the inverse of
a for ® exists, from which we deduce b = a~! ® ¢ = ¢ (because of the property of
absorption), which exhibits a contradiction. From the above (15) is deduced. O

Lemma 4.1.2. (Gondran and Minoux 1977)

Let (E, ®, ®) be a dioid such that (E, ®) is a group, and A € My(E) be an
irreducible matrix (G(A) strongly connected). Then, if V. = (Vi)i=1.n IS an
eigenvector of A for the eigenvalue '\ we have:

A > ¢ (16)

and:
Vi=1,...n: Vi >z¢ (17)

Proof. Let us first prove (16). We necessarily have ¢ < \ (¢ is the least element in
the sense of the order relation). If X = ¢ then we have:

€

AV=]|"®

therefore, Vi=1...n:
n
Zaij ® Vj =€
=1

According to Lemma 4.1.1, this implies:
Vi, Vj: ajj [0 Vj =€

and therefore:
aj=¢ or Vj=c¢e.

. . . ) S
Since V is an eigenvector, V # : there hence exists j, such that V;  # e.

€

Then the relation ajj, ® V;j, = € implies ajj, = ¢, and this is so for all i. This leads
to a contradiction with the strong connectivity of G(A). Consequently, we cannot
have A = ¢, and (16) is proven.

To prove (17) let us again proceed by contradiction. Let us assume that V has
some components Vj = e. The set X = {1, 2, .. .n} can then be partitioned into:

X1 ={j/Vj = ¢} and X, = X\ X and we have that X; # ¥ X5 # 0.

By reordering the rows and columns of A and the components of V if nec-

essary, we can put V into the form V = <¥1> (where V| corresponds to the
2
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components of V equal to ¢ and V; to the components of V different from €) and A in

the form:
Al A
A =
<A21 Azz)
where VI € {1,2} and Vk € {1, 2} Ay is the submatrix induced by the subset of

rows X; and the subset of columns Xi. The relation A ® V = A ® V then implies
€

€ . . . .
A12®Vy = | _|. V2 having all its components # €, we can deduce, in a way similar

£
to the above, that all the terms of the submatrix A, are equal to €. This contradicts
the irreducibility of the matrix A, and proves (17). O

This result will now be used to study the properties of the eigenvalues of matrices
with entries in dioids featuring multiplicative group structure.

Lemma 4.1.3. (Gondran and Minoux 1977)
Let (E, @, ®) be a dioid where (E, ®) is a commutative group, A € My(E) an
irreducible matrix and '\ € E an eigenvalue of A. Then:

(i) For any circuit y of G(A) we have:
w(y) <A (18)

(where |y| denotes the cardinality of circuit y).
(ii) If @ is selective, there exists an elementary circuit y of G(A) such that:

w(y) =\l (19)
(iii) If @ is idempotent, the matrix O ® A)* exists.

Proof. (i) Let us consider an arbitrary circuit y = {i, iz, . .. ik, i1} of G(A) where
If V.= (Vj)j=1...n is an eigenvector associated with the eigenvalue ), we have:

DA ®Vi=1eV;
i
Zaizj@)Vj =r®Vj,
i

D4 ®Vi=%@V
j
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(ii)

This implies:
aji, ® Vi, = A ®@Vj,
aj,i; ®Vi; < A® YV, (20)
aii; ® Vip <A ® Vj,
By multiplying the first inequality by A (and by using the compatibility of <
with ®) we obtain:
ailiz ® ai2i3 ®Vi3 = ailiZ RN® Viz < )\-2 ®Vil

Similarly, by multiplying the latter inequality by X\ and by using the relation:
a1, ® Vi, < 2 ® V;, we obtain:

aiyi, ® A, iy @ aiyi, @ Vi, < MRV,
and by iterating this process k times:
A, ® ... ®ai;, ® Vi < eV 21

Since Aisirreducible wehave h # eand Vj # e (j = 1...n) (see Lemma4.1.2)
therefore Vi, # e. Then by multiplying the two sides of the above inequality

by (Vi])_1 we obtain:

ailiz ®ai2i3 ® ®aiki1 S )\.|Y|

which proves (18).
If V = (Vj)j=1..n is an eigenvector of A for the eigenvalue X, we have,

Vi=1...n: Zaijcz)vj:x@\/i
j

Since @ is assumed to be selective, with each index i € {l,...n} we can
associate an index (i) such as:

ai,¢() ® Voi) = A ® Vi

(if there exist several indices j such that a; ;® Vj = L ® V;, we arbitrarily choose
one of these indices for ¢ (i)).

The partial graph H of G(A) formed by the subset of arcs in the form (i,¢(i))
contains n vertices and n arcs. In H, each vertex has an out-degree equal to 1,
hence there exists an elementary circuit y. Along this circuit, relations (20) are
satisfied with equality, and relation (21) reads:

wy) @ Vi =r" eV,

Since Vj, is invertible (V;, # ¢ in view of Lemma 4.1.2) we can deduce from
this relation (19).
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(iii) The existence of (A\~! ® A)* follows directly from (18). Indeed, let y be an
arbitrary circuit of G(A). Its weight with respect to ™' ® A is:

8(y) = w(y) @ (v HY!

(18) then implies that 6 (y) < e and, consequently, for any circuit y of G(A)
we have:

By) de<ede=e. As 0(y)Pe>e wededuce 6(y)®e=¢e

which shows that 6(y) is 0-stable. The existence of (A~' ® A)* can then be
directly deduced from Theorem 1 of Chap. 4. O

From Lemma 4.1.3 above we can then deduce:

Corollary 4.1.4. Let (E, @, ®) be a selective-invertible dioid with ® commutative,
and A € My(E) an irreducible matrix. Then if A has an eigenvalue '\, this eigenvalue
is unique.

Proof. Let \1 and N, be two distinct eigenvalues of A.
From Lemma4.1.3 there exist two elementary circuits y; and y, in G(A) such that:

w(yy) =n'"!
w(yy) = n!?

In addition, again from Lemma 4.1.3, we can write:

w(y,) < al72!

and

w(yp) < anlvl
which leads to:

M\Vll < )\ZWI\ (22)
and:

)\Z\Yzl < )\]\Yz\ (23)

Since @ is selective, < is a total order relation, therefore if A 7% A\, we have, either
N < hporkhy < A\jp.
If, for example, we have A1 < \; then we can deduce:

)\1|Y2| < )\2|Y2|

which is incompatible with (23).
Similarly, if A < X it follows:

)\2|Y1| < )\1|V1|

which is incompatible with (22).
N2 # k1 therefore leads to a contradiction, which proves the property. O
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For a matrix A with entries in a selective-invertible dioid having a unique eigenvalue
X, the following result characterizes the minimal generators of the eigenmoduloid
V(N).

Theorem 4. Let (E, ®, ®) be a selective-invertible-dioid with ® commutative, and
A € My(E) be an irreducible matrix having '\ as unique eigenvalue. Let us denote
Gc(A) (critical graph) the partial subgraph of G(A) induced by the set of vertices and
arcs belonging to at least one circuit y of weight w(y) = \! (critical circuit). Let
Hy, Hp, ... Hp be the strongly connected components of Gc(A) and in each compo-
nent let us choose a particular vertex j| € Hy, JQ € H2, . jp € Hy,. Then denoting

= (" ® A, the family of vectors F = {[A*]“ [A*]J2 e [K*]jp} is a minimal
generator of the eigenmoduloid V (\.).

Proof. We will provide the proof for the case A = e. The general case of a matrix A
W1th a unique eigenvalue A € E, \ # e, is easily deduced by considering the matrix

= (»1) ® A. Let us also observe that, according to Lemma 4.1.3, there exists
at least one critical circuit, therefore G, contains at least one non empty strongly
connected component.

(a) First let us show that F is a generator of V(e).
Let us denote y; a critical circuit of H; containing vertex jj, y, a critical
circuit of Hy containing vertex jo, etc.
Let V = (V))j =1..n, be an eigenvector corresponding to the eigenvalue e.
Let us note that, A being irreducible, according to Lemma 4.1.2:¥j =1, ...n
Vi >e.
By using the proof of Lemma 4.1.3 we have, along each of the circuits
Yis -« Vpt
aj i, ® Vi, = Vj,
aj, i, ® Yi3 <V, (24)
a, i, ®Vj, <V,
(i1, 1z, .. .1k, 11 denoting the succession of vertices visited along the circuit). If
we had strict inequality in at least one of the relations above, this would imply:

i, @i, Q... Qay i, *e

thus a contradiction would result with the fact that the circuits y;, v, ...y, are

critical (W(y;) = w(y,) = cW(yp) =e).
For each of the circuits yy, v,,...Yp, the relations (24) are therefore all
equalities.

Then, by using the proof of Theorem 2 we first deduce:
[A*]' ® Vj1 € V(e)
[A*}2 ® Vi € V(e)

[A*]P ® Vj, € V(e)
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and, since (E, ®) is a group and each component of V is distinct from e, this
implies: ' _ '
[A*T' € V(e), [A*]? € V(e)...[A*TP € V(e).

Furthermore, again according to the proof of Theorem 2, we know that relation

n .

(8) is satisfied and that, in the expression ) [A*]' ® Vj, it is enough to retain a
i=1

single term of the form [A*]jk ® Vj, for each circuit yi(k =1, ..., p).

From the above we deduce that V € V(e) can be written as the expression:

p
V=) [A* @V
k=1

which proves that F is a generator of V(e).
(b) Let us now check that F is a minimal generator of V(e).

To do so, we will show that forany a € [1, ... p], none of the vectors [A*]i, ie
H,, can be expressed as a linear combination of the vectors [A*} withj € Hq,q #
a.

Let us proceed by contradiction and let us assume that [A*]', i € Hy,is alinear
combination of other columns of A* taken in strongly connected components dis-
tinct from one another and distinct from Hg, and let us denote K C {1, 2, ..., n}
the set of indices of these columns.

Let us then consider the submatrix B deduced from A* by eliminating all the
rows and columns whose indices do not belong to K U {i}.

It is clear that, by construction, the columns of submatrix B are linearly
dependent, so in view of Corollary 3.3.3 of Chap. 5 (Sect. 3.3):

det™(B) = det™ (B) (25)

Moreover, each diagonal term of B corresponds to a diagonal term [A*]; ; where
j is a vertex of the critical graph G¢(A). Consequently [A*]; ; (the weight of the
maximum weight circuit through j) is equal to e and [A*];; = e @ [A*];j =e.
It follows that all the diagonal terms of B are equal to e and det™ (B) = e.

From relation (25) we then deduce the existence of an odd permutation of the
indices of K U {i} with weight equal to e. The decomposition into circuits of this
odd permutation then features at least one elementary circuit (which is not a loop)
and having weight e in G(B). This circuit would correspond to a critical circuit
(of weight e) in G(A) joining vertices belonging to distinct strongly connected
components of the critical graph. We are thus lead to a contradiction, which
proves the theorem. O

We are now going to use the above properties to derive an analogue to the Perron—
Frobenius theorem in some selective-invertible dioids.
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4.2. The Perron—Frobenius Theorem for Some
Selective-Invertible Dioids

In this section we consider a special class of selective-invertible dioids: those in
which the calculation of the p” root of an element (for a natural number p) is always
possible.

We therefore assume, throughout this section, that (E, @, ®) is a selective-
invertible-dioid with ® commutative having the following additional property (7):

Vp e N,Va € E, theequation:
(m) 4 xP =a
has a unique solution in E, denoted al/p

Example 4.2.1. A typical example of a selective invertible-dioid enjoying the above
property is the dioid (R, Max, +). The operation ® being the addition of real num-
bers, for any a € R the equation xP = a (p € N, p # 0) has a unique solution which
is the real number a/p (usual quotient of the real number a by the integer p). ||

We can now define the spectral radius p(A) of a matrix A € My, (E).

Definition 4.2.2. (spectral radius)
Let (E, ®, ®) be a selective invertible-dioid with the property (m). The spectral
radius of A € My, (E) is the quantity:

=

n

p(a) = Y (trah)) 26)

k=1

(sum in the sense of ®) where tr(AX) denotes the trace of the matrix A¥, in other
words the sum (in the sense of ®) of its diagonal elements.

The following property shows that the spectral radius thus defined can be
re-expressed simply in terms of the weights of the elementary circuits of the graph
G(A).

Property 4.2.3. Let (E, &, ®) be a selective-invertible-dioid with the property ().
Let A € My (E) and p(A) be its spectral radius. Then:

€

o(A) = wiyn” 27)

yell
where I" denotes the set of elementary circuits of G(A).

Proof. The ith diagonal term of the matrix AX is the sum of the weights of the circuits
of length k (whether elementary or not) through iin G(A). As @ is selective, (A% is
therefore the weight of the maximum weight circuit of length k through i (maximum
in the sense of the total order relation of the dioid).
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Consequently tr(AX) is the weight of the maximum weight circuit of length k
in G(A).
We can therefore rewrite p(A) in the form:

e

o) = wiyn” (28)

where the sum extends to all circuits y of G(A) with cardinality between 1 and n.

Let us show that, in this sum, only the elementary circuits have to be taken into
account.

Let us assume that y is a non-elementary circuit which can be decomposed into
two elementary circuits y; and y,.

Since < is a total order relation, we can always assume that

T I]I
Y
\‘/2\

wiy,) > <wiy)

Let us then show that: |

Al
=w(y)
1 €L 1
™ vyl V2l
Letusdenote a =w(y) a; =w(y;) a =w(y,)
Since:

1
Ty

w(y)"”

w(y) = w(y)) ® w(yp)

we have:
alVl = a; Ml @ a, 72!

and as ap < ay, this implies:
alVl < /Ml ga, 7!

thus: a < aj.
1

7l

Consequently, in the expression (28), any term of the form w(y) =~ where y is a
1

non-elementary circuit is dominated by a term of the form w(y,) ' where v, is an
elementary circuit. We thus deduce the desired property. O

Remark 4.2.4. The definition given above for the spectral radius of a matrix of My, (E)
is consistent with the usual definition for real matrices. Indeed, in standard algebra,

for a matrix A whose eigenvalues are positive reals, the spectral radius of A is equal
1
to klim (tr Ak) k (as we can clearly see by putting A in diagonal form).
—00

Furthermore, in expression (26) the sum can be extended fromk = 1 tok = 400
as demonstrated by the proof of Property 4.2.3 (the sum of the weights of the non-
elementary circuits thus added is absorbed by the sum of the weights of the elementary
circuits).
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Hence, we observe that expression (26) is clearly the analogue to the usual spectral
radius. ||

We can then state the following result which is an analogue to the Perron—
Frobenius theorem.

Theorem 5. Let (E, @, ®) be a selective invertible-dioid with ® commutative and
satisfying the property (m). If A € My(E) is an irreducible matrix with spectral

radius
n

p(A) =) (tr(A"))

k=1

=

(i) p(A) is an eigenvalue of A
(ii) p(A) is the unique eigenvalue of A
(iii) if V = (Vi)i=1..n is an eigenvector of A for the eigenvalue p(A), then p(A) > ¢
andVi=1...n:V; > &

Proof. (1) According to Property 4.2.3 there exists an elementary circuit y, of G(A)
such that:

p(A) = (W (vo))
and, for any circuit y of G(A)

1 1
™ [vol

W) < (wiyy) (29)

We are going to see that the Corollary 2.4 applies for A = p(A).

Let us show first that ()\’] ® A)* exists, and, in order to do so, let us show
thatin G(A~! ® A) the weight of any circuit is 0-stable (see Chap. 4, Sect. 3.3).
Let y be an arbitrary circuit of G(A). Its weight with respect to A ™! @ A is:

[yl

[vol

6) = w(n) ® 07" = wy) @ [wr,) ™|

According to inequality (29) we have:

vl
w(y) < wiy,)' ™

[yl

[vol
and consequently 6(y) < (w(yy)) ol ® [wyo)™'] e

Therefore, for any circuit y of G(L™! ® A):

vl

O(y) de=ce

and consequently 6(y) is O-stable. From this we deduce that [»~! ® A]* exists
(see Theorem 1 in Chap. 4).

Now let us show that if i is a vertex of y,), then relation (6) of Corollary 2.4
(Sect. 2) is satisfied.
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According to the above, the left hand side of (6) is equal to e and we have:

[yl
Y wmeon ) se

Y€EPs

Moreover, for circuit y, through i we have: w(yy) ® O Hivel = vl @
(x~Hol = e which shows that the right hand side of (6) is also equal to e.
This shows that X = p (A) is an eigenvalue of A and that, for any i €
Yos [, ® A)*]' is an associated eigenvector.
(i1) The uniqueness of the eigenvalue p(A) follows from Corollary 4.1.4.
(iii) This follows directly from Lemma 4.1.2. O

Among the applications of Theorem 5, we can mention those which concern the dioid

\
(R, Max, +), which is at the basis of new models in automatic control for discrete
event systems (these will be discussed in more detail in Sect. 7 at the end of the
present chapter).

\4
Example 4.2.1. (continued) Calculation of the eigenvalue in the dioid (R,Max,+)

\
In the dioid (R, Max, +), an irreducible matrix A = (a;;) has thus a unique
eigenvalue h = p(A) whose value, according to Property 4.2.3 can be written as:

)

A = p(A) = Max {
vl

yell

where I' is the set of elementary circuits of G(A), and where, for each elementary

Wy
circulty,

denotes the average weight of circuit y (weight divided by the number

of arcs in the circuit, with division in the sense of ordinary algebra).

The calculation of the eigenvalue A is therefore reduced to the determination in
G(A) of the (elementary) circuit of maximum average weight.

The problem of determining a circuit of average minimal length has been studied
by Dantzig et al. (1967) and by Karp (1978) who described a polynomial algorithm of
complexity O (mn). This algorithm can be directly adapted to the maximum average
weight circuit problem thus leading, for the calculation of the eigenvalue in the dioid

Vv
(R, Max, +), to the following algorithm.

\%
Algorithm 1 Calculation of the eigenvalue of a matrix on the dioid (R, Max, +):

\
(a) Let A = (aj;) be an irreducible matrix on (R, Max, +) and G(A) its (strongly
connected) associated graph.
Initialize the labels of the vertices1 = 1...n of G(A) by:

(1) =0
o) = {

ay i if i€ F]
—o0 otherwise
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(b) For k =1,2,...n)do:
ComputeVj=1,2,...n:

nk(i) = Max1 {nk_l(i) + aij}

ier;
EJ

End for
(c) Determine the eigenvalue \ by:

ney ks
\— Max Min {M}

j=l..n 0<k<n—1 n—k

The complexity of the above algorithm is O(m n), where m is the number of arcs of
the graph G(A) associated with matrix A.

The justification of this algorithm is based on the following result, due to
Karp (1978):

For any fixedi (1 <i <n):

A= Max Min
j=1..n 0<k<n-1

(A" — (A%
n—k

\4
where A¥ denotes the kth power of Ain (R, Max, +) and where the division by n —k
is the ordinary division of real numbers.

5. Eigenvalues, Bideterminant and Characteristic Bipolynomial

In this section we investigate the links between the notions of eigenvalues/
eigenvectors and:

— the notion of dependence (in the sense of definition 2.5.1, Chap. 5);
— the concepts of bideterminant and of characteristic bipolynomial.

Let us begin by stating a general result valid in dioids:

Theorem 6. Ler (E, ®, ®) be a dioid with ® commutative and A € Mu(E). 1
denoting the n x n identity matrix, for any N € E, let A(\) be the 2n x 2n matrix:

_ Ar®l
AN =

I 1

Then . is an eigenvalue of A if and only if the columns of A(\) are dependent.
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Proof. (i) f V = (V1,Va,..., V)T € E" is an eigenvector of A for the eigen-
value \, then by choosing J;1 = [1,2,...n},Jo = {n+ 1,...,2n} and the
coefficients:

uj:Vj Gg=1,...,n)
pLj:Vj_n G=n+1,...,2n)

the relation A ® V = % ® V implies, on the columns of A (), the dependence
relation:
S e[Am) =Y we[An] (30)

jeh jel

(i1) Conversely, let us assume the columns of A(X) to be linearly dependent (in the
sense of definition 2.5.1 in Chap. 5).

By denoting the weights associated with the columns of A(X) as (jLy, [a, - - - Hys
Mntls - - - Mog), We have a relation of type (30) withJ1 # @ J, # ¥ J1 NJy = ¥ and
W # g forj € J1 UJ,. (we agree to set, nj=¢ forj ¢ J1 Uly).

By using (30) on the components n + 1 to 2n, we observe that, for any j € [1, n],
the indices j and n + j cannot both belong to J1, nor both to J (indeed, assuming
the contrary, we would have Wi @D Rnyj = & (E, &) being canonically ordered, from
Proposition 3.4.3 of Chap. 1 this would imply pj = p,4j = €).

Consequently, if j € J; then necessarily n + j € J» and the dependence relation
(30) implies: Py i = Wj.

As aresult, in the dependence relation (30), the indices j and n+j are interchange-
able and we can therefore always assume J; C {1, 2, ...n}.

Then, by setting:

ijpuj for jelJ;,1<j<n
Vi=¢ for jel[l,n]\J

relation (30) on the first n components of the columns of A(N) reads:

n n A® Vi
Swea=YAev=|""2
=1 =1 »® Vi

which shows that X is an eigenvalue of A and V = [V ... V,]T an associated
eigenvector. 0O

Remark 5.1. In the case of usual linear algebra where (E, @) is a group:

A 1 A= 1
det | —— — —— | =det | — — —— — —— | =det(A — ]

I 1 1 (O |
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the condition of Theorem 6 clearly yields the classical result: \ is an eigenvalue of
Aif and only if det (A — \) =0 ||

Now, by considering h as a variable, each term of the bideterminant of the
matrix A()) can be considered as a polynomial in A. The characteristic bipoly-
nomial of A € My, (E) introduced in Sect. 4.3 in Chap. 2, is then defined as the pair:
(PT(n), P~())) where:

PT(h) = det™ (A(M))
P~ (n) = det” (A(M))

By using the characteristic bipolynomial, we can then state the following result,
which extends, to some classes of selective dioids, the classical characterization of
eigenvalues as roots of the characteristic polynomial.

Proposition 5.2. Let (E, @, Q) be a selective dioid, with @ commutative, A € My (E)
and (PT(\), P~ (V) its characteristic bipolynomial.

(i) If every element of E\{e} is cancellative for ®, then any eigenvalue '\ of A
satisfies the characteristic equation Pt (\) = P~ ()

(ii) If (E, ®) is a commutative group, then any \ satisfying the characteristic
equation:
PT(\) =P~ (\) is an eigenvalue.

Proof. (i) If \ is an eigenvalue of A, in view of Theorem 6, the columns of AN
are linearly dependent, and, according to Corollary 3.3.3 of Chap. 5 (Sect. 3.3)
we have:

det™(A(N)) = det™ (A(V))

(i) If (E, @, ®) is a commutative selective-invertible dioid, then by using Theo-
rem 2 of Chap. 5, det™(A(V)) = det™ (A(N)) implies the existence of a linear
dependence relation on the columns of AOV); according to Theorem 6 we can
then deduce that X is an eigenvalue of A. O

6. Applications in Data Analysis

This section is devoted to the presentation of some important applications in Data
Analysis of the calculation of eigen-elements in dioids.

In hierarchical clustering the starting point is to assume that we are given a
dissimilarity matrix between objects. Then, considering the dioid (R4 U {400},
Min, Max), we show in Sect. 6.1 that, with each level X of the clustering, we
can associate a set of eigenvectors of the dissimilarity matrix associated with the
eigenvalue \; furthermore, this set constitutes the (unique) minimal generator of
the eigen-semi-module V(). This exhibits an interesting link with another classical
approach to Data Analysis, namely Factor Analysis.
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In Preference Analysis the aim is to order a set of objects given a matrix of
preferences (deduced from pairwise comparisons). We show in Sect. 6.2. that several
approaches to this problem can then be interpreted, in a unifying framework, in terms
of the search for the eigenvalues and eigenvectors of the preference matrix in dioids
such as (R4, 4+, x) (R4 U {400}, Max, Min), (R4 U {400}, Max, x).

6.1. Applications in Hierarchical Clustering

Given a set of n objects X = {1, 2, ...n}, let us assume that, for each pair of objects
(i,j), we can define an index or a measure of dissimilarity dij € Ry (let us note that
this index does not necessarily satisfy the axioms of a distance). The dissimilarity
d;j will take on small values if the two objects i and j are very similar (in particular,
d;j = 0if i and j are identical); conversely, d;; will take on large values if the objects
iand j are very dissimilar.

Thus, with any set of objects X = {1, 2, ...n}, we can associate a dissimilarity
matrix

D= (dij)i L. n
Observe that this matrix is symmetric with zero diagonal (Vi € X: dj; = 0).

A clustering of the n objects in X consists in determining a partition of X into
subsets (classes) so that within the same class, objects are as similar as possible, and
that on the contrary, objects belonging to distinct classes are strongly dissimilar.

As we can give many different meanings to the notion of the proximity or homo-
geneity of a subset of objects, there exists a very wide variety of clustering methods.
In hierarchical clustering one proceeds as follows. The matrix D = (dj;) can be
considered as the adjacency matrix of an undirected complete graph G = [X, U]
whose vertices correspond to objects, and whose edges are assigned the dj; values.

For any real number A > 0 we consider the partial graph of G at threshold '\,
denoted: Gy, = [X, U, ] where Uy, = {(i, j) € U/d;j; < \}.

The connected components of G; form a partition of the set of objects X. The
elements of this partition form the classes of the clustering of X at threshold \.

In view of the above, two vertices i and j are in a same class at threshold \ if
and only if there exists in G a chain joining i and j with all edges having valuations
<. Equivalently, i and j are in a same class at threshold \ if and only if there exists
in G a path of sup-section <\ from i to j, the sup-section of a path = = {i, =
i,11, 1, ...1p = j} being defined as:

o(m)=_ Max {d
k p—1

,,,,,

(see Gondran and Minoux 1995 Chap. 4, Sect. 2.9).
Thus, for i and j to be in a same class at threshold X, it is necessary and sufficient
that df = Min {6(t)} <\
4 T[EPij

(where Py; denotes the set of paths between i and j in G).
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[52)

Since di*Jf can be written: dfjf = 21:9 (1%[ dikik+l> (with @ = Min and ® = Max)
Tekl;;

we observe that the matrix D* = (df}f) is none other than the quasi-inverse of D in

the dioid (R4 U {400}, Min, Max).

According to a result due to Hu (1961), a chain of minimal sup-section between
two vertices in G corresponds to the chain of the minimum weight spanning tree
of G joining these two vertices. The matrix D* can therefore be efficiently deter-
mined using a minimum spanning tree algorithm (see for example Collomb and
Gondran 1977).

The clustering tree is then directly deduced by considering all possible values
of the threshold X (at most n — 1 distinct values are to be considered, those which
correspond to the valuations of the n — 1 edges of the minimum spanning tree).

If we have p distinct values: A; > hy > ... > kp (p < n — 1), the classes
of the partition of level \j;; are included in the classes of the partition of level
N (@=1,...,p—1) (hence the name of hierarchical clustering).

Example 1. On the set of 7 objects X = {1, 2,3,4,5,6,7}, let us consider the
following dissimilarity matrix:

[0 7 5 8 10 8 10]

7 0 210 9 9 10

5 2 0 7 11 10 9

D=| 8 10 7 0 8 4 11
10 91 8 0 9 5

8§ 910 4 9 0 10
|10 10 9 11 5 10 0]

The corresponding minimum spanning tree is given in Fig. 1. The matrix D* is easily
deduced from this spanning tree.

For example, d3; is the sup-section of the unique chain of the tree joining the
vertices 2 and 7, therefore:

d;7 = Max{dp3, d34, dy4s, ds7} = 8

Fig. 1 Minimum weight spanning tree corresponding to the dissimilarity matrix D
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We obtain:

D* =

~N oo J Wb b O

oo

~N 00 J O W

8
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~N 00 3 O W

8

At threshold N = 5, we have, for example:

0~ 0O I I

dj; < diz <A\

LD 00 O 00 00 00 0

0O 0P I3

dije <\

S 0 L 00 00 OO OO

3D

which shows that the vertices 1, 2, 3 belong to the same class; in the same way,

vertices 4 and 6 are in a same class.

By contrast, the vertices 3 and 5 are not in a same class because

The hierarchical clustering tree for the above example is shown in Fig. 2.

dis =8>5

To obtain the partition into classes corresponding to a given level X, it is enough
to “cut” the clustering tree of Fig. 2 by a horizontal line with ordinate . Thus, for
example, the clustering on the level . = 5 is the partition {1, 2,3} {4, 6} {5,7}; on
the level A =4: {1} (2,3} {4,6} {5} {7}.]]

)
r=8
r=17
=5
h=4
A=21
O TN G Wile, Wil Wl W, Wi

Fig. 2 Clustering tree corresponding to Example 1
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As all the diagonal terms of D are equal to e = 0 (the zero element of ®) this yields
D =16 D and consequently:
D* — DH*]

(see Chap. 4 Sect. 3 Proposition 1).
In the dioid (R4 U {400}, Min, Max) this therefore yields: (D*)?> = D* which
shows that D* is an ultrametric distance, i.e. that it satisfies, Vi, j, k:

djf < Max{d;, d;;j}

We recall that D* is the subdominant ultrametric distance, i.e. the greatest element
of the set of ultrametrics less than or equal to D (see Chap. 4, Sect. 6.14).

We are now going to see that there exist interesting links between hierarchical
clustering and the structure of the eigenvectors of the dissimilarity matrix D. The
dioid (R4 U {+o0}, Min, Max) is selective with commutative and idempotent mul-
tiplication. Moreover, e = 0 is the greatest element (in the sense of the canonical
order relation) for, Va € Ry : e @ a = Min{0, a} =e.

The main results from Sect. 3 (Theorem 3 and Corollary 8) can thus be applied.
In particular (taking into account that, Vi: d¥ = e = 0):

— The set of distinct vectors of the form V! = [D*]i constitutes the (unique) minimal
generator of V(e);

— Any \ € Ry is an eigenvalue of D; '

— For any \ € Ry, the set of distinct vectors of the form A ® [D*]' constitutes the
(unique) minimal generator of V(\).

The following result shows that, for each level \ of the clustering, the set of eigen-
vectors for the eigenvalue ) contains all the information required to define the classes
at level \.

Theorem 7. (Gondran 1976)
At each level '\ of a hierarchical clustering w.r.t. a dissimilarity matrix D = (dij),

two objects i and j belong to a same class if and only if the two eigenvectors @ [D*T*
and \ @ [D*Y are equal. The distinct vectors of the form » ® [D*]' fori=1,...,n
form the unique minimal generator of V(\).

Example 1. (continued)
Let us illustrate the above results on the matrix D* given by (31).
On the level A = 5 for example, a first class is formed by the objects {1, 2, 3}.
We then check that we have:

re D] =28 [D) =re D] = (32)

0 ] 00 L
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A second class is formed by the objects {4, 6}, and we check that:

7
7
7
ro[D] =1 D]’ =5 (33)
8
5
_8_
The third class is formed by {5, 7}, and this yields:
e
8
8
re D] =re[D*] =8 (34)
5
8
._5_

The three vectors given by (32)—(34) constitute (the unique) minimal generator
of the eigenmoduloid V(5). ||

The interpretation of the classes on an arbitrary level \ in terms of generators
of the eigenmoduloid associated with the eigenvalue )\, establishes an interesting
analogy to another classical approach to Data Analysis, namely: Factor Analysis
(see Benzecri 1974, for example).

In both cases, the relevant information serving as the basis of the analysis is
provided by the eigen-elements of the dissimilarity matrix. Only the underlying
algebraic structures are different.

6.2. Applications in Preference Analysis:
A Few Answers to the Condorcet Paradox

Given n objects, we seek to establish a preference order on these objects through
pairwise comparisons of objects produced, for example, by referees or judges (the
case of a tournament) or by consumers (the case of a market analysis).

We therefore assume as given the matrix of preferences on the pairs of objects,
denoted A = (ajj)i=1....n

j=1,..n

Thus, for any (ordered) pair of objects (i, ]), aj; is equal to the number of judges
(consumers) having preferred i to j. We agree that the weight of a judge is counted
as 3 in both aj; and aj in the case of indifference between the objects i and j. In

the case of a tournament, a;; will be equal to the number of games won on j during
meetings between i and j.
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Various approaches to ordering objects from a matrix of preferences have been
proposed, each constituting a possible answer to the Condorcet paradox. We are
going to see that, for each of them, the relevant information used to compare the
objects is provided by the eigenvalues and eigenvectors of the preference matrix in
a well chosen dioid.

The “Mean Order” Method and the Dioid (R4, +, x)

This method, proposed in Berge (1958), consists in ordering the objects (the players in
atournament, in the example studied by Berge) according to the values of the compo-
nents of the eigenvector associated with the (real) eigenvalue having greatest modulus
of the matrix A (this eigenvalue being simple, the associated eigen-subspace has
dimension 1 (see Berge 1958, Chap. 14). Since, according to the Perron—Frobenius
theorem, this eigenvector has components that are all positive, the proposed order —
also referred to as the mean order — simply corresponds to that of nonincreasing
values of the components.

Example 2. Let us consider, for a set of 4 objects, and 6 judges, the following matrix
of preferences:

0 3 4 35
304 1
A=15 920 5
2551 0

A being a real matrix whose coefficients are all nonnegative, its spectral radius p(A)
is equal to the largest real positive eigenvalue, here . = 8.92.
We cheek that the associated eigenvector is:

0.56
0.46
0.50
0.47

V=

The resulting mean order on the objects is: 1, 3, 4, 2 (object 1 is the first, object 3 is
the second one, etc.). ||

The “mean order”” method thus exploits the information provided by a particular
eigenvector (the one corresponding to the largest real nonnegative eigenvalue) in the
dioid (R4, +, x).

The Method of Partial Orders and the Dioid (R+ U {+o00}, Max, Min)

A second method, proposed by Defays (1978) proceeds by determining a hierarchy
of (partial) order relations on the objects, whose equivalence classes are nested. More
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precisely, for any h € R, the classes of level \ are defined as the strongly connected
components of the graph:
Gy, = [X, U, ], where X is the set of objects and where the set of arcs is:

Uy = {4, ))/ajj = \}
If we denote C, (i) the class of level \ containing i, then for any X/ < X,
Cy/ (1) D Cy(D).

By denoting R, the equivalence relation: i R\ j < i and j belong to the same
class of level \ then, for each level X, the quotient graph G, /R, is a circuitless
graph, therefore the graph associated with a (partial) order relation. When \ takes
all possible real values we then obtain a set of partial orders on nested classes.

As in hierarchical clustering (see Sect. 6.1), the classes obtained on each level
A (therefore the clustering tree) are deduced from the structure of the eigenvectors
associated with the eigenvalue \ in the dioid (R4 U {400}, Max, Min).

The following example illustrates the method, and shows that the matrix A™
actually contains more useful information than required to construct the clustering
tree alone: it can be used to obtain in addition the quotient graphs, in other words the
partial orders on each level. This information may be quite useful for interpreting
the results of the analysis.

Example 3. Take the same matrix as in Example 2, this time considered in the dioid
(R4 U {400}, Max, Min). The matrix At = A @ A> @ A3 is:

0 4 4 4

3.0 4 4
+ _
AT=13 5 0 5

35 40

The clustering thus contains three levels A = 5, Ay = 4 and A3 = 3.

Figure 3 displays the graphs Gy, Gy, and G, and the quotient graphs obtained
on the various levels of this clustering.

On the level A; = 5 we have four classes {1} {2} {3} {4}. On the level , = 4,
we have the two classes {1} {234} and on the level A3 = 3, we have a unique class
{1,2,3,4,}.

Observe that on level A3 = 3, the four objects appear as being equivalent. Never-
theless, examining level h, = 4 refines the analysis, with the quotient graph G;,, /R,
showing that on this level, object 1 is preferred to the other three. On level \,, the
three objects 2, 3, 4 appear as being equivalent, but on the lowest level (A = 5)
they can be further differentiated: 3 is preferred to 4, which itself is preferred to 2. ||

The ““Circuit of Least Consensus’ Method and the Dioid
(R4 U {+00}, Max, x)

This method uses the information provided by the eigenvalue and the associated
eigenvectors of the matrix of preferences A in the dioid (Rt U {400}, Max, x).
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A=5

Quotient graph Gy;/R),,
A =4

Quotient graph Gy,/R ),
A3=3

Graph Gy, Quotient graph Gy ; /R).;

Fig. 3 The graphs G and the quotient graphs G, /R, obtained on the different levels of clustering
in Example 3

According to Lemma 4.1.3 and Corollary 4.1.4 of Sect. 4, A has a unique eigenvalue
which corresponds to the circuit y, of G(A) such that:

| 1

fol Myax{w(y) ‘y'}

Yol

A= W(yo)

(maximum taken on the set of elementary circuits of the graph) where, for each
circuit vy, |y| denotes the number of arcs of the circuit and w(y) the product of the
valuations aj; of the arcs of vy.

The circuit y,, is therefore the circuit of the graph G(A) for which the geometric
mean of the valuations is the largest. This circuit can be interpreted as the set of
objects for which the consensus is the worst (see Gondran 1995).
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Example 4. For the preference matrix in Example 1, now considered in the dioid
(R4 U {400}, Max, x), we have:

9 175 12 20

o8 9 122
“l12s 25 8 7
15 7.5 20 8.75
525 100 70 60
A3 50 100 36 60
| 75 375 100 43.75
40 4375 60 100
300 300 400 350
A4 _ [300 300 400 180
=200 225 300 500

250 500 175 300

Consequently, the eigenvalue of A is:
A= Max{«/g; m; f/ﬁ} = 100 = 4.64
and this eigenvalue corresponds to the circuit
vy =1{(2,3)3,4)(4,2)} of weight w(y) =4 x5 x5=100.

From the point of view of preference analysis, this circuit of least consensus
represents a subset of objects or individuals which appear to be difficult to distinguish.
We note on the example that this result is consistent with the one previously deduced
from Max-Min analysis (see Fig. 3, for the case A, = 4). ||

7. Applications to Automatic Systems: Dynamic Linear System
Theory in the Dioid (R U {—o0}, Max, +)

Dynamic linear system theory is a classical and very active branch of the automation
field. Many problems of observability, controllability, stability and optimal control
are well-solved in this class of systems. This contrasts with the case of nonlinear
systems where theory is often lacking.

Nevertheless, one of the remarkable results obtained in recent years has been to
exhibit particular subclasses of non-linear problems (in the sense of classical theory)
that can be tackled by linear algebraic techniques, provided their state equations are
written in appropriate algebraic structures, other than standard algebra on R.

A characteristic example is that of the dioid (R U {—o0}, Max, +) which has
turned out to be the basic algebraic structure for modeling some types of discrete event
systems. This has thus made possible to transpose many classical results concerning
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automatic systems into this new context and to set up a theoretical framework of
system theory in the dioid “(Max, +).”

After a brief reminder of classical models in linear system theory (Sect. 7.1) and
Petri nets (Sect. 7.3), we show in Sect. 7.4 how the dynamic behavior of a particular
class of Petri nets (more specifically: timed event graphs) can be modeled by linear
state equations in the dioids (R4, Max, +) or (R4, Min, +). In Sect. 7.5, we look at
the maximum possible performances that can be obtained from such systems when
operating in autonomous mode. We show that the maximum production rate is related
to the unique eigenvalue in the dioid (R U {—o0}, Max, +) of the matrix involved in
the explicit expression of the solution for the state equation.

7.1. Classical Linear Dynamic Systems in Automation

Dynamic linear system theory is concerned with systems whose behavior over time is
described (in the case of a discrete time model) by an evolution equation of the form:

{x(t) =A-x(t—1)+B-u(t) (35
y(® =C-x(t) (36)
where:
[x1(0)
x2(t)
x(t) = ’ denotes the state vector of the system at the instant t;
L Xn (t)
[ 1]
»2(t)
y(t) = ' denotes the observation vector on the system at the instant t;
| ym () ]
[u1 ()]
us (1)
u(t) = ' denotes the control vector applied to the system at the instant t;
Lup(®) |

A, B, C are real matrices of dimensions n X n, n X p, m X n respectively (when
the coefficients of these matrices are varying over time, we have the case of a non-
stationary system. When they do not depend on time, we then say that the system is
stationary).
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The evolution equations (35) and (36), which use the operations of standard alge-
bra in R", constitute one of the basic models for the theory of dynamic systems, and
they have numerous applications: control of industrial processes, trajectory control
problems, signal processing, etc. (see for example Kwakernaak and Sivan 1972;
Kailath 1980).

There exist however many other applications which cannot be encompassed by
these classical linear models. This is the case, in particular, for “dynamic scheduling”
problems.

7.2. Dynamic Scheduling Problems

Dynamic scheduling problems appear in many applications, such as industrial
automation (optimization of flexible manufacturing processes, for example) or the
architecture of parallel or distributed computer systems (compilation of parallel
applications, task placement, etc.).

With such problems, the aim is typically to process a flow of input tasks, by
assigning these tasks to processing units (machines, manufacturing processes) under
various constraints (mutual exclusion, synchronization, maximum processing time,
etc.). Among all the possible solutions, we often consider:

— Particular solutions (cyclic scheduling, for example);
— Solutions optimizing a criterion such as production rate (number of units pro-
cessed per unit of time).

Problems of this kind cannot be reduced to linear equations of the form (35), (36) in
standard algebra. On the contrary, many studies such as those of Cuninghame-Green
(1962, 1979, 1991), Cuninghame-Green and Meijer (1988), Cohen and co-authors
(1983, 1985, 1989), Baccelli and co-authors (1992), Gaubert (1992, 1995a, b) have
shown that some dynamic scheduling problems could be represented by appropriate
linear models in dioids such that (R U {—o0}, Max, +) or (R U {4+00}, Min, +). As
will be seen in Sect. 7.4, these are essentially systems whose evolution over time
correspond to the behavior of Petri nets of a special kind, namely: timed event graphs.
We first recall below some basic notions concerning Petri nets.

7.3. Modeling Discrete Event Systems Using Petri Nets

We recall (see for instance Peterson 1981, Brams 1983) that a Petri net is an oriented
and valued bipartite graph R = [P U T, U], where the set of vertices is formed by
a set of places P and a set of transitions T, and where the set of arcs U includes
arcs joining places to transitions and arcs joining transitions to places (the graph
being bipartite, there is no arc joining a place to another place, nor any arc joining
a transition to another transition). A valuation o (i,j) € N is associated with each
arc u = (i,j) of R. Figure 4 gives an example of a Petri net where, according to
common practice, the places are indicated by circles and the transitions by elongated
rectangles.
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A Petri net R is said to be labeled when a natural number M(p), called label of p,
is associated with each place p € P.

In applications, the label of a place typically corresponds to the amount of a
resource available at a certain point in the system. The label of a place is often
represented by tokens, we then say that the place p contains M(p) tokens.

The evolution over time of place labels in a Petri net occurs according to the
process of the activation (or firing) of the transitions.

A transition t € T is said to be activable (or fireable) w.r.t. a given labeling M if
and only if:

Vpel" (t) ={i/ieP, (G,t) e U}, wehave: M(p) > a(p,t)

When this condition is satisfied, the activation (or firing) of transition t leads to a
new labeling M’ defined, Vp € P, by:

M'(p) =M(p) if pgI (HUTT()
M'(p) =M(p) —a(p,t) if peTl ()
M'(p) = M(p) +a(t,p) if peIlT(t)
Thus, for example, in the case of the net in Fig. 4, starting from the labeling M =
3

3| (where M(p1) = 3, M(p2) = 3, M(p3) = 1), we reach, through the firing of
1

2
transition t; the labeling M’ = | 4 |; then from M’, through the firing of transition
0
1
tp, we obtain the labeling M” = | 2 | and so on.
2

Fig. 4 An example of a Petri net where P = {py, p2, p3} is the set of places and T = {t;, to, t3} is
the set of transitions. The valuations are indicated next to each arc
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(2) % (b)

Fig. 5 Two characteristic examples of behavior that can be modeled using a Petri net. Fig. 5(a)
shows a situation of conflict between two transitions t; and ty: only one of these two transitions
can be activated. Fig. 5(b) shows an example of a situation of mutual exclusion where a common
resource has to be shared between two subsystems S; and S»

The formalism of general Petri nets is very powerful, in the sense that it can
accurately and appropriately represent a huge variety of types of behavior in real
systems. Without being exhaustive, we mention:

— Conflictbetween two (or several) series of actions. Figure 5a provides an example:
from the indicated labeling, each of the two transitions t; and t; is activable, but
one and only one of the two transitions t; and t; can be activated.

— Mutual exclusion (sharing of resources, for example). Figure 5b provides an exam-
ple where the two subsystems S and S, cannot evolve independently from each
other, given that they share the resource represented by the central place p,. One
of the two subsystems starts operating and consumes the token initially present
in po; the other subsystem must therefore wait until a token has returned to p, to
start operating.

— Synchronization between several processes (this will be explained into detail in
Sect. 7.4 below).

Obviously, the expressive power enjoyed by the formalism of general Petri nets
has one counterpart: the difficulty in solving many basic problems such as:

— Accessibility: does a sequence of transitions exist where the transitions can be
activated sequentially in order to reach some labeling M’ starting from a given
labeling M?

— Liveness: from any accessible labeling, is it possible, for any transition t, to reach
a state where t is activable?

— Boundedness: does a natural integer B exist such that, for any place p € P and
any accessible labeling M, we have M(p) < B?

For all these problems (and a few more), no practical, efficient algorithms exist,
except for particular subclasses of Petri nets such as: state machines, event graphs,
free choice and extended free choice networks (see for instance Peterson, 1981). We
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are going to see that, among these particular subclasses, the dynamic behavior of
timed event graphs can be represented by linear equations in dioids.

7.4. Timed Event Graphs and Their Linear Representation
in(RU{—o0}, Max, +) and (RU {400}, min, +)

We refer to an event graph as a Petri net having the special property that each place
has a single input arc and a single output arc (we are limiting ourselves to the case
where all the arcs have valuation 1).

Figure 6 shows an example of an event graph (drawn from Baccelli et al. 1992)
which will subsequently serve as an illustration.

Observe that event graphs cannot be used to model situations of conflict or
mutual exclusion such as those illustrated by Fig. 5a,b. Nevertheless, this subclass of
Petri nets is interesting for many applications where the aim is essentially to model
synchronization constraints between several processes.

We say that an event graph is timed if we associate with each place p € P a time
0(p) interpreted as the minimal time a token has to stay in the place. (We can also
associate with each transition t € T a time 6(t) — the minimal activation duration
of the transition t — but it is easy to show that it is always possible to reduce this to
the case where only the places are timed). Figure 6 provides an example of a timed
event graph.

The dynamic behavior of a system such as the one in Fig. 6 can be represented
algebraically in different ways.

A natural way consists in associating with each transition t an increasing function
x¢: N — Ry where, for any n € N, x¢(n) denotes the date on which the n’ firing
of transition t occurs (date counted from the instant 0, considered as the instant the
system starts operating). We are going to see that the variables x¢(n) must satisfy a
set of inequalities know as “equations of timers.”

Let us illustrate first the basic ideas for writing the state equations on the small
examples of Fig. 7, where we have three transitions and two places p; and p; timed
with 6(p;) = 2 and 6(p2) = 3.

In Fig. 7a, no token is present initially in the places. The earliest termination
date for the n™ activation of transition t3 therefore depends on the date of the n™
activation of t; and the date of the n”* activation of t,. If we take into account the
minimal residence time of a token in p; we must have:

x3(n) > 2+ x;(n)
and in the same way, taking into account the time delay of py:
x3(n) = 3 + x2(n)

We obtain therefore for x3(n) the inequality x3(n) > Max{2 + x;(n); 3 + x2(n)}.



248 6 Eigenvalues and Eigenvectors of Endomorphisms

y

Fig. 6 Example of a (timed) event graph. The time delays indicated between brackets next to each
place, represent the minimal time a token has to stay in the place. We have also indicated the tokens
in the initial labeling considered

Figure 7b represents a more general situation where tokens can be present in
some places at the initial instant. In this case, the earliest termination date of the n’
activation of t3 depends on the earliest termination date of the (n — 1)”* activation
of t; (because a token is present initially in p1) and on the earliest termination date
of the (n — 2)”’ activation of tp (because two tokens are initially present in p2). The
inequality on x3(n) can then be written:

x3(n) > Max{2 +x1(n — 1); 34+ x2(n — 2)}
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I b, ®

(a)

53

@ Pi P2 &)

(b)

Fig. 7 Writing the state equation of a timed event graph. (a) The state equation for this example
is x3(n) > Max{2 + x;(n); 3 + x2(n)}. (b) The state equation for this example is: x3(n) >
Max{2 +x;(n —1); 3+ x2(n —2)}

Now, by applying this principle to the whole network of Fig. 6, we obtain the
system:

x1(n) = Max{4 +x2(n — 1); I +ui(n)}
x2(n) = Max{3 + x1(n); 5 + uz(n)}
x3(n) > Max({3 + x1(n); 4 + x2(n); 2 + x3(n — )}
y() = Max{x(n — 1); 2 + x3(n)}
(where the inequalities should be understood in the sense of the standard order relation

on R). Observe that, in the above set of relations, we obtain earliest termination dates
by ensuring that each inequality is satisfied with equality.
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In the dioid (R U {—o0}, Max, +) where @ = Max and ® = +,¢ = —00, e = 0,
the above system takes the form:
xi(n) >4®@x2n—1)® 1 @uj(n)
x2(n) > 3®x1(n) &5 ® uz(n)
x3(n) = 3®@x1(n) 4@ x2(n) 2@ x3(n — 1)
ym) = 2Q®x3(n) ®e@x2(n — 1)

or equivalently, expressed in matrix form:

x(n) > A, ®x(n) DA ®x(n—1) ®B ®u(n) (37
yn) >Co®x(n) dC; ®x(n—1) (38)
with:
¢ ¢ ¢ e 4 ¢
Ao=13 ¢ ¢ Ai=]eg & ¢
[ 3 4 ¢ e ¢ 2
1 ¢
B=1]¢ 5
N

Co=[e ¢ 2] Ci=[e e ¢

By analogy to the classical case ((35) and (36) of Sect. 7.1) matrix equation (37) is the
state equation, (38) is the so-called equation of observation, x is the state vector (here
having three components), u the control vector (here having two components) and y
the vector of observations or output of the system (here having one component).
To solve the state equation (37), we can use the general results of Chap. 4 con-
cerning the resolution of linear systems of the form X = A ® X & B, by applying
1t to:
x(n) =Ag®x(n) DA @x(n—1) DB u(n) (37Y

(in other words (37) in which all inequalities are replaced by equalities).
Modulo the existence of AS, quasi-inverse of Ag (in other words, by assuming the
absence of a positive circuit in G(A,)) the minimal solution of (37) can be written:

x(n) =Aj®@A; ®x(n—1) ®Aj @ BQu(n) (39)

Since x(n) given by (39) also satisfies (37), we observe that it is also the mini-
mal solution to (37). In this solution, all the inequalities are satisfied at equality:
(39) therefore defines the set of earliest termination dates when running the system.
Therefore, given the sequence of control vectors u(1) u(2) ... and the “initial state”
x(0), (39) successively determines all the values x(1), x(2), ... of the state vector.

Each component i of the state vector corresponds to a transition t; of the system
and, in the solution expressed by (39), x;(1) represents the earliest termination date
of the first activation of transition t;, X;(2) the earliest termination date of the second
activation of t;, etc.
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Timed event graphs can also be represented as dynamic linear systems in the dioid
(RU{+00}, Min, +) by considering another form of state equation called “equation
of counters” instead of “the equation of timers” (37)—(38). Thus, for the example
of Fig. 6, by associating with each transition x; (resp. uj, y) a variable x;(t) (resp.
u; (1), y(t)) representing the number of firings of the transition x; (resp. uj, y) up to
the instant t, we obtain the following system of inequalities:

x1(1) < Min{l +x2(t —4); ui(x — )}

x2(1) < Min{x;(t — 3); ua(r — 5)}

x3(1) < Min{l + x3(v — 2); X1 (t — 3); x2(t — 4)}
y(1) < Min{l + x2(1); x3(t — 2)}

It is a linear system similar to (37)—(38), but in the dioid (R U {+o00}, Min, +).

7.5. Eigenvalues and Maximum Throughput
of an Autonomous System

Let us consider a timed event graph whose state equation is of the form (37)
and, consequently, whose minimal solution (earliest termination dates) is expressed
by (39): B
x() =A;®@x(m—1)®Bun)
with A} =A’®A; and B= A ®B.
Let us study the evolutions of this system operating in autonomous mode, in
other words with controls u (n) not constraining the evolutions of the system (this

—00
corresponds to choosing for example Vn: u(n) = —.oo ).
-0
Thus we can write, Vn:
x(n) =A; @ x(n— 1) (40)
thus: B
x(n) = (A" ® x(0) (41)

By assuming, for the sake of simplicity, that the matrix A is irreducible (G(A)
strongly connected) we know from Theorem 4 (Sect. 4.1 of this chapter) that it
has a unique eigenvalue A = p(A;) (spectral radius). Then, for any eigenvector w
associated with X = p(Al), by choosing x(0) = w we obtain from (40):

x(n) = L ®x(n — 1)
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We therefore have, for any transition i the network:
xin) =N+x(n—1) (42)

which shows that an additional activation of each transition of the network takes place
every \ units of time. If the system represents, for example, a production workshop,
(42) can then be interpreted as the production of a new unit every A units of time; A
is therefore the inverse of the production rate.

According to the results of Sect. 4, the eigenvalue X = p(A|) corresponds, in the
graph G(A1), to the average weight of the circuit of maximum average weight (the
weight of a circuit being the sum of the weights of the arcs which compose it). By
analogy to the notion of critical path (for standard scheduling problems of the PERT
type), such a circuit is called a critical circuit of the system. Critical circuits are those

C 1 L. .
which limit the performances of the system and the value — = D) is the maximum
pPLAL
production rate which can be obtained. In addition, the eigenvectors associated with

the eigenvalue % = p(A) provide the various possible initial conditions enabling to
obtain these maximum performances from the system.
For the effective calculation of '\, we can use Karp’s algorithm (1978) to find the
circuit of maximum average weight in G(A)) (see above, Algorithm 1, Sect. 4.2).
For further details concerning the applications of the dioid (R U {—o0}, Max, +)
to discrete dynamic systems that can be represented by event graphs, we refer to
Baccelli and co-authors (1992) and to Gaubert (1992, 1994, 1995a,b).

Exercises

Exercise 1. Proof of the Perron—Frobenius Theorem

A real square matrix A = (a;) is said to be nonnegative (denoted A > 0) or
positive (denoted A > 0) if all its entries are nonnegative (aj; > 0) or positive
(a;; > 0).

() An x n matrix A = (aj) is said to be reducible if there exists a permutation

matrix P such that:
T [(BO
PAP" = [C D

where B and D are square matrices. Otherwise A is said to be irreducible.
(a) Lemma 1
Show that A > 0 is an irreducible n x n matrix if and only if we have:

I+A)">0.

(b) Deduce from the above that if we denote AP = (ai(jp)) the pth power of A,
A > 0 is irreducible if and only if, for any i and j, there exists an integer
q < nsuch as ai(jq) > 0.
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(c) We denote G(A) the directed graph associated with the matrix A; this is a
graph having n vertices sy, s2, .. ., sp withanarc (s;, s;) if and only if a;; # 0.

Show that A is irreducible if and only if G(A) is strongly connected.
(2) Perron Theorem (1907)
We define an order relation on the n X n matrices by A > B if and only if aj; > by;
for any i and j. We denote A > B if and only if aj; > bj; for any i and .
To study the spectrum of an irreducible matrix A > 0, let us consider for any

vector X = (X1, ..., Xp) > 0 (x # 0), the number
. { (Ax); }
Ix = min
Xi#Z0 | Xj

It is clear that ry > O and that ry is the greatest real number p for which:
px < Ax.

(a) Show that the function: X — ry has a maximum value r for at least one vector
z > 0.
(b) Letr = r, = Maxy~¢ {ry}. Show that

r>0, Az=rz and z>0.
(c) Show that the modules of all the eigenvalues of A are not greater than r.

Deduce that there exists a unique eigenvector associated with r.
(3) Frobenius Theorem (1912)
For any complex matrix B, let |B| denote the matrix whose entries are |bj;|.

(a) Lemma 2
If Ais irreducible and A > |B|, show that for any eigenvalue y of B, we have

r =yl
Show that we have the equality r = |y| if and only if,
B=cYDAD |

where ¢! = y/r and D is a diagonal matrix whose diagonal elements have
modules equal to 1 (i.e. |D| =1I).

(b) If amatrix A > 0O is irreducible and has h eigenvalues of modulus p(A) =,
show that these values are equal to Ay = r el (for k running from 0 to
h—1).

These are the roots of the equation A" = rh.

(c) Finally, show that if h > 1, there exists a permutation matrix P such that

0 Ap O ... 0

; 0 0 Ay ... 0

PAP = :
0 0 An_in

A O ... ... 0
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[Answers: see Gantmacher (1966), Chap. 13.

(1) (a) A possible way is to show that, for any column vector y > 0 (y # 0), the
inequality (I + A)"~ !y > 0 is satisfied and that it is equivalent to the fact
that the vector z = (I+ A) y always has a number of zero components lower
than the number of zero components of y.

(2) (a) Use the fact that while ry is not necessarily continuous on the set of x > 0
and )" xi2 = 1, on the contrary, ry withy = (I + A)"! x is continuous (see
Lemma 1) on this set.

(b) Just consider ry withu = (1,1, ..., 1).
(3) (a) Consider y such that B y = y y. Then show successively that

Ivllyl = ICllyl < Alyl, lyl <r, and when|y| =T, |C| = A,
yi = |yj|ei“’i yields D = {e'*1,...,e¢"}.
(b) Use Lemma 2 withAz =rz,z > 0 and y = Dyz.]

Exercise 2. Asymptotics of the Perron Eigenvalues and Eigenvectors

Let Ap be an x n real matrix with nonnegative entries dependent on a large real
parameter p.

We consider the spectral problem

(1) AU, = 2pUp, Up € R)M{0), 2p € Ry

In the case where AP is irreducible, the Perron Frobenius theorem shows that
is unique and that there exists a unique Up, satisfying } " (Up); = 1. The aim in this
exercise is to determine the asymptotic values of X, and U, from those of A,.

(1) We assume that, when p tends to +o0, (Ap)ilj/p has foranyi,j = 1, ..., n,alimit
Ajj and that A = (Ay;) is irreducible.

(a) Show then that ()\p)l/ P has as a limit pyp,(A), the eigenvalue of A in
(R4, Max, x), in other words the maximum value of the geometric mean of
the weights of the circuits of the graph G(A) associated with A.

(b) We call critical circuit, a circuit for which this weight is reached. The critical
graph CG(A) is the subgraph of G(A) restricted to the vertices and to the
arcs which belong to a critical circuit. We set A = (pppax (A)) ™' A.

Show that if the critical graph CG(A) is strongly connected, then

(A)x
lim (Up);" = ——2
p—+00 Maxk(A)kj

where j is an arbitrary vertex of this critical class and where (Z)* is the
quasi-inverse of A in (R, Max, x).
(2) We consider now the case where the nonzero coefficients of .4, have an asymp-

totic expansion of the form

(2)  (Apij ~ aA

P
ij

where A is irreducible.
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(a) Show that we have
CG(A)
3 o (a7 (o)

where pyax (A) is the eigenvalue of A in (R4, Max, x), a®9™®) the matrix
obtained from the matrix a = (a;;) by substituting O to the coefficients aj;
such that the arc (i,j) is not in the critical graph CG(A), and where p(-)
denotes the Perron eigenvalue.

(b) Show on an example, that in general, (3) does not imply the convergence of

(Up)l/p when p — +o00.
(c) Show that if aCS) has only one basic class, then

@) (Up), ~ ui(Uy)"

where U = (U;j) is a column of (K)* corresponding to a vertex of the critical
graph and where u = (u;) is the unique Perron eigenvector of aCS(*)

(3) Consider the transfer matrix of the simplest one-dimensional Ising model, (see
Baxter 1982, Chap. 2):

exp(J+H)/T) exp(=J/T)

Ayt = |:exp(—J/T) exp((J—H)/T)] with J >0, HeR

where T is the temperature that we let decrease downwards to 0.

Show that:
N Max 3 ex ! ex I
1/T p T » €Xp T .

When H > 0, show that
1
U~ exp (#)
—2]-H
exp (—)
Uy~ ( ; ) |

1

and when H < 0

[Answers: see Akian et al. (1998).

(1) From the spectral problem in (R, Max, x).
(2) (a) From the spectral problem in the semi-field Jyfax.

1 +cos(p)e Pe 2P
(b) Ap = |:e—2p e
1/p
fim inf(E[Jp§2> —e!
p/1

(Up>z>1/P

< lim sup( T
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(c) From the following theorem: an irreducible matrix 4 = (a, A) € (Jyax)™"
has a unique eigenvector (up to a given factor) if and only if it has a unique
basic class.

The generalization to the case of several basic classes can be found in the above
quoted reference.]

Exercise 3. Eigenvalues and Eigenvectors of Some Endomorphisms in Infinite
Dimensions

The aim of this exercise is to extend to infinite dimensions the characterization
of the eigenvalues and eigenvectors studied in this chapter for idempotent dioids
featuring multiplicative group structure, such as the dioids (R U {—o0}, Max, +)
and {R U {+o00}, Max, -}. We consider here the dioid D = (R U {—o0}, Max, +).

Let X be a totally bounded metric space (in other words, for any € > 0 there exists
a finite covering of X with balls with radius €).

We consider then the semi-module C(X, D) of continuous and bounded functions
f: X — D, where the dioid D is endowed with the metric p(a, b) = |e® —eP|, as well
as an “integral operator of kernel a” by:

(Af)(x) = sup {a(x, y) + f(y)}
yeX

where a: X x X — D is supposed to be given. In the case where the element

sup a(y, y) exists, it will be called trace of A and denoted Tr(A).

yeX

(1) Show that if the kernel a: X x X — D of the integral operator is a uniformly
continuous bounded function of the first argument and equicontinuous w.r.t. the
second argument, then A is a continuous endomorphism of the semi-module
C (X, D).

(2) Show that if we assume that X is a totally bounded metric space and that the
kernel a: X x X — D of the endomorphism A is a uniformly continuous bounded
function of the first argument and equicontinuous w.r.t. the second, then there
exists a sub-semi-module J of the semi-module C (X, D) (J # 0) and an element
A\ € D such that:

(AH)(x) =1 +1(x)

for any f € J, and that the maximal element of the set of such \ is defined as
A = Sup \(i)
ieN
where (i) = (Tr AD)T.

[Answer: see Lesin and Samborskii (1992) (difficult).

For a similar study of eigenvalues and eigenvectors in infinite dimensions on
the dioid (R, Min, Max), see Gondran and Minoux (1997, 1998) and also Chap. 7,
Sect. 6.4.]



Chapter 7
Dioids and Nonlinear Analysis

1. Introduction

Most of the problems dealt with in the preceding chapters have concerned finite
dimensional or discrete problems. The aim of the present chapter is to show that
the structures of dioids lend themselves to defining, in the continuous domain, new
branches of nonlinear analysis.

The basic idea is to replace the classical field structure on the reals by a dioid struc-
ture. Thus, a new branch of nonlinear analysis will correspond to each type of dioid.
This approach was pioneered by Maslov (1987b), Maslov and Samborskii (1992),
under the name of idempotent analysis. (The underlying dioid structure considered
being (R U {400}, Min, +), the so-called MINPLUS dioid).

From an historical point of view, the concept of capacity due to Choquet (1953)
may also be viewed as a starting point. We recall the definition of the Choquet
capacity of a function f: E — R on a subset A C E:

Ca(f) = inf {f(x)}.
XeA

Now, we observe that the above may be considered as an analogue to the Rieman
integral, when the operation inf is taken in place of addition and the operation +- is
taken in place of multiplication. Indeed, the Rieman integral f f(x) dx on an interval

A

n
A = [a, B] of R, may be viewed as the limit of finite sums of the form Y f (x;) A(xi)
i=1
(with xg = a, x5 = B, A(Xj) = Xj — Xj—1) wWhen n tends to infinity and A(x;) tends
to 0.
In the suggested substitution, the above expression becomes:

Axi—0 i=1,...,

lim { inf  {f(x)) + A(xi)}} = inf {f(x)} = Ca(f).
i=1,...,n xeA
After Choquet this approach has been further developed in the context of fuzzy

set theory with the introduction of the concept of fuzzy measures and the Sugeno
integral (Sugeno 1977).

257
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Special emphasis will be placed in the present chapter on the analyses related
to the dioids MIN-PLUS (R U {400}, Min, +) and MIN-MAX (R U {+o00, —o0},
Min, Max). It will be seen that, in a sense, the proposed approach bears a close
similarity to the theory of distributions for the nonlinear case; here, the operator is
“linear” and continuous with respect to the dioid structure, though nonlinear with
respect to the classical structure (R, 4, x).

The main interest of such extensions lies in the fact that the structures of a dioid
and moduloid will turn out to play a role similar to the one played by fields and
vector fields when proceeding from linear to nonlinear problems. This idea can be
illustrated by considering three classical problems in Physics, namely:

— The heat transfer equation: find u(x, t) such that:

WP L oxeR
— - — = >0, x
at  9x2 (D
ux,0) =uy(x) xeR
where ug(x) is supposed to be given for all x € R.
— The Halmilton—Jacobi equation in classical mechanics: find u(x, t) such that:
L Lo o xer
— 4= = > 0, x
ot 2\ 9x (2
u(x, 0) = up(x) xeR

where ug(x) is supposed to be given for all x € R.
— The following variant of the Biirgers equation in fluid mechanics: find u(x, t)
such that:

ou

1
My ul& 20 t>0.xeR
ot 72" ax ks

u(x, 0) = up(x) xeR

ou
(3)

where ug(x) is given for all x € R.

For all the above equations, it is easily checked that, if uj(x, t) and us(x, t) are
any two solutions to (1) (resp. (2), (3)) and if N and p are two real constants, then:

Aup (X, t) + pua(x, t)
is a solution to the heat transfer equation (1);
Min{\ + uj(x, t); b + ua(x, t)}
is a solution to the Hamilton—Jacobi equation (2);
Min{Max{}; u; (x, O)}; Max{p; ua(x, t)}}

is a solution to the Biirgers equation (3).



1 Introduction 259

It is therefore realized that the solution sets for the Hamilton—Jacobi and Biirgers
equations are no longer vector (sub)fields (as in the case of the heat transfer equation)
but (sub) moduloids based on the MIN-PLUS and MIN-MAX dioids respectively.
This is further confirmed by considering the various explicit solutions corresponding
to (1)—(3), stated below:

1 x—y)
u(x, t) = / “o(y)zme_( - dy )
2
a1 = inf{uo(y) + u} 5)
y 2t
ux,t) = ir;f{Max{uo(y); x : y) H (6)

(4) is the classical solution to the heat transfer equation (see e.g. Dautray and Lions
1985); (5) is the so-called Hopf solution to Hamilton—Jacobi (see e.g. Lions 1982).

In each case, it is observed that the general solution is the convolution product
of up(x) with the so-called “elementary solution” to the corresponding equation

1 2 x2 x| ) . . .
—— e X /M for(1); = for(2); — for(3) ). Indeed, (5)is obtained by using the
(Zx/ﬁ ()2t (2) . (3) (5) y using
MIN-PLUS convolution product:

f®gkx) =inf{gly) + 1y —x)}
and (6) is obtained by using the MIN-MAX convolution product:
f ® g(x) = inf{Max{g(y): f(y —x)}}

More generally, taking @ = Min and ® as the ordinary addition for real numbers,
and considering the functional space R* (the set of functions: X — R) (5) can be
seen as a special case of a mapping of the form:

(Ag)(x) = ylg)f( {k(x,y) + gy} (7N

Such functional mappings are “linear” with respect to the MIN-PLUS dioid since,
in this case:

AMRTOL R =AQATOn®Ag
(Vh, € R, Vf, g € RX).
Indeed, relation (7) may be viewed as the application to g of an integral operator

with kernel k, and could be formally denoted:

(&%)
/k(x, y) ® g(y)dy

X
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Going one step further, in the functional space R*, we can define the MIN-PLUS
scalar product:

D

(f,g) = )32;12 {f(x) + g(x)} o / f(x) ® g(x)dx
X

which can be taken as a starting point to construct an analogue to Hilbert analysis,
derive analogues to the Riesz and Hahn-Banach theorems, to Fourier transforms, to
distributions and measure theory, etc.

In particular, an analogue to the Fourier transform in MIN-PLUS analysis is
recognized as the so-called Legendre—Fenchel transform:

f(p) = sup {(p, x) — F(x)}.

This transform is known to have many applications in Physics: this is the one which
sets the correspondence between the Lagrangian and the Hamiltonian of a physical
system; which sets the correspondence between microscopic and macroscopic mod-
els; which is also at the basis of multifractal analysis relevant to modeling turbulence
in fluid mechanics, etc.

Another useful transform, called the Cramer transform (for details, see Sect. 8
below) has been investigated, in particular by Quadrat (1990) and later Quadrat et al.
(1994, 1995) who have exhibited the analogy between optimization and probability
(this issue is the subject of Exercise 5 at the end of the present chapter). This analogy
has its origin in the fact that the dioid (R4, 4, x) is the one underlying measure and
probability theory.

In Sect. 2 based on the MINPLUS scalar product, a special concept of equiva-
lence among functions (the so-called inf-¢-equivalence) is introduced, which may
be viewed as an analogue to almost everywhere equality (a.e. equality) of measur-
able functions. It is shown that a new derivation of lower-semi-continuous (l.s.c.)
functions and convex analysis can be deduced.

In Sect. 3, we show how MINPLUS analysis turns out to provide an appropriate
framework for the development of nonlinear wavelet analysis. This generalizes the
classical linear wavelet analysis for L2 functions to “linear” (in the sense of the
MIN-PLUS dioid) wavelet analysis for l.s.c. and convex l.s.c. functions.

In Sect. 4, it is shown how the MINPLUS scalar product lends itself to defining
weak convergence concepts, and to exhibiting their links to the so-called epicon-
vergence (or I'-convergence) which turn out to be increasingly used in Physics and
Applied Mathematics.

In Sect. 5, MINPLUS analysis is used to define weak solution concepts for first
and second order partial differential equations. Some explicit (weak) solutions to
first order nonlinear partial differential equations will then be derived in Sect. 6 in
the context of MINPLUS analysis through the use of the so-called inf-convolution.

MINMAX analysis is considered in Sect. 7, where it is shown how, by introducing
the MINMAX scalar product, the whole approach may be extended to account for
quasi-convex analysis. The Infmax-affine transform is introduced which plays a role
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in MINMAX analysis which is similar to the one played by the Legendre—Fenchel
transform in MINPLUS analysis.

Finally, relations between MINPLUS analysis, the Cramer transform and the
theory of large deviations are studied in Sect. 8.

2. MINPLUS Analysis

Our primary aim will be to show that, by taking (f, g) = inf{f (x) 4+ g(x)} as the
X

“scalar product” of two functions, one can reconstruct and synthesize an entire branch
of nonlinear analysis by means of a new formalism of the “variational” kind for
generalized functions, and, in particular, for lsc (lower semi-continuous) and usc
(upper semi-continuous) functions.

Let X be a Banach space having R as underlying set of scalars. We will denote |.|
the norm on X, X* the topological dual of X and < ., . > the product in the duality
X*, X. When X is a Hilbert space, we will identify X* and X. We denote by Q a
locally compact open set of X.

We consider functions f: @ — R = RU {+o00}. We will say that such a function
is proper if it is bounded from below (f (x) > m, Vx € Q) and not identically equal
to +00.

Definition 2.1. (Maslov 1987a,b)
For two functions f and g: Q@ — R, we define the “MINPLUS scalar product”
denoted (£, g) as:
(f, g) = inf {f(x) +g(x)}.
xeQ

Definition 2.2. For any family ¢ of functions: @ — R (¢ C KQ), we define the
inf-¢- equivalence of two functions f and g as:

b
frge f. 9)=(@¢ Voeo
and the bi-conjugate of T with respect to ¢, denoted Pyf, as:

Pyt (x) = supl(f, ¢) — ¢(x)].
ped

Our approach differs from that of Maslov in that we consider families ¢ of test-
functions not limited to continuous or usc functions.

Also note that Pyf can be considered as the bi-conjugate of f with respect to ¢ in
the sense of Moreau (1970).

Given a proper function f, we consider the solutions u of the equation:

b
u~f

¢ . .
where ~ denotes inf-dp-equivalence.
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For any family of test functions ¢, we can state:

Theorem 1. (Gondran 1996)
The set of functions inf-®- equivalent to a given proper function f has a smallest
element which will be referred to as the inf-solution, equal to Pyf.

Proof. The proof will be given in three stages:

(a) The set of functions inf-¢- equivalent to f has a smallest element; (b) Pyf is
inf-¢- equivalent to f, (c) it is the smallest element.
(a) Letu;, i € I, be the set of functions inf-¢- equivalent to f, in other words such

that (uj, ) = (f, )V¢ € ¢.
Let us show that the function u defined for any x as:

u(x) = inf uy;(x)
i€l

is also inf-¢- equivalent to f.
Asu(x) < ui(x)Vx, we have (u, ¢) < (ui, ¢) = (f, ¢), Yo € ¢. If uis not inf-¢-
equivalent to f, there exists ¢, € ¢ and € > 0 such that:

W, 9) +& = (£, ¢p)

There then exists xg, such that:
g
u(xo) + @o(x0) = (u, 9g) + 3
and for this X, there exists ig € I such that:
I3
Uj, (X0) < u(xg) + 3
Thus, finally, we have:
€
(f, @) = (ujy, @) < ujy(x0) + @o(x0) < u(xp) + @o(x0) + 3
2¢ g
S(U,(Po)‘F?S(fy‘Po)—g

The inconsistency of the above shows that u is inf-¢- equivalent to f.
(b) For any ¢ € ¢, we have:

(f, @) —ox) = f@y) + o)} — ox) < fX) + ox) — 9(x) = (x),

inf
yeQ

therefore:

Pyt (x) = sup{(f, ¢) — ¢(x)} < f(x),
9D

from which we deduce:
(Pof, @) < (f, 9).
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Conversely, we have:
(Pof, @) = inf {Pof (x) + ¢(x)}
xeQ
= inf{ sup [(f, @) — @ ()] + @(X)}
xXeQ ¢1€0

,ifégz{(f’ Q) —o(x) + 9(x)} = igg(f, o=, ),

IA

which completes the proof that Pof is inf-¢- equivalent to f.
(c) As Pof is inf-¢- equivalent to f, to show that u = Pgf it suffices to show that
there cannot exist Xg € €2 such that

u(xgp) < Pyf(x0)
Let us assume that there exists such an x( and let us set
e = Pyl (x0) —u(xp) >0

As u is inf-¢- equivalent to f, we have, as in (b), Pyu(x) < u(x) and as u is the
smallest element of the set of functions inf-¢- equivalent to f, Pyu = u.
By definition of Pyf (o) there then exists ¢, € ¢ such that:

Pyt (xo) < (F, 9) — o(x0) + 3
From the above we deduce:
(F. ¢0) = @o(x0) + 3 = Pyf (x0) = u(xo) + ¢ = Pou(xo) +¢
> (u, ¢p) — ¢o(X0) + ¢
= (£, ¢9) — ¢o(x0) + ¢
the inconsistency of the above implies that u = Ppf. O
This smallest element of the equivalence class of proper functions inf-¢- equivalent

. ¢ . . .
to f as defined by the equation u &~ f, will be referred to as the inf-¢- representative.
Let us now study some particular classes of test functions.

Example 2.3. Let A be the set of Dirac inf-functions 8y, defined as:

0 if x=xg
+00 otherwise

6xo (x) = {

We then have:
(F. dx) = inf {£00 + 85,00} = F(x0)

and the inf-A-equivalence corresponds to the classical pointwise equality between
functions.

The following examples concern Isc functions whose definition and some related
properties are recalled [see Berge (1959) for further developments on these Isc
functions].
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Definition 2.4. A function f is lower semi-continuous (lsc) at X if, for every sequence
Xp converging towards X, we have:

liminf f (x,) > f(x)
Xp—>X
We recall that the limit inferior (lim inf) of a sequence of reals corresponds to the

smallest accumulation point of this sequence.

Proposition 2.5. Let f be a function: X — R. The following conditions are equiva-
lent:

(i) fis Isc for all x € X,
(ii) the set {x|f (X) < a} is closed for any a € R,
(iii) the epigraph of f, {(x, a)|f(X) < a} is a closed set of X x R. O

Definition 2.6. For any function f: X — R, there exists a largest Isc function with £
as upper bound.
We will refer to it as the lsc closure of f and we will denote it f,.:

f,(x) = sup{g(x): glsc and g < f}

In the same way, there exists a smallest upper semi-continuous (usc) function with f
as lower bound; this is the usc closure of f, which we will denote t* :

f*(x) = inf{g(x): gusc and g > f}

Remark 2.7. We verify that f, is the Isc closure of f if and only if, for any x, we have
the two properties:

Vxn — X, liminf f(x,) > fi(x).

X, — x such that lim inf f(X,) = f.(x). ||
For p > 0, let us denote:

of (x) = inf{f(y): |y — x| < p},
°f(x) = sup{f(y): ly — x| < p}.

Proposition 2.8. ,f(x) (resp. °f(x)) is nonincreasing (resp. nondecreasing) with
respect to p, and for every p > 0 :

of(X) < fu(x) < f(x) < f*(x) < Pf(x)
and

fo(x) = lim f(x) =sup,f(x), f*(x)= lim f(x) =infff(x). O
p—0F p>0 p—0F p>0
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Remark 2.9. The continuity of f in x can be expressed as:
Ve >0, 3Jp(x,e) suchthat Pf(x) —e <f(x) <, f(x)+e.
The lower semi-continuity of f in x can be expressed as:
Ve >0, dp(x,e) suchthat f(x) <,f(x)+e.

Example 2.10. Let A be the set of functions 3y , defined as:

SM(X):{O iflx—y|<p}

400 otherwise
We then have
(. 8xg.p) = INFE(): [x — 0| < p} = pf (x0)-
Proposition 2.11. Two functions f and g are said to be inf- A-equivalent if for every x:
of (X) =pg(x)Vp > 0, Vx

this then yields:
PAf = f* = Zx = Pﬁg.
Proof. For every p > 0, we have:
Pif(x) = spug {(£.8y,0) — 8y, p(x)}
=sup {,f(y) =8y, ()} = sup ,f(y).
0y y/Ix=yl<p

Since, if |x — y| < p:

20 (X) < pf (%)
and sup 2,f (x) = f4(x), we have:

p>0

fi(x) < Pif.

On the other hand,

Pif = sup {pf(y)} = sup of (x) = £.(x)
[x=yl<p P
from which we deduce:

PAf =f,. O

Example 2.12. Let C be the set of continuous functions on 2. ||

Proposition 2.13. The smallest element inf-C-equivalent to a proper function f is fy,
its Isc closure. We therefore have Pcf = f,.

From the above we deduce that two functions f and g are inf-C-equivalent if and
only if they have the same lsc closure: f, = g.
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Proof.

Pcf (x) = sup {(f, ¢) — ¢(x)}
¢eC

Now (f, ¢) — ¢(x) is a continuous function bounded from above by f(x) and of the
form —@(x) + constant. From this we deduce that:

Pc f(x) =sup{¥(x): y € C and P(x) < f(x)}
U

is the largest continuous function bounded from above by f, and therefore that Pcf
is the Isc closure of f. O

Remark 2.14. We obtain the same result by taking the Isc functions instead of the
continuous functions as the set of test functions.
Indeed, in this case (f, ¢) — ¢@(x) is the largest Isc function of the form —¢(x) +
constant and bounded from above by f(x); see for example Moreau (1970).
Therefore, we have:
Pisef (x) = fi.

Definition 2.15. For any function f: @ — R, we refer to as the inf and sup Moreau-
Yosida transforms the functions f,, and f* defined for \ > 0 as:

1
f,.(x) = inf {f — x—y*},
2 (X) inf) { (y) + ™ Ix —yl }
1
f*(x) = sup {f(y) — 5 Ix— y|2} :
yeQ 2N
We have the following classical properties:
f.00 < £ (0 < F() < F*(x) < (),
fy. (x) (resp. f*(x)) is nonincreasing (resp. nondecreasing) with A and

lim 5 (x) = supfy(x) = fy(x); lim f*(x) = inf f*(x) = f*(x).
r—0+ >0 A—>0+ rA>0

Let us recall another property of the Moreau- Yosida transform which is extensively
used in nondifferentiable optimization:

VA > 0: inf f = inf f
>0 Inf 1() = inf h.(x)
and, if f is Isc convex, fy is differentiable in any x € Q with
1 _ _ . 1
VE,.(x) = —(x—y(n) and §(n) =argmin{f(y) + — [x —y|°
N y 2N

(see Exercise 3 at the end of the present chapter).

Thus, at least in theory, one can replace the minimization of f which is not every-
where differentiable with the minimization of f; which is differentiable. This is the
basis of a new class of efficient optimization algorithms for Isc convex functions,
namely proximal algorithms, see Exercise 4.
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Example 2.16. Let Q be the set of quadratic (strictly) convex functions on £2.

Proposition 2.17. The smallest element inf-Q-equivalent to a proper function f is f,,
its Isc closure.

1 ~
Proof. The functions ¢, ,(x) = o |x — y|2 form a special class Q of Q and:

. 1 2
&, ¢y) = ;relg {f(X) o Ix —yl } = 6H.(y).

According to Definition 2.2, if ¢| C ¢, then P¢1f < Py, f.
Since Q C Q C C, this yields:

P5 f(x) = Pq f(x) = Pc f(x) =1£i(x)

(according to Proposition 2.13). Now:

1
Paf(x) = sup [fx(y) ——Ix— yﬂ > sup [, (x)] = . (x)
r>0,yeQ 2\ >0

from which we deduce: P@f =Pof=f,. O

Example 2.18. Let C be the set of continuous and inf-compact functions, i.e. such
that the level set {x|¢(x) < \} is compact for any finite \.

This yields (5 C C C C. We deduce Pa f <Pxzf <Pcf andas
Péf = Pcf =1,, thisimplies Pgzf =f,.

In the above examples, we considered the functions of an open set Q of X in R. For
the following example, we consider the case of functions: X — R.

Definition 2.19. For any proper function f: X — R, we refer to as the Legendre—
Fenchel transform the function f = F(f): X* — R defined as:

f(y) = F(f)(y) = sup {(x,y) = f(x)}.

This Legendre—Fenchel (or Fenchel) transform corresponds to the analogue of the
Fourier transform when one goes from the space of the functions L>(R") to the
space of the Isc convex proper functions. For more details on this transform, see
Rockafellar (1970), Attouch and Wets (1986) and Exercise 3.

The property to be highlighted here is that F(F(f)) is none other than the convex Isc
closure of f which we will denote f,.. The Legendre—Fenchel transform is therefore
an involution on the set of convex lIsc proper functions.

Example 2.20. Let L be the set of continuous linear functions on X.

Proposition 2.21. Two functions are inf-L-equivalent if they have the same
Legendre—Fenchel transform and the smallest element inf-L-equivalent to a given
proper function f is ., its Isc convex closure, PLf = f,,.
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Proof. If ¢(x) € L is written ¢(x) = — <pq), x) with p, € X*, then:

(f. @) =inf (f(x) = [Py x)) = —sup ((py. X} = £(x)) = ~F(py)

where f is the Fenchel transform of f; this yields the first part of the proposition.
Furthermore, we have P_f(x) = sup [—?(p(p) + (p¢,, x)], an expression equal
peEX*
to fys, the Isc convex closure of f, f. (x) = sup{P(x) : ¥(x) < f(x), and
P(x) convex and lsc}, see for example Rockafellar (1970), Sect. 12. O

Remark 2.22. By observing that the Hamiltonian of a physical system is equal to the
Legendre—Fenchel transform of its Lagrangian, one can say that two Lagrangians are
inf-L-equivalent if they have the same Hamiltonian. One can therefore understand
the importance of this inf-L-equivalence in Physics.

An interesting problem is to determine the set of various distinct equivalence
classes which one can define from MINPLUS analysis. We have highlighted three
of them: Example 2.3 with pointwise equality, the Examples 2.10, 2.12 and 2.16
corresponding to equality of Isc closures and Example 2.18 corresponding to the
equality of Isc convex closures.

3. Wavelets in MINPLUS Analysis

Through wavelet transform, as introduced by Morlet (1983), we can analyze signals
presenting several characteristic scales.

This wavelet transform of a function f: R — R is given for any a € R, and
b € R by:

+00
Tf(a,b):% / f)W (%) dx

where 1 is the mother “wavelet” function also referred to as “analyzing function”;
this is a function with zero mean and featuring some oscillations, see Grossmann
and Morlet (1984).

These wavelet transforms thus enable a multiresolution analysis of L2 functions,
see for example Mallat (1989) and Meyer (1992). We discuss below a multiresolution
analysis of Isc functions thanks to the introduction of new transforms analogous to
the wavelets, but in a nonlinear framework.

Definition 3.1. The MINPLUS-wavelet transform of a function f: R" — R is given
forany a € R andb € R" by:

. b—x
Tf(a,b) = inf (f(x)—i—h( ))
xR0 a

where h is an inf-compact usc function which, similarly to classical wavelet trans-
forms, will be referred to as an “analyzing” function.
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Remark 3.2. Examples 2.10 and 2.16 correspond to the cases where the set ¢ of test
functions is defined from an “analyzing” function h, equal respectively to

h(x) = 80,1(x) and h(x)=%|x|2.

Theorem 1 and Propositions 2.11 and 2.21 provide the reconstruction formula for an
Isc function f for Examples 2.10 and 2.16:

b—x
f(x)= sup (Tf(a, b)—h( )) I
aeRy ,beR" a

1
Remark 3.3. We show that, in addition, we have for h(x) = §p ; (x), h(x) = 3 x|2
and h(x) = |x|,

f(x) = sup T¢(a, x). H
acRy

In a way similar to the MINPLUS analysis, it is possible to introduce the
MAXPLUS analysis based on the MAXPLUS scalar product defined as:

(f, &)+ = sup (F(x) +gx)).
xeR?
‘We then obtain analogous results, the Isc functions being replaced by usc functions
and the convex functions by concave functions.
Finally, by simultaneously using MINPLUS analysis and MAXPLUS analysis, we
now introduce new classes of generalized functions.

Definition 3.4. For two functions fand g: R® — R, we introduce the scalar biproduct
by:

((F,2) ={f, g, . 2)+} = {xienﬂgn{f(X) +g(x)}, sup {f(x) — g(X)}}

xR0

Definition 3.5. For any family ¢ of functions: R® — R, we define the ¢-equivalence
of two functions bounded on R™ as:

g ((f.9)=(g9) Yoco

We easily verify that the function f and g are E-equivalent if and only if f, = g, and
f* = g*, and are L-equivalent if and only if f,, = gy and {** = g**.

The classes of ¢-equivalent functions can be considered as distributions in
nonlinear analysis.

With every bounded function f and every usc inf-compact function h we can
associate, for every a € R4 and b € R" a simultaneous analysis of the lower
envelopes of f represented as:

T (a.b) = inf Jfoo o n (22
f(av )_XIEHR“{ x) + ( a )}
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and of the upper envelopes of f represented as:

! (a,b) = sup {f(x) —h (b — x)}
xeRn a

Thus for each of the analyzing functions

1
h(x) = —[x|* with a>1, and h(x)=301(x)
a
we verify that:
Ty (2, %) < £,(0) < F(x) < £*(0) < Ty (a, x).

We can then define the Inf-Sup-Wavelets transform of a bounded function f: R" — R,
for any a € Ry and b € R", by the scalar biproduct:

—b . .
Ti(a, b) = ((f(-),h (T))) - {Tf (a,b). T} (a. b)].

It is seen that the non invertibility of the MIN operator is compensated for by
considering the pair {Tf_ , T;” }

Now, by considering W,f (x) = T;” (a,x) — T; (a, x), we can analyze the global
and local regularity of the function f.

Proposition 3.6. (Gondran, 1997)
The function f is Holderian of exponent H, 0 < H < 1, if and only if there exists
a constant C such that for any a, we have one of the following conditions:

(i) Waf (x) < Call if h(x) =8,1(x)
(i) Wof (x) < Ca®f  if h(x) :é|x|°‘ and o> H.

Proof. Case (i) is dealt with in Tricot et al. (1988). It corresponds to the limit
of h(x) = — [x|* when a — +00, Wof(x) = 2f(x) — of (x) corresponding to
a

the oscillation of f on {y: |y — x| < a}, named the a-oscillation and denoted osc
Jdx). O

1
We will denote Wit (x) the value of W,f (x) for h(x) = — [x|* and o0 > 1.
a

The function f is said to be fractal if and only if we have:

. oscaf(x)
lim —— =

+00
a—0t 2a

uniformly with respect to x (see Tricot 1993) or if we have:

Wt
lim —2 SX) = +o00

a—0t Qga-1

uniformly with respect to x.
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Proposition 3.7. The function f is Holderian in the point Xo, with exponent H,
0 < H < 1, if and only if there exists a constant C such that for any a, we have
one of the following conditions:

(iii) Waf (x) < C (af + [x — xo[") if h(x) =801(x)
(iv) Wof (x) < C (a% Flx— x0|H) if h)=1x* and o>H

Here we obtain a converse ((iii) or (iv) implies f Holderian in xg) which does not
exactly hold with wavelets, see Jaffard (1989).

4. Inf-Convergence in MINPLUS Analysis

We shall see that thanks to the MINPLUS (resp. MAXPLUS) scalar product we can
define concepts of weak convergence, then show the equivalence of some of these
convergences with the epiconvergence (or I'-convergence) introduced by De Giorgi
(1975) and increasingly used in continuum mechanics (small parameter problems,
homogenization of composite environments, thin films, phase transitions and so on)
stochastic optimization, theories of optimization and approximation, etc. See for
example Attouch (1984), Attouch et al. (1989), Attouch and Thera (1993), and Dal
Maso (1993).

Definition 4.1. For any family ¢ of functions: Q@ — R, we define the semi-inf-¢-
convergence of a sequence of proper functions f, uniformly bounded from below
(fn = m, Vn) rowards proper f as:

liminf (fy, ¢) = (f, @) Vo€ ¢
n——+o0o

Definition 4.2. For any family ¢ of functions: Q@ — R, we define the inf-¢-
convergence of a sequence of proper functions f,, uniformly bounded from below,
towards the proper function f as:

lim (fo, @)=, @) Voeod
n——+o0o

In the case of Example 2.3, where ¢ = A, the inf-A-convergence corresponds exactly
to the simple, classical convergence since we then have:

(fn, 8y) = fu(y) = f(y) = (f,8y) VyeQ.

Examples 2.10, 2.12, 2.16, 2.18 and 2.20 will lead us to retrieve two important classi-
cal convergence concepts in nonlinear analysis: epiconvergence (or ['-convergence)
and the Mosco-epiconvergence.

Definition 4.3. Given a sequence of proper functions t,, uniformly bounded from
below, we call lsc envelope of ty, the function:

£(x) = lim inf fx (y),

n—+00
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the limit inf being taken when y and n tend simultaneously towards x and +00
respectively. This lower limit will also be denoted liminf .fy.
Similarly, we call usc envelope of ty,, assumed to be uniformly upper bounded, the
function:
f(x) = lim sup f, (y)

n—+00
y—X

We then prove, see for example Barles (1994), that the following holds:

1
f(x) = lim {inf {fn(y) with n>j and [x—Y]| 57”.
J

J—=+o0

. . . 2
Example 4.4. Consider the sequence of continuous functions f,(x) = e ™*.

We have:
.. _Jo if x#0
iparne = {7 20

However, the Isc envelope f (x) = liminf .. f, is equal to O for any x. For this example
we have a different result for the usc envelope of f;:

f(x) = lim sup*f (x) = {(1) i zfg} - limiupfn(x).
- n——+0oo

Example 4.5. On Q2 = [0, 1] the sequence of continuous functions f;, (x) = a(x) cos
n x, where a(x) is a continuous bounded function, has as Isc envelope:

f(x) = —la(x)|

and as usc envelope:

f(x) = lax)].

Theorem 2. Every sequence of uniformly lower bounded proper functions f, semi-
inf-C converges towards f, the Isc envelope of the fy, i.e. for any ¢ € C,

liminf (fa, ¢) = (£, ¢)
Proof. Refer to Maslov (1987a) and Gondran (1996). O

Corollary 4.6. If the sequence {f,} inf-a-converges towards the lsc function f, then
f is the Isc envelope of {f,}, i.e. f ={.

Proof. Theorem 2 leads to:
(£, ¢) = liminf (fy, ¢) = lim(fy, ¢) = (f. ¢) Vo eC
and Proposition 2.13 gives us the uniqueness f =f. O

Corollary 4.7. If the sequence fy inf-a-converges towards f, then it inf-é-converges
and also inf-A-converges towards f.
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Pmof.~ Thisﬂi\_s/ straightfog\iv/ard, as (3 C C and Theorem 2 is valid for the usc functions
and: A C USC, where USC denotes the set of inf-compact usc functions on €.
The uniqueness is then deduced respectively from Propositions 2.11 and 2.17. O

Definition 4.8. (De Giorgi and Attouch 1984; Dal Maso 1993)
A sequence {fy; n € N} epiconverges towards {, Isc, if for any x we have the
following two properties:

(i) For any sequence {xn; n € N} converging towards X, lim inf f;(xn) > f(X),
(ii) There exists a sequence Xy converging towards X such that f (x) > lim sup f, (Xp).

This definition can be again written, denoting {S®} the set of sequences S* = {x}
converging towards x:

f(x) = inf (lim inf £, (xn))
{S«} X{—>X
We then have the following theorem:

Theorem 3. (Gondran 1996,b) -
In a Banach space, the epiconvergence implies the inf-C-convergence.

Proof. Given ¢ € 6, it must be shown that (f;,, ¢) tends towards (f, ¢). Since f is
Isc and ¢ compact, there exists xg such that:

(f, 9) = £ (x0) + ¢(x0).
Since f;, converges towards f, there exists X, — Xq such that:
lim sup f, (Xp) < f(xo).

Now:
(fn, @) < fu(Xn) + ¢(Xn)

and taking the /im sup of this inequality, we find:
lim sup (fy, @) < limsup [fy(Xn) + lim @(Xn)] < f(x0) + ¢©(x0)

and consequently:
lim sup (f,, ¢) < (f, @).

The hypothesis Vx, — X, liminf f;,(x,) > f(x) implies that f (x) = lim inf, f,(x) >
f(x).
Theorem 2 then implies that:

liminf (fy, ¢) = (£, ¢) = (f, ¢).

Finally, we clearly have:
lim(fy, ) = (£, 9). O
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Theorem 4. (Gondran 1996,b)
In RN, the inf- C- -convergence, inf-Q-convergence, inf-Q-convergence, inf-A-
convergence coincide with the epiconvergence.

Proof. (a) First let us show that if f, inf- Q -converges towards flsc then f =f.
Theorem 2 shows that lim inf (fy, ¢) = (£, ¢)Vp € C hence Vo € Q C C.
Therefore if f, inf- Q -converges towards f Isc, we have lim (fy, ¢) = (f, ¢) =
f,9) Vo € Q and according to Proposition 2.17 we have uniqueness, i.e. f = f.

(b) Corollary 2.67 by Attouch (1984) shows that if f, inf-Q-converges towards f,
then f, epiconverges towards f. Theorem 3 then shows that f,, inf-C-converges
towards f. We therefore clearly have the desired equivalence for Q and Q.

(c) If £, inf—&—converges towards f lsc, then f = f (same proof as in a)). It
remains to be shown that if f, inf-A-converges towards f, then f, epiconverges
towards f.

Let us first show that for every sequence x, converging towards xg, lim inf
fn(xn) > f(x0).
We know that Ve > 0, there exists p, such that:

€
(£7 6X(),po) > pi(XO) - 5'

Indeed, as
(f, 8xo,po) = pi(XO) Vp >0

and as ,f (xg) converges towards f (xo) when p — 0T (f being Isc), 3p, such that:
p > po implies:
g
pﬁ(XO) > f(x0) — 5

We will denote 8y, by ¢p:
After Theorem 2, since:

liminf (£, ¢g) = (£, ¢o)
as soon as n > N(g) we have:
€
(fn, ©9) = (£, @g) — 5

hence:

%
=

(x0) — €.

| ™

fa(Xn) + ©o(Xn) > (fn, ¢g) > (£, ¢p) —
Taking the inf limit of the inequality we have:
lim inf £ (xn) + @o(x0) > f(x0) — &

in other words:
liminf f,(xy) > f(xg) —¢ Ve >0
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hence the desired inequality is obtained.

— Let us now show that for any x¢, 3 a sequence X, converging towards xo and
satisfying:
lim sup f,(X,) < f(x0)

If f(x¢9) = +o0, the result is true. If £ (xg) < +o00, then for sufficiently large n the
fy (x) are bounded in a neighborhood of xg.

For all p € N, consider 8"0

(cs,)

P
For fixed p and ¢ > 0, 3 therefore N(p, ¢) such that for n > N(p, €), we have:

(fn,SXO,%) < (L %g) + €.

Let x,, = arg min{fn (x) + 8,

- We have (fn, SXO 1 ) which converges towards
y E ’ p

1 } From this we deduce that:
0,5 ®)

1

|X“p - X0| <
so that (fn, 5x0 1 ) is not infinite, and therefore we have:
'p

fn (Xn,) = (fn, Sxo,é) < (fn, on,%) +¢e <f(xo) +e.

By a diagonal method, we then extract from the double sequence xp, a sequence Xp
converging towards xo and such that

fh(Xn) < E(XO) +¢
which yields the desired conclusion. O

Closely related results can be found in Attouch (1984) and in Akian et al. (1995).
These theorems are very important because they form the link between the con-
cepts of inf-convergence and epiconvergence and play a key role in the transfer of
many properties studied in nonlinear analysis to MINPLUS analysis.
Conversely, let us demonstrate on an example how one can very simply derive
properties on epiconvergence by proofs in MINPLUS analysis.

Proposition 4.9. The inf-é-convergence is preserved in the Moreau-Yosida trans-
Jorm, ie.: -
If t, inf-C-converges towards f, then (f,,)y. inf-C-converges towards f. 0O

Proof. First we verify that for every pair of functions g and ¢ we have VA > 0,
(f, ¢3) = (£, ¢). From this we deduce that Yo, ((fa)x, ¢) = (fa, ¢;) and that
according to the assumption (fy, ¢, ) converges towards (f, ¢, ) = (f, ¢); from this
we deduce that ((fy)y, ¢) converges towards (fy, ¢). O
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Let us now study the case ¢ = L, in other words the inf-L-convergence.

Proposition 4.10. The sequence {f,} inf-L-converges towards the function g if and
only if the sequence { } of the Legendre transforms of f, converges simply towards

g, the Legendre transform of g.
Proof. Straightforward, since:
(fa. — (p.x)) = —fa(p). O

Lemma 4.11. In a Hilbert space, for any proper function f, for any linear form
ox) = — (p(p, X) and for any \ > 0, we have:

A |P<P|2.

(f}u (P) = (f’ (P)_ )

Proof.

T 1
(F. ) = inf | inf (f(y) + 5 Ix = y|2) ~{po. x>}

Il
®5
E,

i 1
FIE0) + 25 Ik =y —(py. x)]

= inf|f inf (= 2
=in (y)+12 x|x—y| —(p¢,x>

y -

NS
i |

O

inf[£(y) = {pe. y)] =

Proposition 4.12. In a Hilbert space, the inf-L-convergence of a sequence is equiv-
alent to the inf-L-convergence of the Moreau-Yosida transform, i.e.:

fnmf Lf<:>(f)>\mf fo

Proof. Straightforward in view of Lemma 4.11 because for any ¢ € L, (f;, ¢) —
(f, ) if and only if ((fy)s, @) — (fi, 9). O

Definition 4.13. (see Attouch 1984)

In a reflexive Banach space, a sequence t, of convex lsc proper functions Mosco-
epiconverges towards f if in all points X € 2, the following two properties are
satisfied:

(i) for any sequence X, weakly converging (in the Banach topology) towards
x, liminf f,(xy) > f(x);

(ii) there exists a sequence Xy, Strongly converging towards X, such that f(x) >
lim sup f,, (Xp).
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Definition 4.14. (Attouch 1984)

In a Hilbert space, we will say that a sequence f, of convex lsc proper functions
is equicoercive if it satisfies the following relation:

. . e
fu(x) > c(x|) with lim — =400
r—oo r

From the above we deduce the following theorem which corresponds to a reformu-
lation of a theorem by Attouch (1984) in terms of inf-L-convergence.

Theorem 5. In a Hilbert space, the Mosco-epiconvergence implies the inf-L-
convergence. Conversely, if the functions fy+ are equicovercive and inf-L-convergent
towards f, then the f, Mosco-epiconverge towards f.

Proof. See Attouch (1984) and Gondran (1996b). 0O

Remark 4.15. One can generalize the MINPLUS analysis to point-to-set maps with
values in R. ~

Thus, with the point-to-set map x — H(X) we can associate the function H(x) =
inf {y : y € H(x)} and we define the MINPLUS scalar product as:

(H, g) = inf (H) + 200) = (H. 9.

Such a point-to-set map is Isc if and only if His Isc, in other words if for any sequence
X, converging towards x, we have:

liminf H(x,) > HX). ||
Xp—>X

The epiconvergence (and the Mosco-epiconvergence) towards an Isc function (resp.
convex Isc function) extends in the same way, as well as the inf-d-convergences and
the equivalence Theorems 3-5. -

In addition to the epiconvergence (inf-C-convergence) and the Mosco-
epiconvergence (inf-L-convergence), we can define a new type of convergence,
which we will call semi-continuous convergence (or semi-convergence) by simul-
taneously using the MINPLUS and MAXPLUS dioids, and therefore by using the
“scalar biproduct” (Definition 3.4).

Definition 4.16. For any family ¢ of test functions: @ — R, we define the
b-convergence towards f of a sequence of functions f, uniformly upper and lower
bounded by:

lim ((fn, 9)) = (£, 9)) Vo€

where, by definition, we set

nli{go((fn’ ‘P)) = {hm inf(fIh (P)fs hm Sup(fn, (P)+}
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Definition 4.17. A sequence of functions t, uniformly upper and lower bound semi-
converges towards f if for any X we have the following two properties:

(i) VX, — x, lim inf £, (xp) > f.(x),

(ii) Vxn — X, lim sup f¥(x,) < £*(x).

We can then deduce the following result from Theorem 4:

Proposition 4.18. In RN, the A-convergence, the a-convergence, the (NQ-convergence
are equivalent to the semi-convergence.

In the case where the functions f, and f are continuous, then the semi-convergence
is reduced to the following property:

VX, — X, Iim f,(,) = f(x).
n— 400

5. Weak Solutions in MINPLUS Analysis, Viscosity Solutions

Let us consider an equation with partial derivatives in u: @ — R; for example the
following Dirichet problem of second order:

H(x,u,Du,D?*u) =0 inQ

5
u=g ond2 ®)
where €2 is an open set of RN. Q=QUIQ.H (X, u, p, M) a continuous function on

Q x R x RN x SN, where SN is the set of symmetric N x N matrices, Du the vector
2

0 0
(a_u> and D?u the matrix (8 4

Xj Xj
Moreover, we assume that H satisfies the following conditions of monotony:

), and g a continuous function on 9€2.

H(x,u,p, M) < H(x, uz, p, M)

whenu; < u, and M; < M, where the order < on SN is the partial order correspond-
ing to the condition: M, — M| positive definite. The first order equations correspond
to the case where H does not depend on D?u.

We will write the above system in the form:

G(x, u, Du, Dzu) =0 onQ (6)

where the function G is defined as:

H(x,u,p,M) in Q

Gx,u,p,M) = { u(x) — g(x) on 0%2.

In the case of more general boundary condition of the form:

F(x,u,Du) =0 ondQ
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where F is a continuous function on 92 x R x RN and nondecreasing in u, we set:

H(x,u,p,M) inQ

G(x,u,P,M)Z{ F(x,u,p)  ondf.

When H is nonlinear (w.r.t. u, p, M), the solution to such a problem is not differen-
tiable and therefore it is necessary to consider a notion of generalized solution. The
solution in the sense of the distributions is not sufficient and not well suited since H
is nonlinear. Nor is the other classical answer considering solutions in WIIOC(Q)
and satisfying (5) almost everywhere suitable here. We recall that WI'P(Q) =

{v eLP(Q),Dv € LP(Q)}, and Wll(;f (Q) = {v € WHP(B), VO open compact
set of Q}.

We are going to define several notions of weak solutions to (6) and for one of them
we will show its connections with the viscosity solutions introduced by Crandall and
Lions (1983); see Crandall et al. (1992) and Barles (1994) for a summary on viscosity
solutions. For this link, we first introduce the sub and upper-differentials as well as
new functional spaces.

Let us begin by recalling the definition of generalized subdifferentials and upper-
differentials introduced by De Giorgi et al. (1980) and Lions (1985).

Definition 5.1. We refer to as the subdifferential of a functionf: @ — R = RU{+00}
inthe pointx € 2, the set, denoted 8;2’_ f(x), ofallp € RN such thatwhenn — +00:

FOw) = F00) = (Poxa =%) _

[Xn — X]

bl

Vx, — x in €, liminf

pe 8;2’_ f(x) is referred to as a subgradient.

We refer to as the upper-differential of a function f: @ — R U {—o0} in the point
X € Q, the set, denoted 8}2’+ f(x), of all p € RN such that when n — +o0:

b FGan) —£C) = (P Xn — %) _

Vx, — x in 2, limsu 0;

[Xn — X
pe 8;2’+ f (X) is referred to as an upper-gradient.

We observe that the sub and upper-differentials depend only on the function f
for the interior points (x € ) but also depend on 2 for the points of the border
(x € 0R2).

We observe that if a function has a subgradient (resp. an upper-gradient) in X, it
is Isc (resp. usc) in X.

In the case where fis convex, the above definition of the subdifferential coincides
with the standard one defined in convex analysis, see for example Rockafellar (1970)
and Aubin and Frankowska (1990), as:

010 = [p e RN/My: £(y) = 00 + (py = x)]

Finally, let us note that a continuous function can have neither a subgradient nor an

1
upper-gradient as in the case of the function x — /|x] sin <—2> extended in 0 by 0.
X
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Definition 5.2. We will say that an Isc function f: 6 — R is order 1 lower semi-
differentiable, denoted LSD" (9), if the function f has a non empty subdifferential in
any point x € 6.

We will say that an usc function f: 6 — R U {—o0} is order 1 upper semi-
differentiable, denoted USD' (0), if the function f has a non empty super-differential
in any point x € 8.

We will say that a continuous function f: 6 — R is order 1 semi-differentiable,
denoted SD' (0), if foranyx € 0 the function f has an super-gradient or a subgradient,
ie if oy T () U F(x) # 0.

If the function f is not continuous, we will say that it is order 1 semi-differentiable
denoted SD'(9), if for any X the L.s.c. function f,, has a subgradient or the usc closure
f* has a super-gradient, in other words if:

9y F () Udy TEH(x) # 0.

The class of LSD' functions is important. It of course contains the convex lsc
functions and functions such as f(x) = x — |[X] (x| = the integer part of X). and

—x if x<0
f(X)_{l if x> 0.

We easily verify that it also contains semi-convex functions, i.e. the functions f for
which there exists k > 0 such that £ (x) + k |x|? is convex.

More generally, LSD' contains functions of the form sup g(x, b) where g (x, b)
beB
is continuous w.r.t. b and LSD w.r.t. X (and, in particular, differentiable in x); other

examples will be discussed in Exercise 8.
Definition 5.3. We refer to as the order 2 subdifferential of a function f: @ — R in
the point x € 2, the set, denoted aé* f(x), of the pairs (p, Y) with p € RN and
Y € SN, the set of symmetrical N x N matrices, such that:

Vx, — X in €,

f(xn) — £ (X) = (P, Xn — X) — 5 (Y(Sn — X), Xp — X)

lim inf 5
|X — Xp|

> 0;

(p, Y) is called the order 2 subgradient.

We refer to as the order 2 upper-differential of a function f: Q@ — R U {—o00}
in the point x € , the set, denoted 8§Z’+ (x), of the pairs (p, Y) withp € RN and
Y e SN such that:

lim su

pf(xn> —£(x) = (P, Xn — X) — 2 (Y(5n — X), Xp — X) 0

Ix _Xn|2

(p, Y) is called the order 2 super-gradient.

As previously, the order 2 sub and upper-differentials only depend on the function
f for the interior points (x € €2) but also depend on €2 for the border points (x € 9<2),
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see for example Crandall et al. (1992) who call them sub and upper “jets” of second
order and denoted them J 522’+ and J ?2‘7. To make the notation easier to use, one can
delete the index 6 when 0 is an open set and the upper index. Thus we will replace
861‘+f (x) with 97f(x) if 0 is an open set, and we clearly return, in this case, to the
standard notation.

Definition 5.4. We will say that a function f: 6 — R (resp. & — R U {—o0}) is order
2 lower semi-differentiable, denoted LSD?(0), (order 2 upper semi-differentiable,
denoted USD?(9)) if the function f has a nonempty order 2 subdifferential (resp.
upper-differential) in any point x € 6.

We have of course the inclusions:

LSD?(0) € LSD'(0) C LSC(®) and USD?(0) C USD'(0) € USC(®).

We will say that a bounded function is order 2 semi-differentiable, denoted SD*(9),
if for any X, either the Isc closure f, has an order 2 subgradient, or the usc closure
t* has an order 2 upper-gradient, i.e. if&g’_ f,(x) U 3g’+ f*(x) # 0.

Proposition 5.5. If f; and f» € LSD'(0) (resp. € LSD?(0)) then f = sup{fy, f2},
€ LSD!(0) (resp. sup{fy, f} € LSD*(9)).

Proof. In the point x € RN we have either f(x) = fj(x) or f(x) = f(x). Let us
consider the first case. We then have for any p; € 8"~ f}(x) and for any y # x,

fO -t -prLy—x _ HG) -H& —{p1y—x)

ly — x| - ly — x|
and therefore
f(y) —f(x) — - f —f - —
i inf (y) —fx) = {p1,y — x) > lim inf 1(y) = f1(x) — {p1,y — x) -0
y—>X ly — x| y=x ly — x|

which shows that p; € 9!~ f(x) and thus that 3"~ f(x) is not empty. O

LSD(0), LSD!(8) and LSD?(0) (resp. USD(6), USD' (6), USD?(6)) will con-
sequently play a similar role to the spaces L2(6), H'(8) and H2(0) of Hilbertian
analysis.
~ We will use the semi-inf-®-convergence defined in §4, Definition 4.1 and the set
C of inf-compact continuous functions.

Definition 5.6. We will say that a function u is a semi-inf- C-solution (resp. semi-
sup C-solution ) of (6) if there exists a sequence of functlons u, € LSD? (Q) (resp.
u" € USD? (Q)) such that vy, inf- C- -converges (resp. u™ sup-C-converges) towards u
and such that thepoznt to-set map H(x, up (X), pn, |rmY ) (resp. H(x, u® (x) p", Y™
with (pn, Yn) € 8- up(x)) (resp. (p", Y") € 8 u"(x)) semi- me -converges

(resp. semi-sup- -C- converges) towards 0.
A C-solution is at the same time a semi- -inf- C-solution and a semi- sup- -C-solution.
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Theorem 6 will link the various classes of solutions to the viscosity solutions
whose definition is recalled in the general case of discontinuous viscosity solutions.
We denote G, and G* the Isc and usc closures of G(x, u, p, M) with respect to the
variables x, u, p, M and we will assume that G, and G* are continuous w.r.t. M.
For the case of (5) we have:

H(x,u,p, M) in Q

G,(x,u,p,M) =
( p-M) {min(H(x,u,p,M),u—g) on 082

H(x, u, p, M) inQ

G*(X7 u’ pv M) =
max (H(x, u,p,M),u —g) on 92

Definition 5.7. (Crandall et al. 1992)
A viscosity subsolution to

G(x,u, Du, D2u) =0 onQ
is a locally bounded function u such that:

Gy(u,u*(x),p,M) <0 VxeQ and (p,M)e 8?—2’+u*(x)

where aé’+ u*(x) is the order 2 upper-differential of u* (the usc closure of u) in x.
A viscosity upper-solution to (6) is a locally bounded function u such that:

G*(u,us(x),p,.M) >0 Vx € Q and P, M) € agz’fu*(x).

Finally, a viscosity solution to (6) is both a viscosity subsolution and upper-solution
to (6).

Theorem 6. Ifu is a semi—inf—a—solution (resp. semi—sup—a—solution, a—solution) of
(6), then u is a viscosity upper-solution (resp. subsolution, viscosity solution) of (6).
Conversely, if u is a viscosity upper-solution (resp. subsolution, viscosity solution)
of (6) and if G is continuous w.r.t. u, p, M and uniformly continuous w.r.t. X, then u
is a semi-inf-C-solution (resp. semi-sup-C-solution, C-solution).

Proof. (see Gondran 1998) 0O
We will now study a few special viscosity solutions, the inf-dp-solutions and the
episolutions.

Definition 5.8. For any family ¢ of function: Q@ — R, we will say that u is an
inf-d-solution (resp. sup-d-solution) of (6) if, for the sequence of functions un(X) =

inf (u(y) —+ gly — x|2) (resp.u™(x) = sup(u(y) — g|y — x|2), the point-to-set map
¥ y

G(X, un(x), pn, Yn) (resp. G(x, u"(x), p", Y") with (pn, Yo) € 027 un(x) (resp.
", Y" e 8?2’+ u"(x)) inf-®-converges (resp. sup-®-converges) towards 0.
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Definition 5.9. A proper function u € LSD? (Q) is an episolution o (6) if and only
if, for every x € Q:

Y, Y) €92 u(x), G, u,p,Y) >0
Ap.Y) € Bé’_u(x) such that  G(x,u, p, Y) = 0.

An upper-bounded function u € USD? (Q) is a hyposolution to (6) if and only if for
everyx €

¥(p,Y) € 95 u(x), G(x,u,p,Y) <0
Ap.Y) € 852-2’+u(x) such that G(x,u,p,Y) =0.
We verify that an episolution (resp. hyposolution) is a viscosity solution.

Proposition 5.10. u € LSD? () is an inf—a—solution to (6) if and only if u is an
episolution to (6).

Proof. See Gondran (1998). O

6. Explicit Solutions to Nonlinear PDEs in MINPLUS Analysis

We recall a few classical results for explicit solutions to the first order Hamilton-
Jacobi equation. For a summary and the proofs of these results, one can refer to Lions
(1982).

The objective is to show that such solutions can be naturally expressed with
MINPLUS and MAXPLUS scalar products and the solutions belong to the
LSD!, USD!, LSD? and USD? spaces which we have just defined in Sect. 5.

These spaces will play a similar role to the L2, H' and H? spaces in Hilbertian
analysis.

This will be illustrated successively on the Dirichlet problem and then on the
Cauchy problem of the Hamilton—Jacobi equation.

6.1. The Dirichlet Problem for Hamilton—Jacobi
The aim is to find a function u: Q — R satisfying the equations:

{H(x, u,Du) =f inQ )

u=g on 92

where Q is a regular open set of RN, H is a continuous numerical function on
ad ad
Q xR x RN, generally referred to as the Hamiltonian, Du = (—u, R _u) is
B 8X1 3XN
the gradient u, f a function defined on §2 (closure of €2) and g a function defined on
0<2 (boundary of 2). In general f € (2) and g € (02).
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We will consider several special cases.

In each case, we will define a class of elementary solutions, then we will define
the general solution from these special solutions.

Case 1. Solving the problem

{ IDul = f(x) in (RQ) ®

u=g(x) on (0€2)

where f € C(Q) and f > 0in Q.
Let us define L(x, y) on Q x QasL(x, y) = inf {fOT f(o(s)) ds}, the inf being

taken on all the ¢ and T such that ¢ is almost everywhere (a.e.) differentiable and
such that

<1 ae. in[0,T], @(t) € QVtel0,T]

d
¢(0) = x, ¢(T) =y, ’d—‘f

Proposition 6.1.1. L defined above satisfies the following properties:
(i) L is a semi-distance on Q: L(x,x) =0.

L(x,y) =L(y,x) and L(x,y) <L(x,r)+L(,y) Vx,y,reQ
(ii) L(., z) is a solution to the problem

[Dul =f in Q\ {z}
u(z) =0

L (., z) is a special solution to (8). We now turn to show the solutions to (8) can
be expressed in terms of the special solutions L(., z).

Proposition 6.1.2. If the condition:
g(x) —g(y) <L(x,y) Vx,y € dQ
is satisfied, then:
u(x) = yienafs2 {g(y) + L(x, y)}

v(x) = sup {g(y) — L(y, x)}
yeo2

are respectively the USD' and LSD! solutions to (8). Furthermore, u (resp. v) is the
maximum element (resp. minimal element) of the set U (resp. V) of the subsolutions
(resp. upper-solutions) to (8):

U={we WI’OO(SZ), IDw| <f, a.e.in Q,w < gon 9d2}

V={we WI’OO(SZ), [IDw| > f, a.e.in Q,w > gon 92}

We recall that W12 () is the set of functions u, bounded and Lipschitzian.
For a proof of Propositions 6.1.1 and 6.1.2 see Lions (1982).
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Remark 6.1.3. 1f Q2 is convex and if f = 1, we have L(x, y) = |x —y|. Lis therefore
the distance between x and y and this yields:

u(x) = yienafQ {g(y) + Ix —yl}

v(x) = sup {g(y) — Ix —yl}.
yeo

In dimension 1, problem (8) becomes:

()| =1 on]—1, 1[
u(-)=ul)=0

and we have the USD! and LSD! solutions:
ux)=1—|x|] and vx)=|x|—1.
Case 2. Solving the problem

HDu) =f inQ
{u =g on 92 ©)

where H is convex, continuous and satisfies H(p) — +oo when p — +oco (H(p) >
alp| — C with a, C positive constants).

In addition, we assume that f(x) > inf H(p) for any x € Q.
pe R
Let us define L(x,y) on Q x Q as:

T
L(x,y) = inf {/ {f((p(s)) +H <—‘Z—‘p> } ds}
0 S

the inf being taken on the set of all the a.e. differentiable ¢ and T such that:
0(0) = x, o(T) =y, H (—‘jl—f) < tooae. in[0,T], ¢(t) € @ Vte [0,T]and

where H is the Legendre—Fenchel transform of H (see Definition 2.19).
Another equivalent definition of L can be:

L(x,y) = inf / 1 < de >dt
X, =1in max -,
Y 0 HmE=f(e®)\ dt P

the inf being taken on the set of all the a.e. differentiable ¢ such that:
_ d(p o
e(0) =x, () =y, o) € 2 Vtel0,1], I € L™, 1).

Proposition 6.1.4. L defined above satisfies:

L, x) =0 and L(x,y) <L(y,n)+L(ry) VxyreQ
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and L(-, z) (resp. L(z, -)) is a solution to the problem

H(Du) =f in Q\{z}
u(z) =0

(resp. H(—Du) = f in Q\{z},u(z) =0).
If the condition

g(x) —g(y) <L(x,y) Vx,y €90Q
is satisfied, then

u(x) = in
y

Eafg [g(y) + L(x,y)]

v(x) = sup [g(y) — L(y, x)]
yeo2
are respectively USD! and LSD! solutions to 9).
(see Lions (1982) for a proof).

Case 3. Solving the problem

{H(X,Du) =0 inQ

u=g on 0$2 (10)

where H(x,p) € C (€2 x RN) is convex in p, satisfies H(X, p)_ > alp| — C where o

and C are positive constants and where ian H(x,p) <0in Q.
peR
Let us denote I:I(X, p) the Lagrangian of H(x, p), i.e. the Fenchel transform in p
of H:
H(x,q) = sup {(p.q) —H(x, p)}.
peRN

We define a new function L (X, y) forx,y € Q:

T
L(x,y) = {inf/ a (z, ﬁ) ds}
0 ds

the inf being taken on all the pairs (T, &) such that £(0) = x,&(T) = y,&(t) €

= dg .
Q Vvt € [0, T], m € L™ (0, T) or, equivalently:

L(x,y) = inf /l max {—<§ >}dt
= 0 HE®.p)=0 a' P

- d
the infbeing taken on the & such that£(0) = x, £(1) =y, £(t) € , Vt € [0, 1], d—éf €

L (0, 1).
Proposition 6.4 is still valid and for (10) we have the two following USD! and
LSD! solutions:

u(x) = yienafQ {g(y) + L(x, y)}

v(x) = sup {g(y) — L(y,x)}.
yeo2
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Case 4. Solving the problem

{H(x,u,Du) =0 inQ

u=g on 0§2 an

where H(x,u,p) € C(Q x R x RN) is convex in u and p, satisfies the following
properties:

H(x,u, p) — +oo when |p| — 400 uniformly for x € Q and bounded u,

H(x, u, p) is nondecreasing in v, for any x € Q, pe RN.

We introduce the Lagrangian H(x, s, q), Fenchel transform in u and p of H:

H(x,s,q) = sup {su+ (p,q) — H(x, u, p)}
uelR
peRN

and we define for x € Q,y = 9Q a function:

T R dE t
L(x,y) = inf {/ H (E(t), v(t), ——(t)) exp {—/ V(s)ds} dt
0 dt 0

T
+g(y) exp {— / V(S)dSH
0

the inf being taken on all the triples (T, v, §) such that £(0) = x, &£(T) =y,

E(he Q Vtel0,Tl, % € L*°(0,T), v € L*(0, T).

Example 6.1.5. If H(x, u, p) = H(x, p) = u (x > 0), then H(x, u, p) = H(x, p) if
u=xrHX, up =+ooifu # A\
In this case we then obtain:
Lix,y) = inf { | i (z(o —ﬁm) e Mdt + g(y) e-”}.
’ e | Jo Toodt

Proposition 6.1.6. Under the conditions of Case 4 on H, L(-, z) is a solution to the
problem:

H(x,u,Du) =0 in Q\{z}

u(z) =0

If the condition
g(x) <L(x,y) Vx,ye 0Q

s satisﬁed, then
u(x) = inf L(x,y
@) yleE)Q *x.y)

v(x) = sup L(x,y)
yeIR
are respectively the USD! and LSD! solutions to (11). In addition, u ( resp. V) is
the maximum element (resp. minimum element) of the set of subsolutions (resp.
upper-solutions) to (8).
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6.2. The Cauchy Problem for Hamilton—Jacobi:
The Hopf-Lax Formula

The aim is to find a scalar solution u(x,t) ((x,t) € ©x]0,T[) satisfying the
equations:

9

M HE. L uDu) =0 inQx]0,T]

ot 12
u(x, t) = g(x, t) on 082 x 10, T[

u(x, 0) = up(x) in Q

If H does not depend exclusively on Du, we will see in this section how to obtain
explicit “linear” solutions in the MINPLUS dioid. Other solutions will be given in
Sect. 8.

In the case where H depends on u and on Du, we will see in Sect. 7.3 how to
obtain explicit “linear” solutions in the MINMAX dioid.

Let us consider the following problem:

B_u + H(Du) =f(x) in Q2 x [0, T]

ot (13)
u(x, t) = g(x,t) on 02 x [0, T]

u(x, 0) = ug(x) in Q

where 2 1_s aregular, bounded, convex open set, f € W1*°°(S2), g e COQx[T,O0)]),
up € C (Q), up(x) = g(x,0) on 3, H € C (RY), H convex on RN and verifying
(H(p) = alp| — C(a > 0). )

For any s, t such that 0 <s <t < Tand x,y € €, let us define:

1
L(x, t;y,s) = inf {f {f(m)) +H <%)\(>\))}d}\}

the inf being taken on the & such that:
- g
ES) =y, () =x,E\) € 2 V\ € [s, t], I e L™(s, 1)

and where H, the Lagrangian, is the Fenchel transform of H:

H(q) = sup {{p,q) — H(p)}.
peRN

Formally, we have for any solution to (16):
t
d
w0 — u(y,s) = / (0,0
s dAh

—/tD N), N ds
~ [ Doy .3

t(/du . (dE
5/5 {(5 +H(Dxu)> (g(x),x)+H<a)}dx

<L, ty,s).

+ % 0. nd
5(%( ), N)
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Theorem 7. Under the above conditions, we have:

(i)foranyxeQ,t>0:L(x,t;y,s)—>0ifsTt,y—>x,
Lx,t;y,s) <L(x,t;z,v)+L(z,;y,s) VX, y,z € QV0o<s<t<t<T,

(ii) L(-, -3y, ) (resp. L(x, t;-, -) is a solution to
Ju

— +HDu) =f inQ x[s,t] and lim u(y,t) =0
at tls

9
(resp. — a—Lt' FHDW = inQx [0, and lim u(x,s) =0),
st

(iii) if the following conditions are satisfied:

g(X7 t) - g(Ya S) S L(Xa tv Ya S) V(X’ t)a (Y7 S) € 89 X [Oa T]’ s<t
g(x,t) —up(y) <L(x,t;y,0) VX, t)eadQx[0,TLye Q

then, for (x,t) € Q x [0, T):

u(x, t) =inf { inf {ug(y) + L(x,t;y,0)}, inf {g(y,s) +L(x,t;y,s)}
yeQ gfaﬂt
<s<

(14
is the USD! solution to the problem,
(iv) if the following conditions are satisfied:
g(x,t) —g(y,s) =L(x,t;y,s) V(x,1),(y,s) €92 x [0, T],s >t

up(x) — g(y,s) <L(x,0;y,s8) V(y,s) € aQ x[0,Tl,y € Q

then, for (x,t) € Q x [0, T]

v(x,t) =inf { sup {ug(y) — L(y, 0; x, )}, sup {g(y,s) —L(y,s; x,t)}
ye (y)iaszt
<s<

is the LSD' solution to the problem

—% + H(—Du) =f(x) in Qx[0,T]
u(x, t) = g(x,t) on 02 x [0, T]
u(x, 0) = ug(x) in Q.

Formula (14) is interesting because it generalizes to the MINPLUS case the
following formula related to the heat transfer equation, see Quadrat (1995):

t
u(x, t) = /uo(y) Lx,t;y,0) dy+//g(y,8) L(x,t;y,s)dsdy

Q 0 9Q
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Remark. In the special case where f = f( constant and where Q is convex, the
following holds:

L(x,t;y,s) = fo(t —s) + (t —s)H (’;:Z’)

If one considers the case where @ = RN and f = 0, then (14) becomes the Hopf
(1965) and Lax (1957) formula:

u(x,t) = Inf <u0(y) i ﬁ(ﬂ> .
yeRN t

Let us recall a few special cases of this formula.
The equation:

5
a—]tl+|Du|:O in RN x [0, T]

u(x,0) = up(x) in RN
has the usc solution:
u(x,t) = inf ug(y).
ly—x|<t

The equation:

Ju . N
—a—HDul =0 inR" x [0, T]

u(x, 0) = up(x) in RN

has the Isc solution:

V(X,t) = sup ug(y).
ly—x|<t

For any real p > 0, the equation:

Ju
at
u(x, 0) = up(x) in RN

1
+ =|DulP =0 inRN x [0, T]
p

has the solution:
. Ix —ylP
v(x,t) =inf Jup(y) + — (-
y pt’?
In the case where p = 2, then the equation:
ad 1
a—ltl+§|Du|2 =0 inRN x[0,T]
u(x, 0) = up(x) in RN

has the USD! solution:

u(x,t) =inf Juo(y) + X~ y|2
' y 2t '
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and the equation:

1
—3—‘: +5IDuP =0 in RN x [0, T]
u(x, 0) = up(x) in RN

has the LSD! solution:

v(X,t) = sup yup(y) — X~ y|2
’ y 2t '

7. MINMAX Analysis

We have shown in the previous sections how MINPLUS analysis, based on the
“scalar product” inf (f (x) + g(x)), is used to synthesize and extend a branch of
X

nonlinear analysis (Isc analysis and convex analysis, epiconvergence and Mosco-

epiconvergence, viscosity solutions). In this section we will show that in a similar

way one can construct a MINMAX analysis based on the “scalar product” inf (max
X

(f(x), g(x)) and thus extend the previous method to quasi-convex analysis, developed
in particular by Crouzeix (1977), Volle (1985), and Elquortobi (1992).

In particular, we introduce the infmax linear transform (see Gondran 1996b) which
plays a role analogous in MINMAX analysis to the Legendre—Fenchel transform
in MINPLUS analysis. Except for Theorem 9, the proofs are similar to those of
MINPLUS analysis.

7.1. Inf-Solutions and Inf-Wavelets in MINMAX Analysis

Let X be a Banach space. We will denote |.| is norm, X* its topological dual and
< «»+ > the scalar product in the duality X*, X.

When X is a Hilbert Space, we identify X and X*.

We refer to as a proper function a function f: X — R U {+o00}, lower bounded
and non identical to +o0.

Definition 7.1.1. For two proper functions f and g, the “MINMAX scalar product”
(f, g) is defined as:
(f,g) = irg( {max (f (x), g(x))}

In this whole section, we will denote (-»+) the Minmax scalar product.

Definition 7.1.2. For any family ¢ of functions: X — R (test functions), we define
the infmax-d-equivalence of two functions f and g by the equalities:

t,9)=(g 9 Voed
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and the infmax-bi-conjugate of f with respect to ¢, denoted Pyf, as:

Ppf (x) = sug {(f, ¢)/under the condition ¢(x) < (f, @)}.

pe

Theorem 8. The set of functions infmax-d-equivalent to a proper function f has a
smallest element (inf-solution) equal to Pyf.
Proof. (see Gondran 1997) 0O
Consider a few interesting examples of test functions.

Example 7.1.3. If § = A, the set of Dirac 8y inf-functions, defined as 8y (x) = —ooiif
x =y, +o0 otherwise, the infimax- A-equivalence corresponds to pointwise equality.

Example 7.14. If ¢ = A, the set of Sye functions, defined as:
Oy e(x) =—o0 if [x—y|<eg, +oo otherwise,

then P Af = f,, the Isc closure of f, and two functions are infmax-&-equivalent if
and only if:
Ve >0, Vx e X: f(Xx)=¢2(x).

where we recall that (f (x) = inf{f (y): |y — x| < €}

Example 7.1.5. If ¢ = E, the set of continuous and infcompact functions, then
Psf = f4, and two functions are infinax-C-equivalent if and only if they have the
same Isc closure.

‘We obtain the same result by taking the infcompact usc functions on X.

For any eigenfunction f, we refer to as infmax-regularized the function:

. 1
f1.q = Inf (max (f(y), - x|+ Q>>

Example 7.1.6. If ¢ = Q, the set of quadratic functions of the form (px’y’q(x) =

1
™ ly — x|2 + q, then for any function f, Pof = f, and two functions f and

g are infmax-Q-equivalent if and only if all the infmax-regularized functions are
pointwise equal.

fHgxX) =g qx) YA>0, VgeR; VxeX.

Definition 7.1.7. For any proper function f, we refer to as infmax linear transform

the function F(p, q) defined for any p € X and any q € R as:

f(p.q) = E®). (p.x) +q).

This transform will play the same role in MINMAX analysis as the Legendre—Fenchel
transform in MINPLUS analysis.
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Theorem 9. The quasi convex lsc closure of a function f, denoted tg is equal to:

fe(x) = sup f(p, — (p, X) + m)
peX*

or again to:

fe(x) = sup {(f,{p,.)+q with (p.x)+q < (p,.) +q}
peX,qeR

where m is a lower bound of f.

The proof (see Gondran 1997) is provided by using the Hahn-Banach theorem
and by following a proof by Elquortobi (1992). It is shown that the result does not
depend on m.

Example 7.1.8. If A is the set of continuous linear functions on X of the form
(p, X) 4+ q, then for any proper function f, PAf = fg and two proper functions f
a g are infmax-A-equivalent if they have the same infmax linear transform.

Now we have introduced in Sect. 3 the MINPLUS wavelet transforms: likewise
we define the MINMAX wavelet transforms for the multi-resolution analysis of Isc
functions as:

Definition 7.1.9. The MINMAX wavelet transform of a function f is provided for any
aeR,,beR"by:

T¢(h; a,b) = inf (max(f(x),h <b — X))) = (f(~), h (b—_))
xeRn a a

where h is an inf-compact usc function which will be referred to as an “analyzing”
function.
Examples 7.1.4 and 7.1.6 correspond respectively to h(x) = 8¢,1(x) and

1
hx) = > IxI* +q.
Theorem 8 ensures the reconstruction formula of lsc f through the formula:

b—
f(x) = sup {Tf (h; a, b) /under the condition h (—X> < T¢(a, b)} .
acRy ,beRn a

7.2. Inf-Convergence in MINMAX Analysis

Definition 7.2.1. For any family ¢ of test functions, we will say that a sequence of
proper functions f, semi infmax-d-converges towards f if

liminf (fy, ) = (f, ) Vo € ¢.
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Definition 7.2.2. A sequence of proper functions t, infmax-b-converges towards t if

lim(fo, ) = (f. ¢) Vo € ¢.
In the case of Example 7.1.3, & = A and the infimax-A-convergence corresponds
exactly to the simple convergence and f,, semi infimax-A-converges towards f if
f(x) = liminf f,(x).

Examples 7.1.4-7.1.6 correspond to one of the main convergences in nonlinear
analysis, epiconvergence, and Example 7.1.8 corresponds to a new convergence in
nonlinear analysis, comparable to the Mosco-epiconvergence, but for quasi-convex
functions.

We will next take into consideration that the f, sequences are uniformly locally
bounded.

Theorem 10. Any sequence of proper functions f,, semi infmax-a-converges towards

f, the Isc envelope of fy, being defined by f,(x) = liminf f,(y) fory — X and

n — oo. For any sequence f, converging towards x, we have liminf f, (xn) > £ (x).
If a sequence of proper functions f, infmax-C-converges towards f, then f, = {.

Theorem 11. In a Banach space, the epiconvergence implies the infmax-C-
convergence.

Definition 7.2.3. A sequence of Isc quasi convex proper functions f, Mosco-
epiconverges towards f, a quasi convex proper function if, in all points x € X,
we have:

— for any sequence X, converging weakly towards x, liminf f;(x,) > f(x);
— there exists a sequence X, converging strongly towards X such that limsup
fn(Xn) < £(X).

Theorem 12. In a Hilbert space, the Mosco-epiconvergence implies the infmax-A-
convergence and we have the converse if the fy+ functions are equicoercive.

Theorem 13. In RN, the infimax- A-convergence, the infmax-C-convergence and the
infmax-Q-convergence are identical to the epiconvergence.

Theorems 12 and 13 are adaptations of results by Attouch (1984). Results closely
related to these theorems can be found in Akian et al. (1994).

Remark 7.2.4. All of the above results also apply to the dioid (R, max, min) by
replacing Isc with usc, quasi-convex with quasi-concave, inf with sup.

7.3. Explicit Solutions to Nonlinear PDEs in MINMAX Analysis

Let us consider the following Hamilton—Jacobi problem:

X 4 H(u,Du) =0 inQ =]0,+oo[ x RN

u(x, 0) = g(x) on RN (15)
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where the Hamiltonian H(r, p) is continuous in r and p, nondecreasing in r for any
y € RN, sublinear in p for any r € R, and where g is Lipschitzian and bounded.

‘We then show, see Barron et al. (1996) that the only viscosity solution to problem
(15) is the function u(x, t) € USD! defined as:

oo (s ()
u(x,t) = min (max [ g(y),h | —— (16)
yeRN t

where, for any x € RN, h(x) = inf(r € R/Vy € RN, we have H(r,y) > (x,y))
is the conjugated function of H. We verify that h is quasi-convex and Isc on RN
and that:

H(r, p) = sup({p, q) such that h(q) < r).

In the case where g is quasi-convex continuous (instead of Lipschitzian and bounded),
solution (16) is, in addition, quasi-convex, see Volle (1997).
Let us give a few examples of formula (16).

Definition 7.3.1. Let us consider the problem:

ou
ot
u(x,0) = |x| onR.

+e"Dul=0 in £ =10,+o0[ xR

We verify that h(x) = log |x|, then that the problem has the solution:
ux,t) =0 if |x|] <t
ux,t) =y if |x|>t
where 'y > 0 is the only solution to ooy I
t

Definition 7.3.2. Let us consider the problem:

ou
ot
u(x, 0) = g(x) on R

+u|Dul=0 in Q2 =1]0, 400 x R
We have h(x) = |x| and the problem allows the solution:
X—y

" .

7.4. Eigenvalues and Eigenfunctions for Endomorphisms
in MINMAX Analysis

u(x, t) = min <max g(y),
yeR

An extension into the continuous field of results on eigenvalues and eigenvectors from
the discrete case for the dioid (R U {400}, Min, 4) was carried out by Dudnikov
and Samborskii (1989), see Exercise 3 of Chap. 6.
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Here we will present the extension into the continuous field of results obtained
on eigenvalues and eigenvectors from the discrete case for the dioid (R Min, Max),
see Gondran and Minoux (1997, 1998).

It will be seen (Theorem 14) that in this case one obtains a complete explicit
characterization of the eigenvalues and eigenvectors of endomorphisms based on
the dioid (R, Min, Max).

Let X be a real, reflexive Banach space. Let F be the set of functions: X — R,
bounded from below and inf-compact.

By endowing F with the laws @ and ® defined as:

(f & 2)(x) = Min(f(x), g(x)) vf,geF, VxeX
a® f(x) = Max(a, f(x)) Vf € F, Va eR, Vx € X

F has the structure of a semi-module, called a MinMax functional semi-module, on
the dioid (R, Min, Max) with as neutral element the function h® defined as:

h®(x) = +o00 Vx € X.

We then define the “scalar product” (f, g) of two functions f and g in the MinMax
functional semi-module as:

(f, g) = Min {Max (f (x), g(x))} .
xeX

Let A be the set of inf-compact functions A: X x X — R, satisfying the following
conditions:

(1) there exists 65 > —oo such that A(x, X) = 04 Vx € X;;
(i) A(x,y) >0a Vx,y € X x X.

Conditions (i) and (ii) correspond in MinMax analysis to the classical concept
of diagonal dominance in the sense of the order relation of the dioid

( Y AKY) < A, x)).

y#X

We then define the image of f € F, denoted Af, as:

Af(x) = Mi)r(l Max {A(x,y),f(y)}} VxeX.
ye
We easily verify that the functional Af is bounded from below and inf-compact and
that the mapping f — Af is “linear” in the dioid (R, Min, Max):
ARTFOPRY =a0QAfPPBRAg Vf,geF, Vo, eR.

A therefore corresponds to a set of endomorphisms on the MinMax functional semi-
module. The product of two endomorphisms A and B of A is the endomorphism C,
denoted AB, defined as:

Cx,y) = Mi)l(] {Max {A(x,z), B(z,y)}} V(X,y) e X xX.
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One easily verifies that C € A and that the product is associative.

As A%(x,y) < A(x,y), the sequence A(x, ), A%(X, y), ..., A"(x, y) is bounded
is monotone nonincreasing and bounded from below, and the endomorphism A* can
be defined as:

A*(x,y) = lim A"(x, y).

We can then state:

Proposition 7.4.1.
(A%)? = A* = AA* = A*A.

Given a sub-semi-module H of F, we refer to as generator of H any mapping G € HX
(which with every z € X associates G* € H C F), such that, for every { € H, there
exists ¢ € F, such that for any x € X,

00 = (). G"(x)) = Min {Max (¢(2). G*(x))}

The following theorem provides a complete characterization of eigenvalues and
eigenvectors for endomorphisms with a “dominant diagonal” in MinMax analysis.

Theorem 14. (Gondran and Minoux (2007)
Let A € A be an endomorphism with a “dominant diagonal.” Then any \ > 0
is an eigenvalue of A, and for anyy € X, (p{ defined as:

(p{ (x) = 2 ® A*(x,y) Vx € X is a proper function for the eigenvalue .

Let G, = | {(p{} be the set of distinct elements of {(p{/y € X}, then Gy, is a
yeX

generator of the MinMax functional semi-module of the set of eigenfunctions Fy

(eigen-semi-module) corresponding to the eigenvalue '\, i.e. every eigenfunction f €

Fy. is written:

f(x) = (h(), ;(x)) with heF.
Moreover, Gy, is the unique minimal generator of Fy.

Proof. Here we only provide a sketch of proof, see Gondran and Minoux (2007) for
a more detailed proof.

— First we show that for any X, go{ is an eigenfunction.

Indeed, A ¢ (x) = AL®A*(X,y)) = A®AA* (X) = A®A* (X, y) = A ¢ (X)
taking into account Proposition 7.4.1 and the idempotency of ®.

— Then we show that for any A > 65 and f € F, we have f = A ® f = Af = A*f.
Indeed, Af = A ®f implies Max(A(x, x), f(x)) > Max(f (x), A) which, together
with A > 64, makes it possible to conclude f(x) > A\ and therefore f = A ® f =
Af > A*f. The reverse inequality A*f > f is obtained by showing that for any
X and any ¢ > 0, we can obtain the inequality A*f (X) + ¢ > f(X).
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— We deduce from the above result that for any f € F, with A > 65 we have
f=A*AQf) = (AR A*) f ie.:

f(x) = Min {Max { (). f0}} = (). ¢;.(9).

— The proof of the minimality and the uniqueness of Gy, is shown through contradic-
tion by assuming that cp{ (x) decomposes into the form (p{ x) = Miél{Max{h(z),
ze

W% (x)}} with W2 € F, and W” # ¢ .
First one has to show that there exists zZ° € Z such that (p{ < W? 1t is the one
for which (pi = Max {A*(y,y), N} = Max {64, A} = A = Max {h(z’), \I’Z/(X)};
indeed, we then have h(z') < X\, v =) ® W7 and therefore:

¢ (x) < Max(h(z), ¥ (x)) < Max(h, ¥* (x)) = ¥* ().

Now, it just remains to show that v < (p{; indeed, we have:

W (x) = Min {Max i(pli(x), \yl’(u)” < Max [(p{(x), \I/Z’(y)} < Max {¢} (x), 1}
=¢;(x) O

The uniqueness of the minimal generator is an interesting property because it will
enable one to provide interpretations to the eigenfunctions of this generator, as was
the case with matrices in Chap. 6, Sect. 6: see for example Gondran and Minoux
(1998) where generating proper functions G are identified with the aggregates of a
of percolation process at threshold ‘A.

8. The Cramer Transform

Historically, the Cramer transform was introduced to study the theory of large
deviations. Let us recall the principle.
Let X; (i =1, 2,...) be random independent variables of the same law and uni-

1
formly distributed. Then the sequence S, = — Y X; converges almost definitely
n

i=1,n
towards the mean X of the X; by the strong law of large numbers. The theory of large
deviations will give us an estimation of the probability that S, is close to x, for x
different from X in O(1) in relation to n.

Let h(n; a,b) = —In Prob {a < S, < b}.
The function h(n + n’; a, b) is nonnegative and subadditive, i.e.:

h(n+n';a,b) <h(n;a,b) +h(@’;a,b).
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Indeed, the independence of the X entails:

1
T Z xj <b

i=1,n+n’

Prob{a <

1 1
> Prob a<HZXi<b .Prob{a < — Z X;<b

!/
i=ln i=n+1,n+n’

hence the announced relation.
A consequence of the subadditivity is that the limit
h(n;a,b . h(n;a,b
s(a,b) = lim g = inf ¥
n—+00 n n n
exists. Just take two integers n and ng, do the Euclidian division n = ngq + r, apply

the subadditvity and successively extend n and ng towards +oco. We then set:

S(x) = inf s(a,b).
a<x<b

The function S(x) is positive or zero and it is easy to show that it is convex. The
theorem of large deviations is then written:

1
Prob{x <= ) Xj<x+dxp=e "M dx. (17)
n.
i=1,n
As we will again see through heuristic reasoning, this theorem is used in statistical
mechanics to reach the thermodynamic limit. In this context, S(x) is identified with

entropy. For a precise proof, see for example Lanfort (1973).
Let Z(B) be the Laplace transform of X.

Z() = <e+BX> - / eHXp(x) dx

where p(x) is the density of the probability of X.

We have Z"(B) = (eTPXi+-+Xn) Through the theorem of large deviations, for
large n, the sum X; 4+ X + ... X, is near nx with the probability ~e™ "5 Thus
the contribution to Z"(B) from the sums of nx is ~enlBx=SM)] When one integrates
with respect to all the x variables, the dominant contribution comes from the x which
maximizes px — S(x), hence

Zn(ﬁ) ~ en(Bxfs(x)).

and
InZB) = Slﬁlp(BX —InZ@®)). (18)

We obtain S(x) through the inverted Legendre transform
S(x) = sup(Bx — In Z(B)) 19)
p
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Definition 8.1. The Cramer transform C is a function of M, the set of positive
measures on E = R", in Cy, the set of convex Isc proper functions, defined by
C = FologoL where L is the Laplace transform and F the Fenchel transform.

The Cramer transform possesses a large number of properties such as the transfor-
mation of the product of convolution into inf-convolution, see for example Azencott
et al. (1978) and Akian (1995).

The use of this transformation in the field of partial differential equations (PDE’s)
is particularly interesting as the following theorem shows:

Theorem 15. (Akian et al. (1995)
The Cramer transform v of the solution u to the PDE on E = R

ou 0
_§+C<_&>(u)_o, u(0,) =3 (20)

(with ¢ € Cy) satisfies the Hamilton—Jacobi equation:

Al A(a_v)()—o 0,) = @1)
o tela) =0 Yoo =k

The latter equation is the HIB equation of a problem of dynamic control X' = u, of
instantaneous cost c(u) and of initial cost .

Proof. The Laplace transform of u, denoted q, satisfies:
ow R
—W(t, 0) +c(®)qt,6) =0, q@,-=1.
So w = log(q) satisfies:
ow R
—W(t, 0)+c® =0, w(,)=0

which yields w(t,0) = ¢(0) t. As ¢ is Isc convex, w is usc convex and can be
considered as the Fenchel transform of a function v:

w(t, 0) = sup(6x — v(t, X)).

0 0 0
We deduce from the above 6 = il and w = _v

ot at’
So v satisfies (21).
This equation is the HIB equation of a problem of control with the dynamic x” = u,
of instantaneous cost c(u) and of initial cost ¥, since ¢ is the Fenchel transform of ¢
and the HJB equation of the problem of control is:

ov

9
+ min {c(u) _ u—v} =0, v(0,)=x. O
at u

0X



8 The Cramer Transform 301

If ¢ is time-independent, the optimal trajectories are straight lines with v(x) =
tc(x/t).

The solution to a linear PDE with constant coefficients is classically calculated
with the Fourier transform: this is the case of (20) if ¢ is a polynomial. The pre-
vious theorem shows that a first order nonlinear PDE with constant coefficients is
isomorphic to a linear PDE with constant coefficients and therefore can be calculated
explicitly. Such explicit solutions are known by the name of Hopf, Bardi and Evans
formulas (1984), see also Sects. 6.2 and 7.3.

Example 8.2. Let us consider the HIB equation

v 1]av|P
—+—-|—| =0, 0,x) = .
o T b 9x v(0, x) = vo(x)
1 [x[P
We deduce from the above w(t, 0) = t— |0|P, then v(x,t) = 7 and finally
P P

|xP]

_ _ . Ix —ylP
VX, t) = vo(x) O 1 = inf | vo(y) + —
pt y pt

where [J corresponds to the inf-convolution on x.

Example 8.3. Let us consider the HIB equation

8v+1 av2+2 av\>/? 0. V0. ®
- — - — J— =0, VU, ) = VoX).
at ' 2 \ax 3\ 9x 0

1 2
We deduce from the above w(t, 0) = t(EGZ + 3 |6|3/2> and finally v(t,x) =

2
X x|3 . .
vo(x) U m (Il % where [J corresponds to the inf-convolution on x.
Exercises

Exercise 1. Proximity and duality in a Hilbert space

Let H be a real Hilbert space and I'g(H) the set of functions with values in
]—o00, +0o0] defined everywhere on H, convex, lower semi-continuous, not every-
where equal to +oo.

(1) Show that for any f € I'g(H), x € H, the function
1
z— @)+ llz = x|

has a strict minimum.
We will denote f (x) this minimum and z* = prox¢ z (“proximal point”) the
unique point where the minimum is reached:

- 1 1
f(x) = min f(,?s)—i——||3s—x||2 , 2" = argmin f(z:)—}——||2s—x||2 .
z 2 z 2
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(2) Determine the proximal point for an affine function f(z) = (a, z) — f (where
a € H, B € R); for the characteristic function of a closed convex set C, f(z) =
Y. (z) =0ifz € C,+o0if x ¢ C; for f(z) = (a,z) — P + Y. (z); for a
quadratic function f(z) = k||z||*.

(3) For any function f € I'g(H), we define its dual function

gly) = Sug{(x, y)—fx)} VyeH

Show that g € T'g(H) and that

f(x) =sup{(x,y) — g(x)}.
xeH

If two points x and y are such that we have the equality
f(x) +2(x) = (x,y)

we say that they are conjugated with respect to the pair of dual function f and g.
Show that y is a subgradient of f at the point x, i.e.:

fu) =)+ (y,u—x)

and that the subdifferential (set of the subgradients) df (x) is a closed convex set.

Show that im;f(x) = —g(0) and arg min f(x) = 9g(0).
Xe xeH
@ Iff e I'p(H) and g € I'g(H) are two dual functions of each other; let x, y, z be

three elements of H. Show that the following properties are equivalent:

D z=x+y,fx)+gy =(xYy)
(ii) X = proxf z, y = proxg x

Deduce that for every z and z" in H, we have:
|lprox¢z — prox¢z'|| < ||z — 2|

so that the application prox; is continuou: H — H in the strong sense.
(5) Show that f is convex differentiable (in the Fréchet sense) and that

Vi(x) = x — 2% = x — proxs x
[Indications: Moreau (1965)].

Exercise 2. Properties of the Moreau-Yosida transform
Letf: R" — R U {400} be a convex, Isc function, finite in at least one point. We
denote (., .) the scalar product and |.| the associated norm.

(1) For any » > 0, we consider the function f;, the so-called Moreau-Yosida
transform, defined on R™ by: f; (x) = inﬂg [fy) + 5x—y?}.
ye n

(a) Show that the inf of the previous definition is reached in a unique point x;.
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(b) Write f; as the inf-convolution of two convex functions. Verify that the inf-
convolution is exact and that f is differentiable in any x € R" with

Vi (x) = M(x — xy) € 9f (x3).

(c) Show that:
I, .. L . . n n
I+ Iaf is a surjective multi valued mapping: R® — R";
1 -1
VxeRn,<I+Xaf) (X) = X3,

(2) Determine f; (x) and x,, for any x € R" in each of the following special cases:

(a) f(x) = (a, x) + b, wherea € R",b € R.
(b) f indicator function of a closed non empty convex set C of R".

1
() f(x) = > (Ax, x) with A self-adjoint.
(3) Show that x;_can be characterized by one or the other of the following conditions:

f(y) —fx)+r(xy—x,y—x3) >0 VyeR"
fiy) —fx) +r{y—x,y—x.) =0 VyeR"

(4) (a) Show that the mapping x — X; is Lipschitzian with Lipschitz constant 1.
(b) Show that the mapping x — V f,(x) = A(X — x;) is Lipschitzian with
Lipschitz constant A.
(c) Prove the inequality:

0<fi(y) —H(x) — 2 (x —x,y —x) < Ax —y%

(5) What is the (Legendre—Fenchel) conjugate of
o2
No.(x) = S x|

Deduce the expression of the conjugate f, of .

Compare inf {f(x)} with inf {f; (x)}.
xeRn xeRN

(6) (a) Show that f (x;) < ), (x) < f(x).
(b) Establish the equivalence of the following statements:
(i) x minimizes f on R"
(ii) x minimizes f; on R"
>iil) x = xy,
(iv) £(x) = f(x»)
(v) £(x) = fH(x3)
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(7) (a) Let x € dom f: = {x|f(x) < +o00}. Show that x;, — x when A — +00.
Deduce that {x € R"|0f(x) # ¥} is dense in dom f and that f; (x) — f(x)
when A = 4o00.
(b) Let x ¢ dom f. Show that f (x) — 400 when X — +o00.

[Indications: see for example Hiriart-Urruty (1998).

(1) (b) One can use the classical result: if the inf-convolution (f; [ f) of two Isc
convex proper functions fi and f, is exact in x (i.e. if there exists x; and x»
with x = x; + X such that (f; (I ) (x) = f1(x1) 4+ f2(x2) then

a(f; O 1) (x) = afy(x1) N of2(x2).

(c) from the characterization of the point x;:
A 2
0Oeoa(f + EI- — X7 (x).

2
@) @ £.00 = (a,x) + b — %,xx —x-2

A
(b) HL(x) = Edg(x) where d. is the functional distance to C.

—IAi] f —lA 'hA—AIA71
(C)Xx—(-i-I) (X),x(x)—§<xX,X)WIt r = (-1-:) .

(3) Optimality conditions for an objective function of the form f 4 g, f convex Isc
and g convex differentiable.

(5) K (p) = = |pl?
»Pp) = ™ pi~. 1
Since f;, = f g Ny, B = f + Ny and f5.(p) = f (p) + ﬁ|p|2.
In particular f, (0)(= —inf £, (x)) = £(0)(= — inf (x)).
xeRn xeRn

(7) (a) First use an affine lower bound of f to prove that |x;, — x| — 0, then that
Xy, € dom dof = {x|df (x) # ¥} to prove the density of dom df in dom f.
(b) Can be proved by contradiction assuming “{f; (x)}, bounded from above.”]

Exercise 3. A few Legendre-Fenchel transforms
With every proper function f: R" — R U {400}, we associate its Legendre—
Fenchel transform f: R® — R U {400} defined as:

y € R", f(y) = sup {(x,y) = f(X)}.

xeRn
(1) Check that f is convex Isc, and that the Fenchel inequality
f)+FX) = (xy) VY(x,y) €R" xR

is satisfied with equality if and only if y € 9f(x), where df(x) is the sub-
differential of f in x.
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Show that if f is 1-coercive on R" (i.e. if f(x)/||x]| — +oo when |[|x|| —
+00), then f is finite everywhere on R". Show that if f is strictly convex, differ-
entiable and 1-coercive on R, then f is also finite everywhere, strictly convex,
differentiable and 1-coercive on R".

(2) Calculus of some Fenchel transforms.

o If I, is the indicator function of a non empty subset A of R" (Ix(x) = 0 if
X € A, 400 otherwise), show that

Ia(y) = sup(y,x) (support function A)
X€A

» IfAisaclosed nonempty subset of R" and fp the function defined as fs (x) =
1 A 1
5||x||2 if x € A, 400 otherwise, show that fo(y) = 3 (lylI?> = d% (v))
where da designates the function distance to A.
e Fora > 0andc > 0, let us set
fac:x € R = fhe(x) = —va2 — (x —¢)?2if |x — ¢| < a, +o0o therwise.
Calculate f, ¢, thenfy, ¢, Of,, ¢, where [ corresponds to the inf-convolution.
*  For given reals m and o, let us set:
1 (x—

Jm,o: X € R — qm,o(x) = 5

(function of Dirac type centered in m)
Calculate Gm,q, then qm, .o, qmy.0,-

m 2
) if o # 0,qmo(x) = dn(x)

1
f(x) = EXZ = qp,1(x) is its own Fenchel transform. Show that it is the only

function with this property.
[Indications:

(1) See Exercise 1, question 3.
(2) fa,c(Y) = a\/ 1 + Y2 + Cya fal,c] D fa2,02 = laj4ar,c1+cy-

A 1 2.2
qm,c(y) = EG y~ +my, Am;,04 Udm,e = qm1+mz, /0'%4*0'%.
~ 1 A 1
f(x) +1(y) > (x,y) withx =y, therefore if f(x) > EIIXIIZ,f(y) < Ellyllz.]

Exercise 4. “Proximal” algorithm
The task is to solve the problem

(P) Minimize f(x) with x € C = {y/y € R"; Ax < b}

where f: R" — R is a convex nonsmooth function, where A is a m x n real matrix,
and b € R™,

We assume that C # ( and that we either have bounded C (condition c¢;) or
f(x) — 400 when |x| — +o00 (condition ¢»).

Under each of these conditions, the problem (P) has a finite optimal solution.
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We recall that the Moreau- Yosida regularization
I3
fi(x) = M]%n <f(z) + 5 |z — X|2), defined for any A > 0 (see Exercise 2), is
zeR"

convex and continuously differentiable with gradient:
VH(x) = =hx) — x)

where
. IS 2
Xy = argmin {f(z) + §|Z —X|

zeRM

(1) Consider the problem
(Py.) Minimize fy (x) with x € R".

Show that the values of the objective optimal function and that the optimal
solutions of (P) and (P ) are the same.
The proximal point algorithm (Martinet 1970; Rockafellar 1976a,b) then
consists in using (P;) to solve (P).
Proximal point Algorithm
Let x* be the current point and A > 0. Solve (exactly or approximately)
the sub-problem

A
SP(x¥): Minimiser (f(z) 1+ 2K xk|2>
zeC 2
Take x¥t! as the (exact or approximate) solution to SP(xK).

Prove that if Ay is chosen at each iteration such that A, € [Amin, Amax] With
0 < Mnin < hmax < +00 and 0 < A < 400 and x**1 is taken to be the exact
solution to SP(x¥), then the sequence {x*} converges toward an optimal solution
to (P).

(2) SP (x*) will be solved iteratively using tangential approximation of f based on the
sub-gradients of f which are generated during the calculations. Thus tangential
approximations wo(z), wi(z), . .., wi(z) of f will be successively constructed.
The i approximation w; (z) is constructed from the values of the function f
and the sub-gradients obtained in the previous iterations at the points z° =

1 .
XK z ,...,Z' by:

wi(z) = ogéai)il {f(zj) + <gj’ ‘T Zj>}

where z € C, gl € 3f ().

For each stage i, the sub-problem SP(xX) is replaced with the following approx-
imated sub-problem:

A
SP;(x¥) = Min {Ilfi(Z, XY = wi(z) + Kz — xk|2}
zeC 2
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SP;(xX) can be reformulated as the following quadratic problem with linear
constraints:

Minn + %[z — x¥>  under the contraintes
z

QX =1 > @) +(g.z—2) G=0.1.....i—1)
z e C.

Let (z', n') be the unique optimal solution to Qi (x5).
It is this z' which is used to construct the next approximation:

Wit 1(z) = max {wim, £@) + (g2~ 7) }

Let z* be the only optimal solution to SP(x¥) and ®* = ®(z*, x¥), where,
Vz, ®(z, x¥) = f(z) + % |Z — xk|2.
Show that:
(i) 71 - z*
(i) @z, x*) — ®* and furthermore:

. e
Vi: @z, x5) > d* + 71(|z1 — 72

(iii) (z', x*) — ®* and furthermore:
Vis Ui (2, x5) < Ui (2T xF) < 0F < o2, X9,

(3) The proc;tdure of approximate splution to SP(x*) will be stopped as soon as
g = O(Z', xk)—q;i(zl, xX) = f (z') —wj(z') becomes sufficiently small (therefore
when ®* — | (z'*1, xK) is small, see question 2 iii).

For ¢, ¢’ two positive reals, we propose the proximal algorithm (see Dodu et al.

1994) whose current step k is the following:
Let xX be the current point.

(a) Initialization.
Qo(xk) has solution z° = xX. Take go € 8f(z0) and seti = 1.

(b) Solve_ the problem Q; (xk). Let (zi, ni) be the optimal solution, calculate f (zi)
and g' € 9f (z'). _ S _ _
Calculate w;(z') = OMa.x1 {{@) + (¢, 2 — Z)} and & = £ (z}) — wi(z)

<j<i—
Ifg < %|zi — xk|2, go to ¢)
If 2 |z —xX|? < & < ¢, END of iteration k and end of the proximal iterations.
If %ﬂzi - xK|2 <& and & > e, then add to Q;(x*) the new constraint n >
f(z') + (g',z — z'), seti < i+ 1 and go into b).

(c) If |z! — x¥| < ¢/, END of the proximal iterations. Otherwise terminate the
current stage k by setting x**1 « 7.
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Show that:

(@) f(z) < £(xX) + & — a2t — x52

(i) If ¢ > 0,¢ > 0 and Vk: Ax € [Mmin» Mmax] With Apin > 0, then the algorithm
ends in a finite number of proximal iterations by satisfying one of the following
two conditions (C1) or (C2):

Y
(C1) ?k|z‘ XK <g <k
(C2) |2/ —xX| <¢.

In the case (C1), we have |Vfy, (x¥)| < 24/20ke;

In the case (C2), we have |Vf;, (xk)| <20 €.
which shows that xX is, in both cases, an approximate solution to (ka) and therefore
to (P).
[Indications:

(1) See Martinet (1970) and Rockafellar (1976a,b). For further discussion concerning
the case where x**! is not the exact optimal solution to SP(xk), see Auslender
(1984).

(2) (ii) follows from the strong convexity of ®(z, xX) (see Dodu et al. 1994); (i) and
(iii) are well-known sproperties of the “cutting-plane method” Kelley (1960).

(3) See Dodu et al. (1994). One will also find there stopping rules to further improve
the efficiency of this algorithm (the computational results reported show that it is
one of the most efficient algorithms available for convex nonsmooth optimization
to linear constraints).]

Exercise 5. Duality between probability and optimization
We refer to as decision space the triple (U, A, K) where U is a topological space,
A the set of open subsets of ¢/ and K a functional: A — R such that:

(i) KU) =0
(i) K(¥) = +o0
(iii) K(UAy) = inf, K(Ay) for any A, € A.

The mapping K is called a cost measure.
A functionc: u € U — c(u) € R4 such that K(A) = ing c(u) YA C U is called
ue

a cost density of the cost measure K.
(1) Let a real positive Isc function ¢ such that inf c(u) = 0, then K(A) = ian c(u)
u ue

for any open set of U/ defines a cost measure. Show that, conversely, each cost
measure defined on an open set of a Polish space (topological space with a
countable base of open sets) has a unique minimal extension K, to P () (the
power set of U) having an Isc density ¢ on ¢/ such that iIlllf c(u) = 0. The most

classical cost densities will be:

Xm(X) = +ooif x #m, 0if X =m;

ME =1Ho‘1(x—m)prith >land MP , =X
m’o'—p p= m,0 — “tm-
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(2) By analogy with the random variables, we define a decision vector X on (U, A, K)
as a functional: Z/ — R". We use the term decision variable (DV).

This decision vector induces a cost measure Kx on (R", B) (B being the set of
open set of R") defined by Kx (A) = K, (X~1 (A)), VA € B. This cost measure
Kx has an Isc density Cx.

We then define the characteristic function IF(X) of a decision variable X as
the Fenchel transform of the cost density Cx, F(X) = F(Cx), and the optimum
O(X) of the DV of X by O(X) = arg minx Cx(x) if the minimum exists. When
the optimality is unique and in the vicinity of the optimum, this yields:

P

1
+o(Ix = 0X)P).

Cx(o = - | L2
P

Prove that if Cx is convex and has a unique minimum of order p, then we have:
FX)'(0) =0X), FX-0OX)P(0) =T(@ISPX)1

o1 1
with — + — = 1.

P q
(3) By analogy with conditional probabilities, we define the conditional excess cost
of taking the best decision in A knowing the best one taken in B by:

K(A/B) = K(A NB) — K(B).
Two decision variables X and Y are said to be independent if:
Cx,y(x,y) = Cx(x) + Cy(y).
The conditional excess cost of X knowing Y is defined as:
Cxy(x,y) =KX =x/Y =y) =Cxyx,y) = Cy(y).

For two independent decision variables X and Y of order p and for every real k, show
that we have:

Cx+y =Cx Q@ Cy, F(X +Y) =F(X) + F(Y), [F(kX)](0) = [FX)](k6),
OX+Y) =0X) +0(Y), 0(kX) = kO(X), SP(kX) = k| SP(X),
SPX + Y1+ [SPO1 + [SP() 1

where Cx ® Cy is the inf-convolution of Cx and Cy:
1 1
Cx ® Cy(z) = inf[Cx(x) + Cy(y) with x +y = z] and 1_3 + C_l = 1.
X,y

[Indications: see Akian et al. (1992).]
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Exercise 6. Characterization of the super and subdifferentials of a function
on R
Let 2 be an open set of R" and u € C (£2). Show that:

(a) p € 9Tu(x) (resp. p € 3~ u(x)) if and only if there exists ¢ € C! () such that
Do(x) = p and that u — ¢ has a local maximum (resp. minimum) in X;

(b) 3" u(x) and 3~ u(x) are convex closed (possibly empty) subsets of R™;

(c) If u is differentiable in x, then {Du(x)} = 3t u(x) = 9 u(x);

(d) If for a x, we have both non empty d T u(x) and 9~ u(x), then 9 Tu(x) = 9" u(x) =
{Du(x)}

(e) The sets AT = {x € Q: 31 u(x) # ¥}, A~ = {x € Q: I~ u(x) # ¥} are dense.

[Indications: See Crandall et al. (1984) and Barles (1994).
(a) Let p € 8Tu(x). Then there exists > 0 and a continuous increasing function o
on [0, +oo[with 6(0) = 0 such that
u(y) <u() + (p,y —x) +o(ly —xDly —x| Vy € B(x, d)

where B (x, 0) is the ball of radius 8 centered in x.
Then p, the function C! defined as

by

p(r) = fc(t)dt

0

verifies p(0) = p’(0) = 0 and p(2r) > o(r) 1.
We deduce from the above that the function

o(y) =ux) + (p,y — x) + pQCly — x|)

belongs to CLRM), verifies D¢(x) = p and that u — ¢ has a maximum in x in B

(x, 8).
1
(b) Letx € €2and letus consider the function ¢, (x) = —|x—X|?.Foranye > 0, u—q,
€

has a maximum on B = B(X, R) at the point x;. We deduce

Ixe — X|? < 2esup |u(x)].
xeB

If ¢ is sufficiently small, X, is not on the boundary of B and, according to a)
Do, (ug) = 2(xe — X)/e € 3Tu (x¢). AT is therefore dense.]

Exercise 7. Marginal functions
Let us consider the function u(x) defined as:

u(x) = inf g(x, b)
beB

where g: 2 x B — R, 2 C R" is an open set and B is a topological space. Functions
of this type are often referred to as marginal functions.
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The most classical example is the distance function to a set S C R",

d(x,S) =inf |x —s|.
seS
Another example is the “regularized Yosida function.”
£,00 = inf (u(y) + —Ix — y)
Xx) = inf (u —x - .
v S T

(1) It is assumed that g (x, B) is bounded for any x €  and that x — g(x, b) is
continuous in X uniformly with respect to b € B; i.e. that

(a) |g(x,b) — g(y,b) < w(]x —y|,R), for x|, |y| <R, b € B, for a module w.
We denote M(x) the set (which may be empty):

M(x) = argmin g(x, b): = {b € B:u(x) = g(x, b)}.
beB

It is non empty if B is compact.
Show that under the hypothesis (1), we have u € C (£2) and

dTu(x) 2 3 g(x,b) forany b € M(x), and
d, g(x,b) D 97 u(x).

(2) Assume now that g (-, b) is differentiable in x uniformly for b i.e. there exists for
a module w; such that:

(b) lg(x +h,b) — g(x,b) — (Dx g(x,b), b) | < [h|w(Ih]) for any b € B and
small h.
We also assume that:

(c) b = Dy g(x, b) is continuous,

(d) b — g(x, b) is Isc. We further denote Y (x): = {Dx g(x,b): b e M (x)}.
Show that under the hypotheses (1), (2), (3), (4) and B compact, we have:

© Y() # 0 _
(0 97 u(x) = CoY(x)
@ 0-u 00— |B) I Y=y

# if  Y(x) is not singleton
and therefore that u € SDS!.
(3) It is now assumed that B is compact, g continuous on 2 x B, differentiable with

respect to x with Dy g continuous on © x B. Show that u is SDS' and locally
Lipschitz (u € Lipjoc (£2)) and that we still have (e), (f) and (g).

[Indications: see Bardi and Capuzzo-Dolcetta (1997), Chap. 2. (1) Lemma 2.11. (2)
Proposition 2.13. (3) Proposition 4.4.]
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Exercise 8. Crandall, Ishii and Lions lemma

Let 6 C R" be locally compact, u € LSC (6), z € 6 and (p, x) € 9, v(z).

Show that for any sequence u, € LSC(0) which epiconverges toward u, there
exists for any & > 0

Xm € 0, (Pm, Xm) € 95 Uy (Xy) such that

(Xn, un(Xn), pn» Xn) converge toward (z, u(z), p, X — 40I).
[Indications:

Taking z = 0, we will seek to minimize the function a(x) — (p, x) — % (Xx, x) +

28|x|? in the compact B, = {x € 6: [x| < r} where r > 0 is chosen in relation to
z = 0 and 0. X, will be the argument of this minimum. see Crandall et al. (1992).]

Exercise 9. Solutions of nonlinear PDE by separation of variables
(1) Consider the following HJB problem:

Ju 1 .
Eris §|vu|2 =0in]0, +[xRN

u(x,0) = malx{aix +b;j} on RN
1€

where a; € RN, b; € R.
Show that the solution SDI! (and convex) is equal to

1
u(x, t) = max{ajx — —|ai|2t + b;}
iel 2

(2) What happens to this solution if we now consider the HIB problem:

WL H( V) = (0 in 10, +oo[ xRN
u(x, 0) = malx{aix +b;} onRN
1€

where a; € RN, b; € R, f(t) increasing in t and H(p) convex.

lIndications: (2) u(x, ) = max{a; x + fy f(s)ds — H(ay) t + bi}.]
1€



Chapter 8

Collected Examples of Monoids,
(Pre)-Semirings and Dioids

The present chapter is intended as a catalogue of examples covering the various
algebraic structures studied throughout this book.

The successive items to be found in this chapter are: in Sect. 1, examples of
monoids with emphasis on canonically ordered monoids; in Sect. 2, examples of pre-
semirings and pre-dioids which are not semirings; in Sect. 3, examples of semirings
(and rings) which are not dioids; and in Sect. 4, examples of dioids.

Using the many examples stated in this chapter, a virtually unlimited number of
other examples may, of course, be derived by homomorphism, but also by considering
matrices, polynomials, formal series on these algebraic structures. Verification of the
main properties enjoyed by the various examples stated here is either explicitly stated
in the text of the chapter, or can be found in the previous chapters.

Throughout this chapter, for most of the examples considered, we provide ref-
erences to the chapters (in bold character) and sections or subsections dealing with
each particular example.

1. Monoids

The typology of monoids is recalled in Fig. 1 below.
The first level of the classification contains:

— Groups (see Sect. 1.2);

— Canonically ordered monoids (see Sect. 1.3—1.6);

— “General” monoids which belong to none of the previous categories (see
Sect. 1.1).

We recall that, by virtue of Theorem 1 of chapter 1 (Sect. 3.4), a monoid cannot both
be a group and be canonically ordered, the corresponding subclasses are therefore
disjoint.

Table 1 recalls the main definitions concerning monoids.

313
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MONOIDS

OTHER
MONOIDS
§ 1.1

GROUPS
§12

CANONICALLY
ORDERED
MONOIDS

IDEMPOTENT
MONOIDS
= SEMI-LATTICE

OTHER CANONICALLY
ORDERED
MONOIDS
§13

HEMI-GROUPS
§14

NON SELECTIVE
IDEMPOTENT
MONOIDS
§15

SELECTIVE
MONOIDS
§1.6

Fig. 1 Typology of monoids

Table 1 Basic terminology concerning monoids

Monoid Set E endowed with an associative internal law &

Cancellative monoid | Monoid in which @ is cancellative every element is cancellative

Group There exists a neutral element ¢ and every element of E has an inverse
for &

Canonically ordered | The canonical preorder relation < (defined as a < b < Jc such that

monoid b = a @ c) is an order relation

Idempotent monoid | @ isidempotent (Va € Ea®a =a)
Selective monoid @ is selective (Vae E,be E: a@b=aorb)

Hemi-group Every element is cancellative (property of hemi-group) and the
canonical preorder relation is an order relation

1.1. General Monoids

The examples presented in this section are monoids which are neither groups (see
Sect. 1.2), nor canonically ordered monoids (see Sects. 1.3—1.6).

After the presentation of each example, we indicate, whenever appropriate, the
chapters and sections where the example is discussed (chapter number in bold
followed by section numbers). If opportune, additional references are pointed out.
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1.11. (Int(R), +)

We consider the set Int (R) of the intervals of R of the form a = [a, a] witha,a e R
and a < a. This set is endowed with the addition of intervals:

a®b=1[a+Db,a+b]

The operation @ is associative, commutative and has [0, 0] as neutral element.
If £(a) = a — a is the length of the interval, this yields £(a @ b) = £(a) + €(b).
Since £([0, 0]) = 0, the only invertible elements are the intervals of length 0.
(Int(R), @) is not canonically ordered because a < b and b < a implies
f{(a) = £(b), but not a = b; thus for example: [1,3]®[1,1] = [2,4] and
2,41 [-1, —1] =1, 3].

1.1.2. (P(RX), 4), (Conv (R¥), 4), (Conv, (R¥), +)

These are more general cases than Example 1.1.1. P(RY) is the power set of R¥
(k integer > 1).

The addition + of two subsets A and B of R* (Minkowski addition) is defined as:
C =A+ B with

C:{X/XGRk and x=a+b with a€A,beB}

This operation is associative, commutative and has neutral element {(0)*}, the subset
reduced to the zero vector of RX.

The set of convex subsets of RX, Conv(R¥), is a submonoid of P(R¥) for the
above-defined addition. To be convinced of this, just check that the addition operation
on subsets is internal in Conv (R¥).

The same is true for all the subsets of P(R¥) for which addition is an internal
operation. A typical example is Conv, (R¥), the set of compact convex subsets of R¥.

1.13. (P(R),.)

The set P(R) is the power set of the real line.
The law @ is the product of two subsets of R defined as:

C=A.B={x/x=a.b with a€A and b e B}

This operation is associative, commutative and has neutral element {1}, the subset
reduced to the real number 1.
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1.1.4. (Conv (R™K), @)

We consider the set of the convex subsets of R"* endowed with the generalized
sum @ defined for any A and B € Conv (R"¥) by:

A®B={(y,z1 +2) € R" x RX/(y,z1) € A, (y,22) € B}.

One verifies that @ is an internal associative, commutative operation having neutral
element P(R") x {(0)K}.
[Reference: Rockafellar (1970), Chap. 3.]

1.1.5 (]ﬁek (+k))

The elements of R¥ are ordered k-tuples of real numbers of the form:

a®

e
a =

a®
with Vi: a® € R = RU {+o0} and a® < a® < ... <a®
(9]
The operation + is defined as:

e

c®@ k)
c= ) =a-+b
)
where ¢, ¢, ... ¢® are the k smallest values considered in nondecreasing order

out of the set:

Z={z/z=a"+bV, 1<i<k, 1<j=<k}

This operation is commutative, associative and has neutral element
0
This monoid is not canonically ordered, as illustrated by the following example:

1 3
Let us take k = 2, a:(3> b:<5>
This yields:
1\@ (2 3
<3) + (6) = (5) therefore a < b



1 Monoids 317

3\ @ /-2 1
<5)+( 2):(3) therefore b <a
andyeta #b

[References: 4 (Sect. 6.8), 8 (Sect. 4.3.1)]

and

n (=m)
1La(R+mmN,+)

Let 1 > 0 be a given positive real number.

We consider the set E of sequences of real numbers of R = R U {+o0} having
variable finite length, and with extreme values differing by at most 1.

For a € E we denote v(a) the number of terms of the sequence a, and a can be
written:

a= (a(l), a® ... a"(a)>

with a = Min {a(i)} a"® = Max [a(i)}

i=1...v(a) i=1...v(a)
and a'@® —al <y
Thus E can be considered as a subset of R + [o, n](N) where [0, n](N) denotes the
set of finite sequences of elements in the real interval [0, n].

(=0
We consider on E the law + defined as follows:
a= (a(l), a®, ... a"(a))

b= (b<‘>, b, b"(b))

(=)
then c=a + b= (c(l), c? c“(°)>

with: ' ,
D= 0 = win faO) 4 vin [o0]
i=1...v(a) i=1...v(b)
and where c is the sequence formed by all the values of the form a® + b® (i =
1,...v(a);j = 1,...v(b)) such that:

c®<a® 4 b0 <c® 4y

This therefore implies v(c) < v(a) . v(b).

(=m)
Example. Forn=3:(2,3,5) 4+ (1,4)=(3,4,6,0)

. (=m, . .
One verifies that + is commutative, associative and has neutral element ¢ = (0)

(the sequence formed by a single term equal to 0).
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(=n)
However + isnotidempotent as shown by the following example where n = 2:

(=)
(1,2,3) + (1,2,3) = (2,3,3, 4,4, 4).
[References: 4 (Sect. 6;10), 8 (Sect. 4.3.2)]

1.1.7. Qualitative Multiplication

On the set of signs E = {4, —, 0}, we consider the product of signs ® defined by
the table:

It is readily checked that (E, ®) is a monoid with neutral element +.

E can be augmented with the indeterminate sign (denoted: ?) such that: 7 ® + =
27,79 —-=270=0,7Q7=".

We still have a monoid structure with neutral element +. The element denoted
+ can be interpreted as representing the real interval ]0, 4-o00[, — as representing
]—o00, O[, ? as representing |—o0, +00[, and 0 as representing the set {0}.

Observe that, contrary to qualitative addition (see Sect. 1.5.5), ® is not idempotent
and the monoid (E, ®) is not canonically ordered.

[References: 1 (Sect. 3.4), 1 (Sect. 6.1.3)]

1.2. Groups

1.2.1. R, +), (Z,+), (C, +)

The set of real numbers (the set of signed integers, of complex numbers) endowed
with ordinary addition. + is commutative, associative and has as neutral element 0.
Every element has an inverse for +.

1.2.2. (R*, x), (Q*, x), (C*, x)

The set of nonzero real numbers (the set of nonzero rational numbers, nonzero
complex numbers) endowed with ordinary multiplication x which is commutative,
associative with neutral element 1. Every element has an inverse for x.

1.2.3. (R\{1},a®b =a+b —ab)

The set R\{1} endowed with the operation & defined as: a@® b = a+ b — ab is
associative, commutative and has 0 as neutral element. Every element a is invertible:
a
-1
a

a—1"
[Reference: 1 (Sect. 2.1)]
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1.3. Canonically Ordered Monoids

The subclass of canonically ordered monoids includes:

— Hemi-groups (see Sect. 1.4);

— Idempotent monoids and selective monoids (see Sects. 1.5 and 1.6);

— Other canonically ordered monoids which are neither semi-groups nor idempotent
monoids, which we introduce in the present section.

1.3.1. (@k, Min(k))

The elements of R¥ are ordered k-tuples of real numbers € R.

a
a®

If a= € E this implies: al < a® <...< a®

a®
The law @ on E is the operation Min(y, defined for:
ad pD

2) 2)
a= 2" |b=|"

a® p&

D

@ _

as c= . =aMing) b
c®
where ¢V ¢@ ... ¢® are the k smallest values taken in the set

{a(]), a®, . a® M p@ b(k)}

400
@ is commutative, associative and has a neutral element ¢ = +:OO
400
We observe that @ is not idempotent but is “k-idempotent,” that is to say:
a) a a a a

: DD : : : DD :
a0 a® ah a0 a0

k times k+1 times

We deduce from the above that the canonical preorder relation  is an order (see
Chap. 1, Proposition 3.4.6).
[References: 4 (Sect. 4.6.8), 8 (Sect. 4.3.1)]
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132, (R 40, q]™, Min(<y))

Let m > 0 be a given positive real number. As in Example 1.1.6, we consider the
setE =R + [0, n](N) whose elements are sequences of real numbers € R of finite
(variable) length with extreme values which differ by n at most.

The law @® on E is the operation Min <)) defined as:

a— <a<1)’ a® . av(a)), b— (b(l), b?® . “b(v(b»)

then:
¢ = a Min(<y)b = (Cm’ @ .c“<C>)

where c is the sequence formed by all the terms a® and b" satisfying:
a® <z+4+n and p® <z+4+n
with
o= vinf Min [a©); win [o9]]
i=1...v(a) j=1...v(b)

Observe that: v(c) < v(a) + v(b)
Example:

let =3 and a=(4,6,7),b=(2,3,5)

so ¢=2 and c= 2,3,4,5)

@ is commutative, associative and has a neutral element € which is the element (+00)
(sequence formed by a single term equal to +00).
Observe that @ is neither idempotent nor cancellative. Thus for example, for
n=2:0,2,3)é(,2,3)=(1,1,2,2, 3, 3) (non idempotent)
and:
MHe2)=(1,2)
W& Q.4=(.2)
(non cancellative).
Let us show that the canonical preorder relation is an order relation. Therefore
consider two elements a € E, b € E such that there existsu € Eand v € E satisfying:

a®u=>b and a=bPv

as b :Min{a(l),u(l)} we have: b <a

As al) = Min{b(l), V(l)} we have: a(V) <p®

hence we deduce a = b,
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Now, given the equality at) = b(:

b=a®u = v(b) > v(a)
and a=b@v = v(a) > v(b)

which implies: v(a) = v(b) = k

For the latter relation to be satisfied, it is then necessary that: u® > a4 1 from
which we deduce that: b = a @ u = a. (E, @) is therefore a canonically ordered
monoid. 0O

[References: 4 (Sect. 6.10), 8 (Sect. 4.3.2)]

1.3.3. Nilpotent t-Norm: ([0, 1], Max{0,a + b — 1})

On the set [0, 1], we define the operation ® by: a ® b = max{0,a + b — 1}.

® is associative, commutative and has 1 as neutral element. One verifies that it
induces a structure of canonically ordered monoid. Indeed, a < b and b < a imply
that there exists ¢ € [0, 1] and d € [0, 1] such that:

max{0,a+c—1}=b and max{O,b+d—1}=a

andifa # Oandb # 0, thisyieldsa+c—1=bandb+d—1 =a,hencec+d = 2
and therefore c =d = 1, hence a = b.
One verifies that every element a # 1 is nilpotent: a ® a® - - - ® a = 0 as soon
—_—
n times

1
asn > ——. This law ® is referred to as a t-norm, (see Exercise 2, Chap. 1).
—a
[References: 1 (Sect. 3.2.5), 1 (Exercise 2)]

1.3.4. Nilpotent t-conorm: ([0, 1], Min {a + b, 1})

On the set [0, 1], we define the operation a & b = Minf{a + b, 1}.

@ is associative, commutative and has 0 as neutral element. One easily checks that
it induces a canonically ordered structure. One verifies that every element a # 0 is
nilpotent:n a = 1 assoonasn > é This is referred to as a t-conorm, (see Exercise 2,
Chap. 1).

[References: 1 (Sect. 3.2.5), 1 (Exercise 2)]

1.3.5. ([0,1],a®b=a+b — ab)
On the set [0, 1], we define the operationa &b = a + b — ab.

@ is associative, commutative and has 0 as neutral element. One easily checks
that it induces the structure of a canonically ordered monoid.
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The antisymmetry of the canonical preorder relation is proved as follows. Assum-
ing that both a > b and a < b hold, there exist ¢ € [0, 1] and d € [0, 1] such
that

a=b+4+c—bc and b=a+d—ad

Eliminating b from these two relations yields:
(1—-a)d(l—-c)+c]=0

Ifa#1,d(1 —c)+c=0impliesc =0andd = 0, hence a = b.
Ifa =1, then b = 1 and in this case, too, a = b.

1.3.6. Order of Magnitude Monoid

On the set E of pairs (a, a) € (R4\{0}) x R, to which we add the pair (0, +00), we
define the operation & by:

(a, ) ® (b, B) = (c, min(a, p))

withc=aifa <B,c=biffp <a,c=a+bifa=p.

@ is associative, commutative and has (0, +00) as neutral element and induces
the structure of a canonically ordered monoid.

The elements (a, o) are in 1 — 1 correspondence with the numbers of the form a
£* when e tends towards 0.

[Reference: 1 (Sect. 3.4)]

1.3.7. Nonstandard Number Monoid

On the set E of triples (a, b, a) € (R+\{O})3 to which we add the triple (0, 0, +00),
we define the operation @ by:

(aj, by, a1) @ (az, by, ap) = (a; + a2, b, min{ay, as})

withb=bjifa; <ay,b=brifay <o, b=Db; +byifo; = ar.

This is a canonically ordered monoid, product of (R, 4+) with the order of mag-
nitude monoid (Sect. 1.3.6). It is isomorphic to the set of nonstandard numbers of
the form a + be* endowed with ordinary addition when ¢ tends to 0.

[Reference: 1 (Sect. 6.1.6)]

1.3.8. Power Monoid

On the set E of pairs (a, A) € (R+\{0})2 to which we add the pair (0, 0), we define
the operation @ as
(a, A) & (b, B) = (c, max{A, B})
withc=aif A>B,c=bifA<B,c=a+Dbif A =B.
This monoid is isomorphic to the one in Sect. 1.3.7 by setting A = e~ .
This canonically ordered monoid is, moreover, isomorphic to the set of numbers
of the form a AP when p tends to +o00, endowed with ordinary addition.
[Reference: 1 (Sect. 3.4.4)]
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1.4. Hemi-Groups

Such monoids are both canonically ordered and cancellative (see Chap. 1, Sect. 3.5).

14.1. R4, +), (N, +)

The set of nonnegative real numbers (resp. set of natural numbers) endowed with
ordinary addition +.

+ is associative, commutative and has neutral element 0. Every element is
cancellative and the canonical preorder relation is an order.

A virtually unlimited number of hemi-groups can be deduced by isomorphism
from (R4, +). Thus, with every one-to-one correspondence ¢ of M C Rin R, one
can associate the hemi-group (M, @), where @ is defined as: a @ b = (p_l (p(a) +
¢(b)).

Examples will be found in sections 1.4.5, 1.4.7, 1.4.8 below.

1.4.2. (J0, 1], x)

The set of real numbers of the interval]O, 1] endowed with ordinary multiplication.
X is associative, commutative and has neutral element 1. Every element is
cancellative and the canonical preorder relation is an order.
Note that (]0, 1], x) and (R, +) are isomorphic through ¢ defined as: ¢(x) =
—In(x).

1.4.3. (R4 \{0}, x), (N4, x)

The set of strictly positive real numbers (resp. strictly positive natural numbers)
endowed with ordinary multiplication. X is associative, commutative and has neu-
tral element 1. Every element is cancellative and the canonical preorder relation is
an order.

1.4.4. The Free Monoid

Let A be a set (called “alphabet’”) whose elements are called letters.
We take for E the set of finite sequences of elements of A which we call words,
and we define the operation ® as concatenation i.e.:

it meE:m =s18...5
m2€EIm2:t1t2...tq

mp @mp = 818 ... Sptity ... tg
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The set of words on A endowed with the operation of concatenation, denoted A*, is
called the free monoid on A.
The canonical preorder relation is an order:

m; < my < myis a prefix of my.

The operation ® is not commutative. Finally, we observe that in E, every element
is right-cancellative and left-cancellative. Indeed:
m®m =m®m” = m' =m"
and
m@®m=m"®@m = m'=m".
[References: 1 (Sect. 2.1.13), 1 (Sect. 2.3.2)]

b
145. Ro\{1),a@b = f%b)’ (Ry,a®b=a(1+b)Y2+b(1+a2)2)

+b

1 4+ ab
hemi-group (see Example 2.3.3, Chap. 1), because it is isomorphic to (R4, +) by

the hyperbolic tangent transform; we have indeed:
th(wp) + th(wz)
1 + th(wy) - th(wp)
The same is true for R, endowed with the operation @ defined asa @ b = a (1 +
b*)!/2 +b (1 4+ a%)!/? because it is isomorphic to (R, +) by the hyperbolic sine
transform.
[Reference: 1 (Exercise 1)]

is a

The set R;\{1} endowed with the operation & defined as a &b =

th(wy +wp) =

1.4.6. (Int (R4+), +)

This is the set of intervals on R, that is to say elements a of the form a = [a, a]
with 0 < a < a and endowed with the addition of intervals:

a®@b=[a+b,a+b]

As for Int (R) (see Example 1.1.1), the operation @ is associative, commutative
and has [0, O] as neutral element. But one easily checks that Int (R4.) is moreover
canonically ordered by @ and that each element (interval) is cancellative.

147. Ry,a®, b= (aP + pP)1/p)

This is the set of nonnegative reals endowed with the operation @, (with p € Ry),
defined as: a @, b = (aP + bP)1/p.

This is a hemi-group which is isomorphic to (R, +). Moreover, it is observed
that: lim (a Dp b) = max {a, b}.

p—+o0

[Reference: 1 (Sect. 3.2.5)]
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1.4.8. (R, a ®"b = hln (e?/h + ¢P/hy))

For any real numberh # 0, R endowed with the operationa @" b = h In (e*/h +eb/h)
is a hemi-group which is isomorphic to (R, +).

When h tends to 0, this yields lim(a @" b) = max{a, b}, and when h tends to
0, we have lim(a ®" b) = min{a, b}.

[Reference: 1 (Sect. 3.2.5)]

1.5. Idempotent Monoids (Semi-Lattices)

The subclass of idempotent monoids includes:

— Selective monoids (see Sect. 1.6);
— Other idempotent monoids which are not selective monoids and which we
introduce in the present section.

We observe that, for all these examples, the operation @ being idempotent, the
canonical preorder relation is an order.

1.5.1. (N, ged)

The set of natural numbers endowed with the gcd operation (“greatest common
divisor”) which associates gcd (a, b) with every pair of integers a, b.

This operation is associative, commutative, idempotent and has neutral element
€ = 400, by viewing ¢ as the (infinite) product of all the prime numbers raised to
the power +o0.

1.5.2. (N, lcm)

The set of natural numbers endowed with the lcm operation (“least common
multiple”) which associates lcm(a, b) with every pair of integers a, b.

This operation is associative, commutative, idempotent and has as neutral
element 1.

1.5.3. (P (X),U)

The power set of a given set X endowed with the union operation.
This operation is associative, commutative, idempotent and has as neutral element
the empty subset ¢J.

1.54. (P (X),N)

The power set of a given set X endowed with the operation intersection. This oper-
ation is associative, commutative, idempotent and has as neutral element the set X
itself.
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1.5.5. Qualitative Addition

The set E = {4, —, 0, ?} endowed with the idempotent operation & defined as

® | + - 0 2
+ [+ ? + 2
-2 = = 2
o |+ - 0 2
2 2 2 22

is a canonically ordered monoid, with neutral element O and absorbing element ?.
The following relations hold: ? > 4+ > O and ? > — > 0, which can be illustrated
by the following graphic representation:

PN
N

By identifying E, with {0, 1}2,? = (1, 1), + = (1,0), — = (0, 1) and 0 = (0, 0),
it is observed that (E, @) is isomorphic to the square of the monoid ({ 0, 1}, max).
[Reference: 1 (Sect. 3.4.2)]

1.5.6. (Conv (R"), A®@B = Conv (AUB)), (Conv, (R"), A@®@B = Conv (AUB))

We consider the set of the convex subsets of R", conv (R"), endowed with the
operation @ defined as:
A @ B = conv(A UB)

where conv (X) denotes the convex hull of a subset X.

This operation is associative, commutative, idempotent and has as neutral element
the empty subset ¢J.

The set of compact convex sets of R", Conv, (R"), is an idempotent sub-monoid
of Conv (R") for 6.

1.5.7. (Conv (R™), N), (Conv. (R™), N)

Here we consider the set of the convex subsets of R™, Conv (R"), endowed with the
operation intersection. This operation is associative, commutative, idempotent and
has as neutral element, the set R itself.

The set of compact convex sets of R", Conv, (R"), is a idempotent sub-monoid
of Conv (R") for intersection.
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1.5.8. (Int (R), N)

This is the special case of (conv (R"), N) withn = 1, (see Sect. 1.5.7 above).

1.5.9. (Int (R), Conv (A UB))

This is the special case of (conv (R"), A & B = conv (A UB)) withn = 1, (see
Sect. 1.5.6).

Let us complete this presentation of idempotent monoids with examples involving
vectors “monitored” by the first component.

1.5.10. (R x P(R), Min)

P(R) denoting the power set of R, we consider the set R x P(R) of elements
a = (aj,ap) such that a; € R and a» € P(R), endowed with the Min operation
defined as follows:

a if a; <b
Min(a,b) = {b if by <a;
(aj,aaUby) if a3 =by

This operation is associative, commutative, idempotent and has (+o0, ) as neutral
element.

This type of monoid can be used to define a minimum operation for complex
numbers.

Case 1. ifz; = x1 +1y; and zo = X2 +1y, are two complex numbers, we will take

z1 if x| <xp
Min(zl, Zz) =\7Z2 if X2 < X1
{z1,22} if x1=x2

where {z;, z>} denotes the set of complex numbers with real component x; = X, and
y1 U yz as imaginary component.
Observe that we only keep a single value for the real component, but that the
imaginary component can take multiple values.
Case 2. If z1 and z; are two complex numbers (| .| denoting the modulus), we
will take:
zyp if  |z1] < |z2]
Min(zy, z2) = yzo if |z2| < |z1]
{z1,22} if  |z1] = |22]

Observe that we only keep a single value for the modulus, but that the argument can
take multiple values.

[References: this type of monoid appears to be useful for studying complex
Hamilton—Jacobi equations arising in quantum mechanics (see Gondran 1999b,
2001a,b)].
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1.6. Selective Monoids

For all the examples in this section, the operation & being selective, the canonical
preorder relation is a fotal order (see Chap. 1, Proposition 3.4.7).

1.6.1. (R, Min), (Z, Min)

The set of real numbers (resp. signed integers) endowed with the operation Minimum
of two numbers.
This operation is associative, commutative, selective and has neutral element +oo.

1.6.2. (R, Max), (Z, Max)

The set of real numbers (resp. signed integers) endowed with the operation Maximum
of two numbers.
This operation is associative, commutative, selective and has neutral element —oo.

1.63. (R4, Max), (N, Max)

The set of nonnegative reals (resp. natural numbers) endowed with the operation
“maximum of two numbers.”
This operation is associative, commutative, selective and has neutral element 0.

1.6.4. (R4, Min), (N, Min)

The set of nonnegative reals (resp. of natural numbers) endowed with the operation
“Minimum of two numbers.” This operation is associative, commutative, selective
and has as neutral element +00.

1.6.5. (R, Min-Lexicographic)
We consider the set of vectors of R (totally) ordered by the lexicographic order:
axb if a; <b;
or aj=b; and ar <by
or aj=b; and ap)="by, ..., ap_1 =by_1, and a, <b,

The operation Min-lexicographic is associative, commutative and selective and has
(4-00)™ neutral element.

This type of monoid can be used for example to define the minimum of complex
numbers: z] = X| + 1y, z2 = X2 + iy,.

z1 if xp<xp orif x3=xp and y; <y2

Min(zy, z2) = . .
(21, 22) {22 if xp<x; orif x;=x and y3 <y
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Table 2 Recapitulatory list of monoids
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Commutative

Properties of & | Neutral Canonical | Additional
General Monoids element preorder < | properties and
comments
(PRY), +) Associative {0k} Preorder
Commutative
(Int(R), +) Associative [0, 0] Preorder
Commutative
(Conv (RK), +) Associative {(O)k} Preorder
Commutative
(Conv (R™), @) Associative PR x Preorder
Commutative {(0)k}
(P(R), -) Associative {1} Preorder
Commutative
((Rk’ (k_i_)) Associativ; (0)k Preorder
Commutative
(@ 10, ™, (”_i_)) Associativg 0) Preorder
Commutative
Qualitative multiplication Associative + Preorder
Commutative
Groups
(R, +), (Q,+), (C,+) Associative 0 Preorder
Commutative
(R*, x), (Q*, x), (C*, x) Associative 1 Preorder
Commutative
(R\{1},a+b —ab) Associative 0 Preorder
Commutative
Canonically Ordered Monoids
(Rk , Min ) Associative (+o0)k Order
Commutative
(]f{ +10, ™, Min(n)) Associative (400) Order
Commutative
([0, 1], min (a + b; 1)) Associative 0 Order Every element is
Commutative nilpotent
([0, 1], max (0; a4+ b — 1)) | Associative 1 Order Every element is
Commutative nilpotent
([0, 1],a+ b — ab) Associative 0 Order
Commutative
Order of magnitude monoid | Associative (0, +00) Order
Commutative
Nonstandard number Associative (0,0, 4+00) | Order
monoid Commutative
Power monoid Associative 0, 0) Order
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Table 2 (continued)

Hemi-groups

Properties of @

Neutral
element

Canonical
preorder <

Additional
properties and
comments

R4, +)

Associative
Commutative

Total order

N, +)

Every element is
cancellative

10, 1], x)

Associative
Commutative
Every element is
cancellative

Total order

(Ny, x)

R+ \{0}, )

Associative
Commutative
Every element is
cancellative

Total order

Free monoid

Concatenation
Associative
Every element is
cancellative

0
(empty word)

Order

Concatenation is
not commutative

b
®\(1). la:—ab)

Associative
Commutative
Every element is
cancellative

Total order

Ry, a(l +b2)12 4
b(1+a*)!/?)

Associative
Commutative
Every element is
cancellative

Total order

(Int (Ry), +)

Associative
Commutative
Every element is
cancellative

[0, 0]

Order

(R+7 @p)
a @p b= (P +bP)/P

Associative
Commutative

Every element is
cancellative

Total order

R, M)
a ®" b=hin (/" 4 /M)

Associative
Commutative
Every element is
cancellative

—oo (it h > 0)
400 (if h < 0)

Total order

Idempotent Monoids

(N, ged)

Associative
Commutative
Idempotent

Order

(N, Icm)

Associative
Commutative
Idempotent

Order

(P (X),V)

Associative
Commutative
Idempotent

Order

Sup-semi lattice
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Table 2 (continued)
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Idempotent Monoids Properties of @ | Neutral
(continued) element

Canonical
preorder <

Additional
properties and
comments

(P (X), M) Associative X
Commutative
Idempotent

Order

Inf-semi-lattice

Qualititative addition Associative 0
Commutative
Idempotent

Order

(Conv(R™), Conv (A UB)) | Associative (7}
Commutative
Idempotent

Order

(Conv(R"), N) Associative R"
Commutative
Idempotent

Total order

(Int(R), N) Associative R
Commutative
Idempotent

Total order

(Int(R), Conv(A U B)) Associative [
Commutative
Idempotent

Total order

& x P (R), Min) Associative {+00, B}
Commutative
Idempotent

Order

Selective Monoids

(R, Min) (Z, Min) Associative 400
Commutative
Selective

Total order

" "
(R, Max) (7, Max) Associative —00
Commutative
Selective

Total order

(R4, Max) (N, Max) Associative 0
Commutative
Selective

Total order

(]fh_, Min) (N, Min) Associative 400
Commutative
Selective

Total order

(R“, Min-lexico) Associative (4o00)"
Commutative
Selective

Total order

2. Pre-Semirings and Pre-Dioids

Pre-semirings and pre-dioids are algebraic structures with two operations which do
not enjoy all the properties of semirings and dioids. In this section we present a few
typical examples of such structures. Table 3 recalls the basic definitions. Figure 2
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Table 3 Definition of pre-semirings and pre-dioids

Pre-semiring | A set E endowed with two internal laws of @ and ® where
(E, &, ®) @ is associative

® is associative and right and/or left distributive with respect to &
Pre-dioid Pre-semiring for which (E, @) is a canonically ordered monoid
(E, ®, ®)

shows the place of pre-semirings and pre-dioids in the typology. We limit ourselves
to the case where there is at least right or left distributivity of ® with respect to &,
see Sect. 4.1.2, Chap. 1.

2.1. Right or Left Pre-Semirings and Pre-Dioids
2.1.1. The Set of Mappings of a Commutative Monoid onto Itself

Let (E, —T—) be a commutative monoid, and H the set of mappings E — E. One endows
H with the operations @ and ® defined as:

(f ® 2)(a) = f(a) + g(a)
(f ® g)(a) = gof(a)

where o denotes the usual composition of mappings. One verifies (see Example 4.1.3
of Chap. 1) that (H, &, ®) is a left pre-semiring.
[Reference: 1 (Sect. 4.1.3)]

2.1.2. Monotone Data Flow Algebra (Left Pre-Dioid)

Let (L, A) be an idempotent monoid. A data flow algebra is formed by a set F of
functions defined on L and with value in L.

L being idempotent, we know (see Chap. 1 Sect. 3.4) that the canonical preorder
relation < is an order relation, and that, in this case, an equivalent definition of < is:

a<b & anb=b

(see Chap. 1 Proposition 3.6.2).
We do not assume the existence of a neutral element for A but only the existence
of a largest element €2 (necessarily unique), i.e. of an element such that:

VaelL:aAnQ=Q

Observe that the monoid L. endowed with A has the structure of a sup-semi-lattice.
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Table 4 Recapitulatory list of main pre-semirings and pre-dioids

Right and left
pre-semirings

Property of the
monoid (E, @)

Property of the
monoid (E, ®)

Distributivity of
® with respect to
52]

Comments,
additional
properties

Endomorphisms of [ Commutative, |Non commutative, |Right and left Pre-semiring
a commutative neutral element: |neutral element =
monoid (S, ®) h® identity
endomorphism
Mappings of a Commutative, |Non commutative |Left only Pre-semiring
monoid onto itself |neutral element: |neutral element =
(S, ®) h® identity
endomorphism
Product of a Commutative Right and left Pre-semiring
pre-dioid and a (neither pre-dioid
ring nor semiring)
Monotone data Commutative  |Non commutative |Left only Left pre-dioid (the
flow algebra idempotent e =h® canonical preorder
is an order)
Pre-dioids
(R4, Max, +) Commutative Commutative Right and left The canonical
selective ¢ = 0 | hemi-group preorder is a total
order
(N, Icm, x) Commutative Commutative Right and left The canonical
idempotent e = 1. Every preorder is an
e=1 element of E\{0} is order. € non
cancellative absorbing for ®
(Int (R), Conv Commutative Commutative Right and left The canonical
(AUB), +) idempotent e =[0,0] preorder is an
e =1[0,0] order. ¢
non-absorbing
for ®

‘We now consider the set F of functions: L — L, endowed with the internal laws
@ and ® defined as follows:

Vf,geF,VaelL:
(fog(a) =1() Ag)

(f®g)(a)=gof(a)

where o is the usual law of composition of mappings.
One verifies that @ is commutative, associative and idempotent.
One verifies that ® is associative, in general non commutative, and has a neutral
element which is the identity mapping h® (defined as: Va: h® (a) = a).
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RIGHT (LEFT)
PRE-SEMIRINGS
§2.1

RIGHT (LEFT)
PRE-DIOIDS
§2.1

PRE-SEMIRINGS
§§2.2t02.3

PRE-DIOIDS
§2.4

SEMIRINGS
§3.1

OTHER
SEMIRINGS
§3.1

DIOIDS
§4

Fig. 2 Typology of pre-semirings and semirings

Moreover, the law ® is left distributive with respect to @ because:

VaeL:h®@ (@ g)a) = (fdg) oh)a) = @ g)(h(a))
=foh(a)®goh(a)
=hefdh®g)(a)

(F, &, ®) is therefore a left pre-dioid.

In the so-called monotone data flow problems (see for example Kam and Ullman
1977), we assume moreover that F is the subset of monotone functions: L — L,

i.e. satisfying:
Va,belL,a<b = f(a) <f(b)
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In this case, only the property of left distributivity of ® with respect to & is satisfied
and consequently the algebraic structure (F, @, ®) is only a left pre-dioid.

Remark. Inthe so-called continuous data flow problems (Kildall 1973), Fis assumed
to be the subset of functions satisfying the property of endomorphism on L:

Va,beL: f(anb)=f()Af(b)

(this property is known under the name of continuity in the literature devoted to
data flow problems). In this case, the structure obtained corresponds to an algebra of
endomorphisms of a monoid (see Sect. 2.2 below). ||

[References: The algebra of monotone data flow has been studied by many authors
in the framework of Data Flow Analysis models of computer programs, and finds
applications in the optimization of compilers, the verification of programs, and the
transformation of programs (in particular, cancellation through the elimination of
common subexpressions). Refer for example to Graham and Wegman (1976), Kam
and Ullman (1976, 1977), and Tarjan (1981)].

2.2. Pre-Semiring of Endomorphisms of a Commutative Monoid

Let (E, 4+) be a commutative monoid with neutral element ¢ and H the set of
endomorphisms of E, that is to say the set of mappings: h: E — E such that:

Va,b€E h(a4b)=h(a)+h(b)
On H we define the operation & by:
Vh,f e H, g=h@f issuchthat g(a)=h(a)+f(a) (foralla)
Moreover, H is endowed with the law ® defined as:
Vh,f e H-h®f =foh

where o denotes the usual law of composition for mappings.
One verifies that @ has a neutral element, namely the endomorphism h®: E — E
defined as:
VacE h%Ga)=c¢

One also verifies that ® is right and left distributive with respect to & and with
neutral element the identity endomorphism h® defined as:

VacE:h%@a)=a

Note that the property of right distributivity follows from the property of endomor-
phism:

[f ® gl ®h(a) = hf(a) ® g(a)] = h(f(a) +h(g@) = [f ®h @ g @h](a)

Also observe that the multiplication ® defined above is not commutative in general.
Moreover, without further assumption, the element h® is not absorbing for Q.
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Indeed, we have that:
VheH h®h®=h°

(because, Ya € E: h® (h(a)) = ¢) but we do not necessarily have h®* @ h = h?® (indeed,
h (h® (a)) = h (¢) which, without an explicit assumption, has no reason to be equal
to ¢€).

The structure (H, @, ®) is therefore a pre-semiring.

Remark. The above example can easily be generalized by no longer considering a
single monoid (E, +) but two monoids (E, +) and (F, ) and taking for H the set of
homomorphisms: E — F. ||

[References: 1 (Sect. 4.2.2), 4 (Sect. 4.4)

This algebraic structure was suggested independently by Kildall (1973) in the con-
text of data flow analysis of programs (so-called “continuous” data flow problems)
and by Minoux (1976) as a generalization of the path algebras of Carré et al. (1971)
and Gondran (1974, 1975) in order to model complex and non-standard path-finding
problems in graphs (for example finding the shortest path with time constraints, refer
to Chap. 4 Sect. 4.4 of the present book).]

2.3. Pre-Semiring, Product of a Pre-Dioid and a Ring

We consider E = E; x E; where: E, endowed with the operations @; and ®; is a
pre-dioid; and E,, endowed with the operations &, and ® is a ring.

(E1, 1) is therefore a canonically ordered monoid whereas (E», é>) is not
canonically ordered.

The operations @ and ® on E are defined as the product operations:

v() cE (Y) CE:
X2 y2
(X1> <}’1) _ (xl D1 }’1>
o) =
X2 y2 X2 D2 y2
® =
X2 y2 X2 ®2y2

As the operations @ and ® inherit basic properties of (Eq, ®1, ®1) and (E2, ®2, ®2)
one easily sees that:

and:

@ is commutative, associative
® is associative and right and left distributive with respect to @.

However (E, @) is neither a canonically ordered monoid, nor a group.
The structure (E, @, ®), a product of a pre-dioid and a ring, is therefore the
example of a pre-semiring which is neither a pre-dioid nor a ring.
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A typical example of such a structure is the product of the pre-dioid (R, Max, +)
(see Sect. 2.4) and the ring (Z, +, x).

Another closely related example is that of the product of the pre-dioid
(R4, Max, +) by (R, 4+, x) which is a field (therefore also a ring).

In the latter case, E is the set of pairs C:,) with x € R, and x’ € R endowed
with the laws @ and ® defined as:

(v)e ()= ()
(¥)e()=(3)

and

2.4. Pre-Dioids

2.4.1. Pre-Dioid (R, Max, +)

E is the set R4 of nonnegative reals.

@ is the operation Max (maximum of two real numbers) with neutral elemente = 0
® is the operation 4 (sum of two real numbers) with unit elemente = 0

One easily verifies the distributivity of ® with respect to &.
However, ¢ is not absorbing for ® because:

VaeE:aQe=¢®Qa=a

(R4, Max, +) is therefore a pre-semiring. As (R, Max) is a canonically ordered
monoid, it is a pre-dioid.

2.4.2. Pre-Dioid of the Natural Numbers Endowed with lem and Product
(N, Iem, x)

We take for E the set of natural numbers.
The law @ is defined as:

a® b =lcm(a, b) (Ileast common multiple)

This law is associative, commutative and idempotent, has neutral element ¢ = 1, and
endows N with a structure of canonically ordered monoid.

The law ® is associative, commutative, has unit element e = 1, and is distributive
with respect to &.

(N, Iem, x) is therefore a pre-dioid.
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However, observe that € = 1 is not absorbing for ® (indeed, for a € E,a # 1,
ax 1=as#1). (N,lem, x) is therefore neither a semiring nor a dioid.

Let us observe that, if one replaces the lcm operation by the gcd operation we
obtain (N, gcd, x) which is a dioid (an idempotent-cancellative dioid actually) (see
Sect. 4.7.4).

2.4.3. Pre-Dioid of Intervals (Int (R), Conv (A UB), +)

Let us take for E the set Int (R) of the intervals of the real line R of the form [a, a]
witha <0anda > 0.
Let us define the operation & as the union of two intervals, in other words:

[a, a] & [b, b] = [Min[a, b], Max[a, b]]

@ is commutative and idempotent and has for neutral element the interval [0, 0]. It
endows Int (R) with a structure of canonically ordered monoid.
Moreover, let us define the operation ® by:

[a,a]®[b,bl =[a+b,a+b]

The operation ® has for neutral element [0, 0].
The distributivity of ® with respect to @ is deduced from the obvious properties:

Min[a, b] + ¢ = Min[a + ¢, b +¢]
Max|[a, b] 4+ ¢ = Max[a + ¢, b + €]

Remark. This example is one of the few cases where distributivity holds with
intervals. This is not the case for (int (R), Conv (AUB), N) nor for (Int (R), N, +). ||

However, (E, @, ®) is not a semiring because ¢ is not absorbing for ®. Indeed,
for an arbitrary element [a, a] # € we have that [a, a] ® [0, 0] = [a, a] # e.

The structure [E, @, ®] defined above is therefore a pre-dioid but it is not a
semiring.

Note that this example illustrates the fact that assuming < to be an order relation
is not sufficient to guarantee the absorption property.

3. Semirings and Rings

The class of semirings includes:

— Rings (see the examples of Sect. 3.2);
— Dioids (dealt with in Sect. 4);
— Other semirings (see the examples of Sect. 3.1).

We recall that, since a monoid cannot both be a group and be canonically ordered,
the subclass of rings and the subclass of dioids are disjoint.

Figure 2 indicates the place of semirings and rings in the typology.

Table 5 recalls the basic definitions concerning semirings and rings.
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Table 5§ Definitions of semirings and rings

Semiring (E, @) monoid with neutral element ¢; (E, ®) monoid with neutral element e
(E, &, ®) ® right and/or left distributive with respect to @; ¢ is absorbing for ®
(i.e:VaceE aQe=cQ®a=x¢)

Ring (E, ®, ®) |Semiring such that (E, ®) is a group

3.1. General Semirings

These are semirings which are neither rings nor dioids.

3.1.1. Semiring, Product of a Dioid and of a Ring

We consider E = E; x E> where:
E| endowed with the laws @ and ®; is a dioid.
E» endowed with the laws @, and ®; is a ring.
The laws & and ® on E are defined as the product laws:

V(X‘) €E (“) €E:
X2 y2
(w)e(h)=(gn)
@ =
X2 y2 X2 @2 Y2
(e ()= (ae)
X =
X2 y2 X2 @2 Y2

The laws @ and ® inherit the basic properties of (E{, @1, ®1) and (Ez, @2, ®2),
one therefore easily checks that:

. . . €1
@ is communicative, associative and has neutral element £ = (s ) where ¢

(resp. €3) is the neutral element of E; for @1 (resp. E; for @7).
® is associative and distributive (on the right and on the left) with respect to &.

€= <;) is absorbing for ® .

We deduce from the above that the product structure (E, @, ®) is a semiring.
However, it is neither a dioid, nor a ring.

A typical example of the above is the product of the dioid (R4 U {+o00}, Min, +}
and the ring (Z, +, x) with the laws @ and ® defined as:

(X1> T (}’1> (Min{xl,yl}>
X2 y2 X2 +y2
<X1> 2 (}’1) <Xl +Y1>

X2 y2 X2 X'y2

One verifies that € = ((J)r °°) is absorbing for ®.

[Reference: 1 (Sect. 5.4)]
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3.1.2. Semiring of Signed Numbers

Let us consider the pair (a,s) € R x S where S = {+, —, 0, 7} is the set of signs
of qualitative algebra (see Chap. 1, Example 6.1.3 and Chap. 8, Sect. 4.5.3 for the
presentation of this dioid).

With every real number a, we thus associate four signed numbers a™, a~, a® and
a’ corresponding respectively to: a obtained as the limit of a sequence of numbers
> a (a™); of a sequence of numbers < a (a™); of a sequence of numbers all equal to
a (a°); of a sequence of numbers only convergent towards a @’).

We define the addition @ of two signed numbers (a, s) and (b, o) as: (a,s) @
(b, o) = (a + b, s40) and the multiplication ® by:

(a,8)® (b, o) = (ab, (sg (a) xo) + (sg (b)xs) + (sx0)) where + and x are addi-
tion and the multiplication of qualitative algebra (see below Sect. 4.5.3) and sg (a)
the sign of a (with the convention sg (0) = 0).

One verifies that (R x S, @, ®) is a semiring. It is not a dioid however, because
the set R x S is not canonically ordered by ®.

[References: 1 (Sect. 6.1.3), 8 (Sect. 4.5.3)]

+

3.2. Rings

3.2.1. Ring (Z, +, x)

The set of signed integers endowed with standard addition and multiplication.

3.2.2. Ring (R [X], 4+, x)

The set of polynomials with real coefficients of a real variable x endowed with the
sum and the product of polynomials.

3.2.3. Ring M, (R), +, x)

The set of square n x n matrices with real entries endowed with the sum and product
of matrices.

3.2.4. Ring (P (E), A, N)

The power set of a set E, endowed with the symmetric difference A (AAB = (AUB)\
(A N B) and the intersection N.
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Table 6 Recapitulatory list of semirings and rings

341

Property of the | Property of the Distributivity of |Comments,
monoid (E, ®) monoid (E, ®) ® with respect  |additional
to @ properties
Semiring product |Commutative Neutral element  [Right and left e=(*
ofadioidanda |neutral element |, _ (€I absortfizng for ®
ring (E; x Ea, e = €1 &) *
D, ®) &
Ring (Z, +, x) Group e =0 Commutative Right and left e absorbing for ®
e=1
Ring of Group Commutative Right and left ¢ absorbing for ®
polynomials e = 0 (zero e=1
(R[X], 4+, x) polynomial)
Ring of matrices |Group e=I,(nxn Right and left ¢ absorbing for ®
n x n (M (R), ¢ = 0 (zero identity matrix)
+, X) matrix)
(P(E), A, N) Commutative Commutative Right and left ¢ absorbing for ®
group, ¢ = ¢ idempotent

4. Dioids

The typology of dioids is recalled in Fig. 3 below. The second level of the
classification contains:

— Symmetrizable dioids (see Sect. 4.4);
— Idempotent dioids (see Sect. 4.5-4.8);
— “General” dioids which do not belong to any of the previous categories (see

Sect. 4.3);

Table 7 recalls the main definitions concerning dioids.

Before presenting examples of each of these classes, we first provide a few exam-
ples of right or left dioids (Sect. 4.1), then examples of the general class formed by
the endomorphisms of a canonically ordered commutative monoid (Sect. 4.2).

4.1. Right or Left Dioids

4.1.1. Right Dioid and Shortest Path with Gains or Losses

On the set E = R x R4 \{0}, we define the following operations @ and ®:

(a, k)

(a,k)® @, k) =

if

!
a a
k<%

(a’,k’) otherwise

(a,k) ® (a', k') = (a +ka’, kk')
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RIGHT OR LEFT
DIOIDS
§4.1

DIOIDS

SYMMETRI-
ZABLE
DIOIDS § 4.4

IDEMPOTENT
DIOIDS
§§45104.8

OTHER DIOIDS
§§4.2and 4.3

IDEMPOTENT-
CANCELLATIVE DIOIDS
§4.7

IDEMPOTENT-
INVERTIBLE
DIOIDS
§4.8

OTHER IDEMPOTENT
DIOIDS
§45

OUBLY-IDEMPOTENT
DIOIDS § 4.6

SELECTIVE-
INVERTIBLE
DIOIDS

SELECTIVE-

DISTRIBUTIVE
CANCELLATIVE DIOIDS

LATTICES

Fig. 3 Classification of dioids

@ has for neutral element € any element of the form (400, k) and ® has neutral
elemente = (0, 1).
One verifies (see Example 6.1.4 Chap. 1), that (E, @, ®) is aright dioid. This is the
algebraic structure required to solve the shortest path problem with gains or losses.
[Reference: 4 (Exercise 4)]



4 Dioids 343

Table 7 Basic terminology relating to dioids

Dioid (E, &, ®) (E, @) is a canonically ordered monoid with neutral element €.
(E, ®) is a monoid with neutral element e

® is right and/or left distributive with respect to &

¢ is absorbing for ®

Symmetrizable dioid Dioid for which (E, @) is a hemi-group
Idempotent dioid Dioid with an idempotent law @
Doubly idempotent dioid Dioid with two idempotent laws @ and ®

(distributive lattices)

Idempotent-cancellative dioid |Idempotent dioid for which (E, ®) is a cancellative monoid

Selective-cancellative dioid Idempotent-cancellative dioid with the & law selective

Idempotent-invertible dioid Idempotent dioid for which (E, ®) is a group

Selective-invertible dioid Idempotent-invertible dioid with the @ law selective

4.1.2. A Right Dioid
On the set E = R x R, we define the following operations & and ®:
(a,k) if a<a, orif a=a and k>k
(k) @@, k)=
(a’,k’) otherwise
(a, k) ® (@, k) = (a+ka’, kk)

@ has for neutral element ¢ any element of the form (400, k) and ® has neutral
elemente = (0, 1).

4.1.3. Left Dioid of Semi-Cancellative Fractions

In automatic control, the study of the stability of a system through the analysis of
transfer functions (Laplace transform of the input-output function) presents inconsis-

b(s
tencies when the (rational) transfer function Q is simplified through polynomials
a(s

with unstable poles (roots lying in the right half-plane, Re (s) > 0). To illustrate
S s—1
this, if we consider the example where — = ——————, the system is unsta-
a(s) s—=1(¢s+1 X |
S —

bilizable; but since, on the ring of rational fractions, = , one
s—D(Gs+1) s+ 1
b(s 1
can rewrite % = 1 and the system would be (incorrectly) considered as
a(s S

stabilizable if it were impossible to distinguish these two fractions.

To eliminate this risk of inconsistency, one must therefore prevent cancellation
using unstable zeros and thus instead of the ring of rational fractions we have to
consider the left dioid of semi-cancellative fractions (SCF) introduced by Bourles
(1994).
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To obtain this, we consider the set of pairs (b(s), a(s)) where b(s) (resp. a(s)) is a
polynomial in the ring R[s] of polynomials with real coefficients (resp. a polynomial
in R*[s] = R[s]\{0}).

Let P(Cy.) (resp. P(C_) be the subset of R*[s] formed by the polynomials having
roots in the closed right half-plane C (resp. open left half-plane C_).

Any polynomial a (s) may be decomposed (in a unique way) into the form

a(s) =a’ (s)a (s) witha™ (s) e P(Cy),a” (s) € P (C_).
On the pairs of R[s] x R*[s], we define the equivalence relation (b, a)~ (b/, a’)
if and only if we have: b (s) a’ (s) = a (s) b’ (s) and a*(s) = a’* (s).
The set of semi-cancellative fractions (SCF) will be the quotient set of the set of
pairs R[s] x R* [s] by this equivalence relation.
We denote [b, a] the class of (b, a) modulo ~ ([b, a] is therefore a SCF).
We then define on R[s] x R* [s] the operations & and ® by:
(1) (b,a)® (b, a’) = (bo’ + b'at, pat’)
where p = gcd (a, a’),a = pa, a’ = pa’ (hence p o o = Icm (a, a’))
(2) (b,a) ® (b',a") = (Bb’, aa)
where T = ged(b,a’) NP (C,),b=7p,a’ = na’.

Proposition 1. The operations (1) and (2) are compatible with the equivalence
relation ~.

Proof. Tt is enough to check that if (by, aj)~ (b1, a’y) and (by, ap)~ (b2, a’2) we
have:

(b1, a1) @ (bz, a) ~ (b'1,2"1) & (b'2,a2)
(b1, a1) @ (by, a2) ~ (b'1,a"1) @ (b'2,a"2). O

One can therefore define on the set SCF an addition and a multiplication by setting:

[b1,a1] @ [bz, a2] = [(b1, a1) @ (b2, a2)]
[bi,a1] ® [bz, a2] = [(b1, a1) ® (by, a2)].

Proposition 2. The set SCF endowed with the laws & and ® is a left dioid.

Proof. One verifies first of all that the addition & is associative and commutative
(it corresponds to the connection of two systems in parallel). [0, 1] is the neutral
element for the addition because [b, a] ® [0, 1] = [b, a].

The multiplication ® is associative (it corresponds to the connection of two
systems in sequence). [1, 1] is the neutral element for the multiplication. But the
multiplication is not commutative.

We observe that [0, 1], the neutral element of @, is left-absorbing but not right-
absorbing ®; indeed, we clearly have:

[0,1]®[b,a] =[0,a"]=1[0,1] and
[b,al ® [0, 1] = [0,a] £ [0,1] if a¢P (Cy).
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The multiplication is left distributive, because:
[b1,a1] ® ([bz, a2] ® [b3, a3]) = ([b1, a1] @ [b2, a2]) @ ([by, a1] @ [b3, a3])
but not right distributive, as shown by the following example:
[(1,1) —(1,8)][1,s— 1] =[1,s], but
[1,1][1,s = 1] —[L,s][l,s = 1] =[s—1,s (s — DI.
SCF is therefore clearly a left dioid. O

One can refer to Bourles (1994) for a generalization of semi-cancellative fractions
to general unitary commutative rings.

The following results then show that these SCF can indeed be used to rigorously
study the stability of a system described by its transfer function.

Indeed, considering (b, a) and (r, s) two elements of R [s] x R*[s], such that a
s+ br # 0, then the SCF [c, d] where (c,d) = (b s, a s+ br) only depends on the
SCF [b, a] and [r, s] (and not on the particular pairs (b, a) and (1, )).

We will refer to as a negative feedback operator the operator I' : SCF x SCF —
SCF defined as:

I' ([b,a], [r,s]) =[bs,as+Dbr]
for all SCF [b, a] and [r, s] such thatas +br # 0.
Then one can state:

Proposition 3. (Bourles 1994)

Consider a SCF [b, a]; then there exists a SCF [r, s] such that T ([b, a], [r, s]) is
stable, if and only if [b, a] is stabilizable.

[Reference: for more detail, see Bourles 1994]

4.2. Dioid of Endomorphisms of a Canonically Ordered
Commutative Monoid. Examples.

Let (E, ) be a canonically ordered commutative monoid with neutral element «.
As in Sect. 2.2. of this chapter, we consider the set H of endomorphisms on E
verifying, Vh € H:
h(a®b)=h(@)dh () Va,beE
h(e) =¢
endowed with the laws @ and ® defined as: Vh, g € H

(h®g)(a)=h@ dg(a) VaecE
(h®g)(a) =goh(a) VaeE

where ° is the law of composition of mappings. One verifies that (H, @, ®) is a dioid
(pre-semiring of Sect. 2.2 with the extra property h (¢) = e, which guarantees that
h® is absorbing).

This is a very important class of dioids, in particular for studying complex path-
finding problems in graphs such as those corresponding to the following examples.
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4.2.1. Dioid of Nondecreasing Functions

On the monoid (E, @) with E = R=RU {400}, ® = min and ¢ = 400, we
consider the set H of nondecreasing functions h: E — E, with h(t) tending to +o00
when t tends to +o0.

These functions satisfy the equations

h (min(t, t")) = min(h (t), h (t'))
h (400) = +00

and the set (H, @, ®) is a dioid.

This dioid is the algebraic structure required to solve the shortest path problem
with time dependent lengths on the arcs, see Example 6.2.1 of Chap. 1 and the
generalized algorithms 17, 2', 2", 3’ of Chap. 4, Sect. 4.4.

[References: Minoux (1976), 1 (Sect. 6.2), 4 (Sect. 4.4)]

4.2.2. A Dioid for the Shortest Path with Discounting Problem (Minoux 1976)

With each arc (i, j) of a graph G, we associate a length which will depend, in a
path, on the number of arcs taken previously. For example, if we interpret the path-
traversal along the arc (i, j) as the completion of an annual investment program,
the cost of the arc (i, j) is Cjj/(1 4+ ©)' if t is the number of arcs previously tra-
versed along by the path, that is to say the year of the expenditure Cj; (t being the
discounting rate).

We seek the shortest path with discounting from vertex 1 to the other vertices.

If T is the final period, we will take for S the set of vectors with (T4 1) components
in Ry U {+o0}. Ifa = (ap,ay,...,ar) and b = (bg, by, ..., br), we will define
d =a®db = (do,dy,...,dr) by setting d; = min(a, by), fort = 0, 1,..., T.
¢ = (400, ...,+00). Thus to each arc (i, j) in G we let correspond the function
hjj: S — S defined as:

hij (a) =b with: by = 400

Cj
by = a— 1+W fort=1,...,T.

We observe that such endomorphisms are T-nilpotent (which guarantees the existence
of the quasi-inverse (hij*) of the matrix of endomorphisms (h;))).

Knowing the “state” a = h*J (0) of a vertex j, we can deduce the shortest path
with discounting from vertex 1 to this vertex, whose value is equal to mm (at)

The various generalized algorithms of Chap. 4, Sect. 4.4 can be applled to solve
this problem.
[References: Minoux (1976), 1 (Sect. 6.2), 4 (Sect. 4.4)]
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4.2.3. A Dioid for the Shortest Path Problem with Time Constraints

(Halpern and Priess 1974; Minoux 1976)
With each arc (i, j) of a graph G, we associate:

— A duration dj; > 0 measuring the traversal time on arc (i, j),
— Asetofintervals Vj; C [0, +oo[ representing the set of instants at which departure
is possible from i to j via arc (i, j);

With each node i we associate a set of intervals denoted W; C [0, +o0[
representing the set of instants at which parking at node i is allowed.

The problem is to find between two given vertices x and y the shortest path (in
the sense of the traversal time) compatible with the temporal constraints induced by
Vijj (on the arcs) and W; (on the vertices).

We define the state E;, of a vertex i as the set of possible instants of arrival at i
when starting from the origin x. We denote S the set of states. An element of S will
therefore be a set of intervals C [0, +oo[. We define in S the operation € (union of
two sets of intervals) as:

a@db={t/teca or teb}Va,beS.

The empty set ¥ is the neutral element of &. We define the transition between i and
j (i.e. the endomorphism h;;) in several stages.

— If E; corresponds to the set of possible time instants of arrival at i, then the set D;
of the possible instants of departure from i will be:

D; =E LW;

where the operation _L is defined as follows:

if F= {[al, o], [z, o), ... [atp, a;)]}
Wi = {181, B11. (B2, Bal. .. 1By Byl
then:

Di = [y, vi1® [v2. V2] & - @ [yp, V3]
with, for k from 1 to p:

lok, o ] if o ¢ W,

Vi Vil = .
T e, B o € [y, )]
— The set of possible instants of departure from i towards j using arc (i, j) will
then be:
D;N Vij
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— Let us define on S an external operation T (“translation”) by:
aeS,teRy,tTa={t+ 1/t € a}.
The set of possible instants of arrival at j from i using arc (i, j) will therefore be:
d;j T (Dj NVj;).

— Thus, with each arc (i, j) of the graph, we associate an endomorphism ¢;;:
S, @) — S, o)
¢;;(Ei) = djj TI(E; L Wj) N Vjl.

Let us observe that ¢;; is entirely determined by the triple (Wi, Vij, djj) but that
the product of two such endomorphisms cannot be described by such a triple.

One can then show that the set of endomorphisms ¢;; is a p-nilpotent set which
implies the existence of ®*, the quasi-inverse of the matrix of endomorphisms ® =
(¢3))-

JThe earliest time to reach y will then be the minimum element of Ey = d>jzy (Ex).

This problem can be solved by applying one of the generalized algorithms from
Chap. 4, Sect. 4.4, e.g. algorithm 3’ (generalized Dijkstra’s algorithm).

[References: Minoux (1976), Halpern and Priess (1974), 4 (Sect. 4.4)]

4.3. General Dioids

A (k)
4.3.1. K Shortest Path Dioid (R*, Min ), +)

The elements of E are ordered k-tuples of real numbers chosen in R=RU {400}.
The @ law is the operation Miny) introduced in Sect. 1.3.1. It endows E with a

+00
. . . +00
structure of canonically ordered monoid, with neutral element ¢ = .
+00
. W . .
The ® law is the operation + introduced in Sect. 1.1.5. It has unit element
0
+00
e= )
+00

One verifies the distributivity of ® with respect to @, and the absorption property
for .

(E, @, ®) thus defined is therefore clearly a dioid.

The use of this dioid as a model to state and solve the k" shortest path problem
in a graph is discussed in Chap. 4 Sect. 6.8.

[References: 4 (Sect. 6.8), 8 (Sect. 1.1.5), 8 (Sect. 1.3.1)]
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. . e D N . (=w)
4.3.2. n-Optimal Path Dioid ( R + [0, n]™, Min <y, +

n > 0 being a given nonnegative real number, the elements of E are finite (variable
length) sequences of real numbers in R = R U {+00}, with extreme values differing
by n at most.

If a € E, we denote v (a) the number of terms of the sequence corresponding to
a, and a can be written:

a— (aa)’ a®_ a(v(a)))

with a®® = Min {a(i)}

i=1...v(a)
a"® = Max {a(i)}
i=1...v(a)

and: a°@ — (M < n

The @ law is the operation Min(<y) introduced in Sect. 1.3.2. It endows E with a
structure of canonically ordered monoid, with neutral element ¢ = (4-00) (sequence
formed by a single term equal to 4-00).

(=)
The ® law is the operation + introduced in Sect. 1.1.6. It has unit element
e = (0) (the sequence formed by a single term equal to 0).
The distributivity of ® with respect to @ is verified by observing that if

(a®b)Rc=u= (u(l), u@ . ..u“(“))

uY = Min {a(l), b(l)} +c®

and u is the sequence of all the terms of the form:

a® 4+ ¢® and bD +c¢® (fori =1,...v@); j=1,...v(); k = 1,...v(c))
which do not exceed u'" + 1. On the other hand, evaluating the expression (a ® c) @
(b ® c) yields the same result.

Finally, if we agree to identify ¢ with any finite sequence of the form
(400, +00, ...+ 00), the element ¢ is absorbing for ® since

VaceE aQe=c®a=c¢
Thus this yields, for example:

2 +00
3l ®@(Ho0) =40 | =¢
5 400

The structure (E, @, ®) thus defined is therefore a dioid.

The use of this dioid as a model to represent and solve n-optimal path problems
in graphs is discussed in Chap. 4 Sect. 6.10.

[References: 4 (Sect. 6.10), 8 (Sect. 1.1.6), 8 (Sect. 1.3.2)]
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4.3.3. Order of Magnitude Dioid (Semi-Field)

On the set E of pairs (a, a) with a € R \{0} and a € R, to which we add the pair
(0, +00), we define the two laws @ and ® as:

(a,a) ® (b, B) = (c, min(a, B))
with c=a if a<PB,c=b if a>p,c=a+b if a=9p,
(a,0) ® (b,B) = (ab,a+P).

One verifies that (E, &, ®) is a (non idempotent) dioid.

This dioid is isomorphic to the set of elements of the form a €* endowed with
ordinary addition and multiplication when ¢ > 0 tends towards 0.

We obtain a dioid isomorphic to the previous one by setting A = e~ * and by
considering the set E of pairs (a, A) € (R, \{0})? to which we append the pair
(0, 0); this set is endowed with the laws @ and ® defined as:

(a, A) @ (b, B) = (c, Max(A, B))
with c=a if A>B,c=b if A<B,c=a+b if A =B,
(a,A) ® (b, B) = (ab, AB)

Moreover, the elements (a, A) of this dioid are in 1 — 1 correspondence with the
elements of the form a AP endowed with ordinary addition and multiplication when
p tends towards +o0.

One can interpret (a, A) as the coding of an asymptotic expansion of the form
a AP 4+ O(AP) when p — +o0.

The latter dioid was introduced by Finkelstein and Roytberg (1993) to calculate
the asymptotic expansion of probability distribution functions in the study of biopoly-
mers. It was also used by Akian et al. (1998) for the calculus of the eigenvalues of a
matrix with entries of the form exp(—ajj/e) where ¢ is a small positive parameter.

[References: 1 (Sect. 6.1.5), 8 (Sect. 1.3.6)]

4.3.4. Nonstandard Number Dioid (Semi-Field)

On the set E of triples (a, b, a) € (RJr\{O})3 to which we add the triples (0, 0, +00)
and (1, 0, 400), we define the two laws @ and ® by:

(ai, by, a1) @ (a2, bz, a2) = (a1 + a2, b, min(ay, a2))
with b=Db; if a; <ar,b=by if o >ar,b=b;+by if o =an,
(ar, by, o) ® (a2, bz, az) = (aj az, b, min(ay, az))
with b=ayb; if a; <ay,b=a;by if o > a,

b=a;by+ayb; if o =an.
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One verifies that (E, @, ®) is a dioid. This dioid is isomorphic to the set of nonstan-
dard numbers of the form a + b €%, (a > 0, b > 0), endowed with ordinary addition
and multiplication, when & > 0 tends towards 0.

This nonstandard number dioid can be related to the field PR of nonstandard
numbers introduced by Robinson (1973).

These are the numbers one can represent by the series

x=ao+a pl+ap? 4+ O<vi<vy<---)

where ag, ay, aj . . . are classical real numbers and where p is an infinitesimal.
x represents the sequence of the real numbers

v2

Xe=ap+a el +ael 4+ (0<v<vy<---)

when ¢ > 0 tends towards 07 (one can thus identify p with 07).
[References: 1 (Sect. 6.1.6), 8 (Sect. 1.3.7)]

4.4. Symmetrizable Dioids

4.4.1. Dioid (R4, 4+, x)

The set E is R, the set of nonnegative reals.

@ is ordinary addition with neutral element O;

® is ordinary multiplication with unit element 1.
(R4, +) is a hemi-group (see Chap. 1, Sect. 3.5)
(R+\{0}, x) is a hemi-group.

The canonical preorder relation is a (total) order: it is the usual order on the
nonnegative real numbers.
[Reference: 1 (Sect. 6.3.2)]

4.4.2. Dioid of Intervals of R with the Operations Sum and Product
(Int (R+)’ +, X)

Consider the set E of all the real intervals of the form [a, a] with 0 < a < a.
The operation @ is defined as:

[a,a] @ [b,b] = [a +b,a+b]

which has neutral element ¢ = [0, 0]. In E, every element is regular for &.
The operation ® is defined as:

[a,a] ® [b,b] = [ab,ab]

which has neutral element e = [1, 1].
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One easily verifies:

— The commutativity and the associativity of &
— The commutativity and the associativity of ®
— The right and left distributivity of @ with respect to &.

e is absorbing for ® because, V[a, a]:
[a,a] ® [0,0] = [0, 0] =.
The canonical preorder relation is defined as:

[a, a] < [b, B] & there exists [c, €] such that: [b 1_3] =la+4c,a+c]

=4

which is equivalent to the conditions:

To verify that it is an order relation, let us assume that [a, a] < [b, B] and [b, B] <
[a, a].
From the above we deduce:

[STR
IV 1V

o'l oo

and

|
o
v
[ox

|
i
o1

>a—b

This implies: a = b and a = b therefore [a, a] = [b, b] which proves the property
and [E, @, ®] is indeed a dioid.

443. Ry, ®p, ®p)

This is the set of nonnegative reals endowed with the operation @, (with p € R,)
defined as a @, b = (aP + bP)!/P and the operation ®p defined as a ®, b =
@ -bH)/P=a.b (®p is therefore the standard multiplication).

When p tends towards +oc0 (resp. —00), (R4, ®p, ®p) “tends” towards the dioid
(R4, Max, x) (resp. Ry, Min, x). (see Sect. 4.8.2).

[References: 1 (Sect. 3.2.5) 8 (Sect. 1.4.7)]

444. (R;, ", ®"

This is the set of nonnegative reals endowed with the operation @" (with h € R,,)
defined as a ®" b = h £n (/" 4 /") and the operation ®@" defined as a @" b =
h £n (/M. /M) = a + b (®" is thus the usual addition).

When h tends to 0F (resp. 07), (Ry, ®", ®") “tends” towards the dioid
(R4, Max, +) (resp. Ry, Min, +)

[References: 1 (Sect. 3.2.5) 8 (Sect. 1.4.8)]
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4.4.5. (L2 RMH*t, +,*)

We consider the set of functions: R" — R, square integrable, endowed with the
addition of functions and the convolution product. This is a symmetrizable dioid.

4.5. Idempotent Dioids

The subclass of idempotent dioids includes (see Fig. 3):

— Doubly idempotent dioids (see Sect. 4.6);

— Idempotent-cancellative dioids (see Sect. 4.7);

— Idempotent-invertible dioids (see Sect. 4.8);

— Other idempotent dioids which do not belong to any of the previous categories,
and which are dealt with in the present section.

4.5.1. Dioid (P(R"), U, +)

n € N being a given integer, we consider E = P(R") the power set of R". The law
@ is defined as the union of two subsets of R" (neutral element ).
The law ® is taken as the sum of two subsets of R" defined as:

ACR"BCR"
A+B={z/zeR" z=x+y with x €A,y € B}

The neutral element of ® is the subset reduced to the zero vector (0, 0, . ..0) of R".
One easily verifies that (P(R"), U, +) possesses all the properties of an idempo-
tent dioid.

4.5.2. Dioid P(R) Endowed with the Union and the Product (P(R), U, .)

The set E is the power set of R.
The law @ is the union of two subsets of R (neutral element ).
The law ® is the product of two subsets of R defined as:

ACR,BCR:
A-B={z/zeR,z=x-y with xe€ A,y € B}
The neutral element of ® is the subset { 1} .

One easily verifies that (P(R), U, .) possesses all the properties of an idempotent
dioid.
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4.5.3. Qualitative Algebra

On the set of signs, augmented with the indeterminate ?, S = {4+, —, 0, 7}, we
consider the qualitative addition @ and qualitative multiplication ® defined in the
following tables (see Sects. 1.5.5 and 1.1.7):

o | + 0o 2 ® |+ - 0 2
+ 1+ ? + 2 + 1+ - 0 2
-2 - - 2 - |- + 0 2
o |+ - 0 2 00 0 0 0
A A B 22 2 0 2

As a result, an idempotent dioid is obtained.
[References: 1 (Sect. 3.4.2), 1 (Sect. 3.4.3), 1 (Sect. 6.1.3)]

4.5.4. (Conv(R¥), Conv(A UB), +), (Conv.(R¥), Conv(A UB), +)

We consider Conv(Rk), the set of convex subsets of RX, endowed with the two
following operations (see Sects. 1.5.6 and 1.1.2):

A @& B = Conv(A UB)
A®RB=A+B

where conv(X) denotes the convex hull of X and A + B the vector sum of A and B.
(see Sect. 1.1.2).

To show that this is a dioid, the non trivial property of the distributivity of ® with
respect to @ remains to be proven, i.e.:

conv(AUB) +C = Conv[(A+C)U B+ O)].

Let us first of all check the following property:
V convex = for any subset U, Conv(U + V) = Conv(U) + V.
Indeed, Conv(U) 4V is a convex set containing U+ V, therefore Conv(U+V) C
Conv(U) + V.
n

Conversely, every element w of Conv(U) + V is written w = Y o; u; + v with
n n =1
@ >0,Y o =1,y € UyveV,hencew = ) o (uj +v) € Conv (U+ V),
i=1 i=1

which proves the expected property.

This therefore yields Conv(A UB) + C = Conv((A UB) + C) = Conv[(A +
C) U (B + ©)], which proves distributivity.

Conv(RY) the set formed by all convex subsets of R, is therefore an idempotent
dioid.

The set Conv¢(R¥) of compact convex subsets of RX forms a subdioid of
Conv(R¥).
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Let us show that this dioid is idempotent-cancellative. Indeed, let the support
mapping, which characterizes a closed convex subset, be defined as:

da (p) = sup <p,x > for pe]Rk
X €A

and which, in view of the compactness of A, is finite. One verifies that dp4+p =
da + 0p. If A + B = C, B is the unique convex subset having support function
Op = &¢ — 04. It follows that the application B — A + B is injective, and therefore
the dioid Conv,(R¥) is idempotent-cancellative.

[References: Rockafellar (1970), and 8 (Sect. 1.1.2), 8 (Sect. 1.5.6)]

4.5.5. Dioid of Relations

Let E be a set and R (E) the set of binary relations on E. One verifies that R (E),
endowed with the two following laws:

R®R:xROR)yiff xRy or xRy,
R®R:x (R®R)yiff 3z€c E with xRz and zR'y

is an idempotent dioid.
The canonical order relation corresponds to: R < R’ if and only if x Ry implies
x R’y, i.e.iff R is finer than R’.

n

—R
4.5.6. Dioid of Mappings with Max and Convolution (Rmax)

The set of mappings: R" — R, endowed with the operation “pointwise maximum”
(hdg) (x) = max {(h(x), g (x))}) and with the sup-convolution product defined as:

fe9x) = suRp {f x—=y)+gy}
yeR?

(where we agree to set (+00) 4+ (—00) = —00) is a complete idempotent dioid (refer
to Chap. 1 Sect. 6.1.8 for the definition of a complete dioid). The neutral element for
the product is the function e defined as: e(x) = +oo if x # 0 and e(0) = 0.

4.5.7. Dioid (R x P(R), Min, +)

This is an extension of the “Min-Plus” dioid (see Sect. 4.8.3 below) to sets of vectors
“monitored” by the first component. .

E is the set R x P(R); its elements are in the form a = (a;, ap) with a; € R and
ay € P(R).
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@ is the Min operation defined on R x P(R) in Sect. 1.5.10:

a if a; <b
Min(a,b) = {b if a; > by
(aj,aaUby) if a; =by

® is the operation defined as:

a; + by

a®b=
a + by

(az + by denotes the set of reals in the form o 4 B, for all values of a € a, B € by)

® is associative, commutative and endows E with a monoid structure with unit
elemente = (0, 0). One also verifies the right and left distributivity of ® with respect
to .

Finally, ¢ = (400, ¥) is absorbing (Va e E:a®@ e = e @ a = ¢).

(E, @, ®) thus defined is an idempotent dioid. This is an extension to dimension
2 of the “Min-Plus” dioid.

Finally, let us mention two interesting specializations of the above in connection
with complex numbers.

4.5.8. Dioid (Cgr, Min, +)

E is the set of elements of the form a = a; +1iap with a; € R and ay € P(R).
An element a of E is therefore a set of complex numbers all having the same real
component a;. @ and ® are then defined as in Sect. 4.5.7.

4.5.9. Dioid (C,, Min, x)

E is the set of elements of the form a = p(a) el 9@ with p(a) € I@Jr and 6(a) €
P(R). An element a of E is therefore a set of complex numbers all having the same
modulus p. .

@ is the Min operation defined on R, x P(R) by:

a if p(a) < p(b)
Min(a,b) = {b if p(b) < p(a)
(p(a), 6(a) U 6(b)) if p(a) = p(b)

® is the “multiplication” operation defined on R+ x P(R) by:

p(a®b) = p(a) p(b)
6(a ® b) = 6(a) + 6(b) (Minkowski sum of the sets 6(a) and 6(b)).
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(6(a) + 6(b) is the set of real numbers of the form o + , o running through 6(a) and
B running through 6(b)).

[The two previous idempotent dioids appear to be relevant to the so-called
complex Min-Plus analysis which has application in the study of complex Hamilton—
Jacobi equations in quantum mechanics (see Gondran 1999b).]

4.6. Doubly Idempotent Dioids, Distributive Lattices

4.6.1. Dioid ({0, 1} , Max, Min): Boole Algebra

E is the set {0, 1} endowed with the operations @ and ® defined as:

a @b = Max{a, b}
a ® b = Min{a, b}

e = 1 is the neutral element of @ and e = 0 the neutral element of ®.

We thus have that E = {g, e}.

One easily checks all the properties necessary for (E, @, ®) to enjoy a dioid
structure. In particular, the canonical preorder relation is an order relation because
@ is idempotent (see Chap. 1, Sect. 3.4).

Observe that the Boole algebra (E, @, ®) as defined above is an ordered set in
which any pair a, b of elements has an upper bound given by:

sup(a,b) =adb

and a lower bound given by
inf(a,b)=a®Db

This is therefore a distributive lattice. As, moreover, there is a finite number of
elements, this is a complete lattice.
[Reference: see e.g. Birkhoff, 1979]

4.6.2. Dioids (N, lcm, ged) and (N, ged, lem)

Here we take E = N, the set of natural numbers.

The lcm operation on N is associative, commutative, idempotent and has as neu-
tral element 1. Similarly, the gcd operation on N is associative, commutative and
idempotent. It has as neutral element 400 by viewing this element as the infinite
product of all the prime numbers raised to the power +00. One easily verifies the
distributivity of lem with respect to ged and of ged with respect to lem.

Finally, 1 is absorbing for gcd in the structure (N, Icm, ged) and+oc is absorbing
for lem in the structure (N, ged, lem).

Each of these structures is therefore a doubly idempotent dioid. Moreover, since,
Proposition 6.5.7 of Chap. 1 holds, these are distributive lattices.



358 8 Collected Examples of Monoids, (Pre)-Semirings and Dioids
4.6.3. Dioids (R, Max, Min), (R, Min, Max)

We take as our basic set E the set R of real numbers augmented with the elements
¢ = —oo and e = +00, the operations @ and ® being defined as:

a @b = Max{a, b}
a ® b = Min{a, b}

The element ¢ is absorbing because, Va € E, a ® ¢ = Minf{a, —00) = —0co0 =¢.
One easily verifies that (E, @, ®) enjoys all the properties of a dioid. In particular
the operation @ being idempotent, the canonical preorder relation is an order (it is
the usual total order on the set of real numbers).
Moreover, E can also be considered as a lattice taking as the upper bound of two
arbitrary elements a and b sup (a, b) = a @ b = Max({a, b} and as the lower bound
of two arbitrary elements a and b

inf (a, b) = a ® b = Min{a, b}

One indeed verifies that all the axioms of the algebraic definition of a distribu-
tive lattice are satisfied: idempotence, commutativity, the associativity of each law,
distributivity, as well as the absorption properties:

ad(a®b)=a

a®@(@db)=a
One recognizes a doubly idempotent dioid structure. By exchanging the Max and Min
operations, we obtain the lattice-dioid (R Min, Max) which has similar properties.
The (R, Max, Min) structure defined above is the one underlying the algebraic
formulation of the maximal capacity path problem in a graph or equivalently (see
Gondran and Minoux 1995) the problem of finding a path with maximal inf-section.
Similarly, the structure (R, Min, Max) is the one underlying the algebraic formu-

lation of the minimal sup-section path problem.
[References: 1 (Sect. 6.5), 4 (Sect. 6.3)]

4.6.4. Lattice of the Power Set of a Given Set (P (X), U, N), (P(X), N, V)

X being a given set, we take E = P(X), the power set of X. The law & is the union
of two subsets (neutral element: ) and the law ® is the intersection of two subsets
(neutral element: X). One easily verifies that (P (X), U, N) satisfies all the properties
of a distributive lattice. The same is true for (P(X), N, U).

4.7. Idempotent-Cancellative and Selective-Cancellative Dioids

4.7.1. Dioids (R, Min, +), (N, Min, +)

The set E is the set of nonnegative reals augmented with +o0.
@ is the Min operation (minimum of two real numbers). It is associative,
commutative, selective, and has neutral element € = +00.
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® is the operation + (sum of two real numbers). It is associative, commutative,
and has unit element e = 0. It endows the set E with a hemi-group structure (see
Sect. 1.4.1.).

One easily verifies the right and left distributivity of ® with respect to @. Finally
e = oo is absorbing for ® (Va € E,a®e =e¢®a =¢).

(R4 U {400}, Min, +) is therefore a selective-cancellative dioid.

(N Min, +) is a subdioid of (R Min, +). It is sometimes referred to as the “trop-
ical dioid” and has been used to solve some problems of enumeration in language
theory (see for example Simon 1994).

[Reference: 1 (Sect. 6.6.4)]

4.7.2. Regular Language Dioid

Abeing a set of letters (“alphabet”), the free monoid (sets of words formed by a finite
number of letters on A) is denoted A* (see Sect. 1.4.4). It includes the empty word,
denoted €.

Every subset (whether finite or infinite) of A*, L C A*, is called a language on
A. We denote £ = P(A*) the set of all the languages on A.

The sum of two languages L @ L is defined as the set union of the words of L;
and the words of L.

The product of two languages L; ® L, is the set of words formed by the
concatenation of a word m; of L and a word m, of L, (in this order).

The two following dioids are relevant to language theory:

(Pinite (A™), B, ®), the dioid of finite languages (finite subsets of A*) formed on
the alphabet A.

(P(A*), @, ®) the dioid of arbitrary languages formed on the alphabet A.

(P(A*), &, ®) has the empty language ¢ as neutral element of @ and {e} as neutral
element for ®. It has (Ppite (A™), B, ®) as subdioid.

In the case where the alphabet is finite, (Phpie (A*), @, ®) corresponds to the
dioid of the polynomials on A, and (P(A*), @, ®) to the dioid of the formal series
onA.

The structure defined above is that of regular languages (see e.g. Salomaa 1969).
However, we observe that in addition to the dioid structure, the axioms of regular
languages include the so-called closure operation denoted *.

[Reference: 1 (Sect. 6.6.2)]

4.7.3. Dioid of Integer Sequences with Min and Sum Operations (NN, Min, +)

Here we take E = NV as the set of (infinite) sequences of nonnegative integers.
The operation @ is the term by term minimum operation of two sequences of
integers, in other words for two sequences a = (3;); ¢ y and b = (b;); ¢ N, We set:

adb=c=1(¢)ien With c¢; = Min{aj, b;} (Vi).
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The law @ is associative, commutative and idempotent and its neutral element is the
sequence € = (&) ¢ Ny With, Vi € N: g; = +o00.

The operation ® is the term by term sum operation of two sequences of integers,
in other words for a = (aj); ¢ y and b = (bj); ¢ N, We set:

adb=c=1(c)ien With c¢;=a;+ b;(Vi).

The operation ® is associative, commutative and its unit element is the zero sequence
e=(e)jenWithVi: e; =0.
We observe that every element of E is cancellative for @. Moreover, one easily
verifies that ® is distributive with respect to @ and that ¢ is absorbing for ®.
Consequently (NN, Min, +) is an idempotent-cancellative dioid.

4.7.4. Dioid (N*, ged, x)

We take E = N* = N\ {0} as the set of strictly positive integers.

The operation @ is the gcd of two numbers. This operation is associative, com-
mutative and idempotent. The neutral element of & is € = 400, by viewing ¢ as the
(infinite) product of all the prime numbers, raised to the power +o00.

The operation ® is the product of two integers (neutral element e = 1). We
observe that every element of N* is cancellative for ®.

One also verifies that ® is distributive with respect to @ and that € is absorbing
for ®.

(N*, gcd, x) is therefore an idempotent dioid.

The dioid (N*, gcd, x) is isomorphic to the dioid (NN, Min, 4) (see Sect. 4.7.3)

Indeed, if we denote p1, p2 ... the (infinite) sequence of prime numbers, every
integer n € N may be decomposed into prime factors and expressed in the form:

n= 1‘[ pi™ (q is the rank of the largest prime number not greater than 4/n).
One therefore sees that with every integer n € N one can associate a sequence:
(n) =(ng,n2, ...n,) € NH

If n € Nis defined as the sequence (n) and m € N by the sequence (m), the gcd of n
and m is defined as the sequence (r) such that:

Vi € N : r; = min{n;, m;}
We denote:
(r) = () & (m)
Similarly, the product n x m is defined as the sequence (s) such that:
Vi: s; = n; + my

The gcd and x operations on N therefore clearly correspond to the operations Min
and + of the dioid (NN, Min, +).

Finally, let us observe that, if one replaces the gcd operation with the lcm operation,
we obtain (N, lcm, x) which is only a pre-dioid (the property of absorption not being
satisfied) see Sect. 2.4.2.
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4.8. Idempotent-Invertible and Selective-Invertible Dioids

4.8.1. Dioid (R", Min, +)

The set E is R" and we take @ as the Min operation (component-wise minimum,

of two vectors of R"). It is associative, commutative, and has neutral element
+00
+00

8 = .

+00

This operation is idempotent but not selective.

® is the operation + (sum of two vectors of R™). It is associative, commutative,

0

. 0 .
and has unit elemente = | _ |. It endows E with a group structure.

0
One easily verifies the right and left distributivity of ® with respect to @ and the
absorption property of e.
(R™, Min, +) is therefore an idempotent-invertible dioid.

4.8.2. Dioid (R4, Max, x)

E is the set R4 of nonnegative reals.

@ is the operation Max (maximum of two real numbers) with neutral element
e=0.

® is the operation x (product of two real numbers) with unit element e = 1.

@ is selective and ® endows R\ {0} with a group structure.

It is therefore a selective-invertible dioid.

The dioid (R, Max, x) is isomorphic to the dioid (R U {—o0}, Max, +) through
the one-to-one correspondence: x — e*.

We observe that if we take ® to be the addition of real numbers instead of the
multiplication of real numbers, we obtain the structure (R, Max, +) which is a
pre-dioid (see Sect. 2.4.1).

4.8.3. “Min-Plus” Dioid (R, Min, +)

Eis the set R = R U {+00}

@ is the Min operation (minimum of two real numbers).

@ is associative, commutative, selective and has neutral element € = +00.

® is the operation + (sum of two real numbers).

® is associative, commutative and endows E with a group structure with unit
elemente = 0.
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One also verifies the right and left distributivity of ® with respect to &.

Finally ¢ = +oo is absorbing (Va e E:a®@ e =ec®a =¢).

(E, @, ®) thus defined is therefore a selective-invertible dioid.

The MIN-PLUS dioid is the algebraic structure underlying the shortest path
problem in a graph (see for example Gondran and Minoux 1995, Chap. 3).

[References: 4 (Sect. 2), 4 (Sect. 6.5)]

\
4.8.4. “Max-Plus” dioid (R, Max, +)

Eis the set R = R U {—o0)

@ is the Min operation (minimum of two real numbers) with neutral element
g = —00.

® is the operation 4 (sum of two real numbers).

This dioid is isomorphic to the MIN-PLUS dioid.

The MAX-PLUS dioid is the appropriate structure to express in algebraic terms
the behavior of some discrete event dynamic systems and thus generalize many

classical results in automatic control of linear systems.
[References: 6 (Sect. 7); Baccelli et al. 1992; Gaubert 1992, 1995a,b.]

4.8.5. Dioid (R2, Min-lexico, +), (R", Min-lexico, +)

E is the set of vectors of R? (totally) ordered by the lexicographic order.
@ is the lexicographic minimum on R? defined as:

&b a if aj<by orif aj=b; and ar <by
a =
b if by <a; orif aj=b; and by <ap

® is the component-wise addition:

aj + by
b=
a® (az + by )
One verifies that (E, @, ®) is a selective-invertible dioid. This is another possible
extension to dimension 2 of the “Min-Plus” dioid.

More generally, for arbitrary n > 2 the dioid (R, Min-lexico, +) would be
defined in a similar way.
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Constrained shortest path, 169

Continuity, 83, 89, 91, 110, 265, 335

Continuous data-flow, 22, 335, 336

Control vector, 243, 250

I'~Convergence, 260, 271

¢-Convergence, 271, 277, 281

377
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Convergent sequence, 87, 92, 129
Convex
analysis, 260, 279, 291
1sc closure, 267, 293
Convolution product, 100, 166, 259, 353, 355
Critical circuit, 225, 226, 252, 254
Critical class, 254
Critical graph, 225, 226, 254, 255
Critical path, 252

Data analysis, 233, 238
Dense subset, 86
Dependence, 173, 177, 178, 181, 187, 189,
190, 192, 201-205, 231
Dependent family, 177
Diameter of graph, 160
Dijkstra’s algorithm, 145, 170, 348
Dioid
canonically associated with, 39, 40
of endomorphisms, 31, 137, 345
of relations, 355, 364
Dirichlet problem, 283
Discrete event system, 230, 242, 244
Discrete topology, 97
Dissimilarity
index, 166, 167
matrix, 167, 168, 233-235, 237, 238
Distributive lattice, 2, 17, 34-36, 41, 44, 46,
99, 166, 200, 342, 343, 357, 358, 364
Dominating diagonal endomorphism in
Min-Max analysis, 297
Doubly idempotent dioid, 34-36, 159, 342,
343, 353, 357, 358, 364
Doubly selective dioid, 34, 40, 200, 201
Dual residual mapping, 107-113
Dually residuable function, 109
Dynamic programming, 116
Dynamic scheduling, 244
Dynamic system theory, 243, 244

Earliest termination date, 247, 248, 250

Efficient path, 157, 161

Eigenfunction, 292

Eigen-moduloid, 175, 212, 225, 238

Eigen semi-module, 207, 209, 233, 297

Eigenvalue, of endomorphism, 2, 175,
207-213, 215, 216, 218-225, 229-233

Eigenvector, 2, 175, 207-212, 220-223, 225,
229, 230, 232, 239, 251, 253, 255, 256

Elementary path, 125, 169

Index

Endomorphism
algebra, 137, 138
of commutative monoid, 22, 31-33, 137,
138, 333-336, 341, 345-348
of moduloids, 175
of monoid, 137, 335
of semi-module, 207, 208
Epiconvergence (I'-convergence), 260, 271,
273-275, 277, 291, 294
Epigraph, 264
Episolution, 283
Equality graph, 188-190
Equation of counters, 251
Equation of timers, 251
Escalator method, 152—-156
Evolution equation, 243
Expansion of bideterminant, 183, 184
Extension of permutation, 57, 58

Factor analysis, 233, 238
Fenchel transform, 109, 260, 261, 267, 268,
285-288, 291, 292, 300, 304, 305, 309
Field, 24, 51, 65, 74, 79, 82, 165, 207, 242,
257, 295, 296, 300, 337, 351
Filter, 11, 85
Fireable transition, 245
Fixed point, 1, 2, 83, 90, 93, 94, 100, 107, 115,
129
equation, 93-97, 100, 115, 129
theorem, 83, 90
Floyd’s algorithm, 152
Ford’s algorithm, 133
Formal series, 51-54, 77, 313, 359
Free monoid, 3, 5, 8, 13, 36, 323, 324, 330, 359
Fundamental neighborhood, 84-86
Fuzzy
graph, 166-168
integral, 166
relation, 166—-168
set, 11, 257

Galois correspondence, 107

Gauss-Jordan algorithm, 151-152

Gauss-Seidel algorithm, 130-133, 141-142,
172

g-Calculus, 47-50

g-Derivative, 47-49

g-Differentiability, 47

General dioid(s), 2, 341, 348-351, 363

Generalized Dijkstra’s algorithm, 170, 348

Generalized escalator method, 152-156

Generalized Gauss-Jordan algorithm, 145-152

Generalized Gauss-Seidel algorithm, 96,
130-133, 142



Index

Generalized Jacobi, 129-131
algorithm, 129, 130, 141

Generalized Moore algorithm, 143

Generating family, 176-178, 206

Generating series, 106

Generator, 42, 43, 49, 176, 213, 216-218, 225,
226, 233, 237, 238, 297, 298

g-Integral, 48, 49

Graph associated with matrix, 121-128

Greatest element, 181, 215-219, 237

Greedy algorithm, 133-136, 144, 145

Group, 24, 26-28, 33, 37, 38, 40, 43-45, 49,
59, 65, 181

Hamilton-Jacobi equation, 258, 283, 300

Heat transfer equation, 258, 259, 289

Hemi-group, 17-20, 33, 37, 40, 314, 323-325,
333, 343, 351, 359

Hierarchical clustering, 167, 168, 207,
233-237, 240

Holderian function, 270, 271

Hopf-Lax formula, 288-291

Hopf solution, 259

Hyposolution, 283

Ideal, 11, 45, 84
Idempotent
analysis, 257
cancellative dioid, 212, 341, 353-355, 363
dioid, 33-36, 40, 45, 46, 159, 212, 213, 343,
353-358, 360
invertible dioid, 37, 343, 361
monoid, 17-19, 21, 34, 36, 37, 40, 314, 332
pre-dioid, 23
semi-field, 45
Increasing function, 89, 247, 310
Increasing sequence, 83
Independent family, 178, 179, 181
Inf-C-equivalence, 265
Inf-compact, 267-269, 273, 281, 293, 296
Inf-convergence, 88, 271-278, 293-294
Inf—c~0nv01ution, 260, 300, 301, 303-305, 309
Inf-A-convergence, 273, 274
Inf-A-convergence, 271
Inf-A-equivalence, 263
Inf-dioid, 45
Inf-Dirac function, 263, 292
Inf-L-convergence, 276, 277
Inf-L-equivalence, 268
Inf-¢-convergence, 271
Inf-¢-equivalence, 260
Inf-¢-solution, 282
Infmax-A-equivalence, 293
Infmax biconjugate, 292
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Infmax-a-convergence, 294
Infmax—a—equivalence, 292
Infmax-A-convergence, 293, 294
Infmax-A-equivalence, 292
Infmax llnear transform, 291-293
Infmax-Q-convergence, 294
Infmax-Q-equivalence, 292
Infmax-¢-equivalence, 291-293
Inf-pseudo-inverse, 108
Inf-section of a path, 159, 358
Inf-semi-lattice, 17-19, 34, 35, 331
Inf-solution, 262, 291, 292
Inf-sup wavelet transform, 270
Inf-topology, 83—-89
Input-output matrix, 165
Interior, 86, 279, 280
Interval

algebra, 45

dioid, 351

pre-dioid, 338
Irreducibility, 180, 181, 222
Irreducible matrix, 153, 220-222, 224, 225,

229, 230, 256

Jacobi’s algorithm, 119, 129-132, 141, 172

K shortest path dioid, 348, 363
Karp’s algorithm, 230, 231, 252
k™ shortest path, 99, 157, 161, 162, 348

Label of place, 245, 246

Lagrange theorem, 106, 107

Language, 3, 36-38, 157, 359, 364

Latin multiplication, 25, 157, 158, 215, 216,
219, 348, 349

Lattice, 2, 9, 17-19, 21, 34-36, 40, 41, 44-46,
88,99

Least consensus circuit, 240-242

Least element, 221

Left canonical preorder, 13

Left dioid, 28, 41, 125, 170, 341-345, 363, 364

Left inverse, 8

Left pre-semi-ring, 27, 334

Left-semi-module, 174

Left semiring, 23, 24, 44

Left topology of Alexandrov, 84, 85

Legendre-Fenchel transform, 260, 261, 267,
268, 285, 291, 292, 303-305

Legendre transform, 276, 299

Leontief model, 165

Level of hierarchical clustering, 168, 235-238,
240, 241
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Linear
dependence, 173-200, 202, 233
dynamic system, 207, 242-244, 251
equation, 33, 83-97, 100-103, 244, 247
independence, 173-206
mapping, 175, 176, 182-185
system, 115-172, 242-255, 362
Liveness, 246
Lower
bound, 10, 18, 34, 44, 45, 87, 88, 107, 264,
272,277,278, 291, 293, 304, 357, 358
fixed point, 90
limit, 84, 87, 88, 272
semi-continuous (Isc) function, 89, 260, 261,
264, 301
solution, 107, 108
ultrametric, 167, 168
viscosity solution, 278-283, 291, 295
Lower semi-continuity, 89, 265
closure, 264-268, 281, 292, 293
Lsc. See Lower semi-continuous

Mac Mahon identity, 51, 76-82
Magma, 5
Mapping of monoid onto itself, 21, 332, 333
Markov chain, 157, 165, 166
Matrix
of endomorphisms, 138, 139, 141, 346, 348
of preferences, 234, 238-240, 242
Matrix-tree theorem, 69, 74, 76, 80, 81
Maximal element, 11, 256
MAX-MIN dioid, 173, 200-205
Maximum
capacity path, 98, 157, 159
mean weight circuit, 226-228, 230
reliability path, 98, 157, 160
MAXPLUS, 269, 271, 277, 283
Max-Plus dioid, 38, 362, 365
Mean order method, 239
Mean weight circuit, 226-228, 230
m-idempotency, 15, 16
Minimum(al)
element, 11, 111, 284
generator, 216, 218, 225, 226, 233, 237, 238,
297,298
spanning-tree, 157, 159, 235
solution, 2, 3, 93-96, 104-106, 111, 116,
119, 120, 128, 132-135, 145, 146,
150-155, 250, 251
weight spanning-tree, 235
MINMAX
analysis, 291-295
convolution, 259
functional semi-module, 296, 297

Index

scalar product, 260, 291
wavelet transform, 293
MINPLUS
analysis, 260, 357
convolution, 259
dioid, 38, 258, 259, 355, 356, 361, 362
scalar product, 260, 261, 271, 291
wavelet transform, 268
Moduloid, 173, 174
Monoid of nonstandard numbers, 322
Monotone
data-flow, 334, 335
algebra, 332-335
Moreau-Yosida
regularization, 306
sup-transform, 266
transform, 266, 275, 276, 302-304
Morphism
of moduloids, 175
of semi-module, 175, 176
Mosco-epiconvergence, 271, 276, 277, 291,
294
Multicriteria
path finding problem, 160, 161
problem, 157, 161
Multiplier effect, 165,
Mutual exclusion, 244, 246, 247

Neighborhood, 83-87, 275
Neutral element, 4-8, 12-15, 18-29, 34-39,
42,52-55, 61

Newton polygon, 46
Nilpotency, 125-127, 168
Nilpotent

t-conorm, 321

t-norm, 321
Nondecreasing function dioid, 346
Nondegenerate matrix, 203-205
Nonlinear

equation, 103-107

PDEs in MINMAX analysis, 294, 295
Nonstandard number dioid, 350, 351, 363

Observation equation, 250
Observation vector, 243
Open set, 261, 267, 278, 281, 283, 288,
308-310
n—Optimal path, 99, 157, 164, 349, 363
n—Optimal path dioid, 349
Order 1
lower semi-differentiable, 280
upper semi-differentiable, 280
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Order 2
lower semi-differentiable, 281
subdifferential, 280, 281
upper-differential, 280, 282
upper-gradient, 280, 281
upper semi-differentiable, 281
Ordered
monoid, 1, 9, 11-20, 24, 27, 28, 313, 314,
319, 321, 322, 326, 329, 332, 336-338,
343, 348, 349
set, 9—11, 31, 44, 45, 83-108, 110-112, 121,
201, 357
Orders
of magnitude dioid, 29, 350, 363
of magnitude monoid, 15, 322, 329
Oscillation, 268, 270

p-absorbing circuit, 123-126, 130
Parity of a permutation, 56
Partially ordered set, 9, 11, 83, 112
Partial order method, 239
Partial permutation, 57, 58, 60, 66, 67, 70-72,
78
Path enumeration, 158
Path with minimum number of arcs, 160
Perfect matching, 188, 192—194, 200
Permanent, 182, 183, 205
Permutation, 56-58, 62-64, 66, 67, 70-72, 78,
81,182, 183
graph, 56
Perron-Frobenius theorem, 2, 207, 220, 226,
227, 229,239,252
Petri net, 243-247
Pivot, 148-150, 152
Place, 143, 145, 244-248, 252, 257, 332, 338
p-nilpotency, 125-127, 168
Pointed circuit, 123, 124, 209, 211, 216
Point-to-set map, 277
Polynomial, 52, 53, 61, 102, 104-106, 163,
182, 183, 203, 205, 230, 233, 301, 341,
344
Positive
dioid, 30, 44
element of commutative group, 9
Positivity condition, 16
Possibility theory, 166
Potential theory, 165, 166
Power
monoid, 322, 329
set lattice, 35, 358
Pre-dioid, 20, 22, 23, 25, 27, 313, 331-338,
360, 361
of natural numbers, 337
Preference analysis, 207, 234, 238, 242
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Prefix, 13, 324
Preorder, 9, 12, 13, 15-17, 19, 25, 27, 28, 39
Pre-semiring, 25, 27, 334
Product
dioid, 38, 40
and ring, 39, 341
pre-dioid and ring, 333, 336
semiring, 26
Production rate, 243, 244, 252
Proximal
algorithm, 305, 307
point, 301, 302, 306
p-stable, 83, 97-107, 111, 123, 126, 127, 164
element, 83, 97, 100, 103, 107, 123

Qualitative
addition, 14, 28, 318, 326, 354
algebra, 28, 38, 39, 340, 354, 364
multiplication, 14, 28, 318, 326, 354
Quasi-convex
analysis, 260, 291
Isc closure, 293
Quasi-inverse, 83, 92-99, 101, 115, 116, 118,
120
of matrix, 118, 120-127, 138, 139, 145, 156
square root, 103
Quasi-n™-root, 106, 107
Quasi-redundant family, 185
Quotient semi-module, 176

Reachability, 32, 125-127, 137, 141, 190, 245,
246, 254, 299, 301, 302

Reducibility, 178
Reducible matrix, 252
Redundant family, 185, 186
Regular language dioid, 359
Reliability, of network, 100, 157
Residuable

closure, 110

function, 109

mapping, 107, 108, 110, 111
Residuation, 83, 107, 115
Residue mapping, 108-111
Right and left pre-semiring, 333
Right canonical preorder, 13
Right dioid, 28, 29, 341-343
Right inverse, 8
Right pre-dioid, 22, 335
Right pre-semiring, 20
Right-regular, 7
Right-semi-module, 174
Right semiring, 23
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Ring, 20, 24, 26-28, 33, 39, 75, 173, 174, 333,
336, 337, 339-341, 343, 344
of matrices, 341
of polynomials, 341

Scalar biproduct, 269, 270, 277
Selective
dioid, 33, 34, 40, 91, 92, 133, 134, 179, 187,
190, 191, 200, 201, 213, 215, 216, 218,
219, 233,
monoid, 18, 19, 34, 37, 38, 40, 314, 319,
325,328, 331
Selective-invertible dioid, 34, 37, 38, 173,
192-200, 202, 207, 215, 220, 224-231,
233, 343, 361-365,
Selective-regular dioid, 191
Semi-cancellative fraction, 343-345
Semi-continuity, 83, 89, 265
Semi-continuous convergence, 277
Semi-convergence, 277, 278
Semi-field, 25, 37, 44, 45, 255, 350, 351
Semi-inf-C-solution, 281, 282
Semi-infmax-A-convergence, 294
Semi-inf-$-convergence, 271, 281
Semi-infmax-¢$-convergence, 293
Semi-lattice, 9, 17-19, 21, 34, 35, 44, 314,
325-327, 331,332
Semi-module, 173-209, 212, 218, 233, 256,
296, 297
Semiring
of endomorphisms, 137, 138
of signeg numbers, 340
Semi-sup-C-solution, 281, 282
Separated topology, 84—86
Set of natural numbers, 323, 325, 337, 357
Shortest path
with gains or losses, 29, 170, 341
with time constraint, 140, 144, 168, 336,
347, 348
dioid, 347, 348
with time dependent lengths on arcs, 32,
137, 139, 144, 145, 346
Signature of permutation, 57
Signed nonstandard number dioid, 350, 351,
363
Singular matrix, 200, 204
Spanned subsemi-module, 176, 177, 209, 256,
297
Spectral radius, 220, 227-229, 239, 251
Squeleton hypergraph, 204
Stable element, 83, 97-107, 123, 125, 126, 152
State
equation, 242, 243, 247, 249-251
vector, 243, 250

Index

Strict order, 10

Strongly connected, 220, 221, 225, 226, 240,
251,253,254

component, 225, 226, 240

Subadditivity, 298, 299

Subdifferential, 279-281, 302, 304, 310

Subdioid, 354, 359

Subgradient, 279-281, 302

Sup section of path, 234

Sub semi-module, 176, 177, 209, 256, 297

Sup-convergence, 86—88

Sup-¢-solution, 282

Sup-pseudo-inverse, 108, 109

Sup-semi-lattice, 17-19, 34, 35, 44, 332

Sup-topology, 83-92, 94, 97, 121, 129, 131

Symmetrizable dioid, 33, 41, 45, 341-343,
351, 353, 363

Synchronization, 244, 246, 247

t-conorm, 42, 43, 321
Timed event graph, 243, 244, 247-251
T-nilpotent, endomorphism, 33, 140, 346
t-norm, 42, 43, 321
Token (in Petri net), 245-248
Top element, 31
Topological
dioid, 83-113, 121, 129-132, 146,
149, 150
space, 86, 308, 310
Totally ordered set, 9, 83, 86, 201
Total order, 9, 16, 17, 19, 28, 40, 145, 169, 187,
190-193
Transition, 140, 165, 166, 244-247, 250-252,
271, 347
Transitive closure of a graph, 158, 165
Tropical dioid, 359

Ultrametric
distance, 167, 168, 237
triangle inequality, 167
Upper
bound, 10, 18, 19, 34, 44, 86-91, 93, 94,
107-110, 130, 264, 272, 283, 357, 358
differential, 279-282
gradient, 279-281
limit, 84, 88, 121
semi-continuity (USC), 89, 107, 261, 264,
268, 269, 272, 273, 279-282, 290,
292-294, 300
viscosity solution, 279-283
USC closure, 264, 280-282

Viscosity solution, 278-283, 291, 295
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Wavelet
function, 268
transform, 268, 293
Weak
solution, 260, 278-283
symmetrization, 33
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Weakly symmetrized dioid, 33
Weight
of circuit (or: circuit weight), 122, 209, 211,
252

of path (or: path weight), 116
of permutation, 182





